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PEBFACE. 

"1T7HEN the Syndics of the Cambridge Univereity Press did me tho 
' ^ hoDour of offering to publish a collection of my mathematical papers, 
I had to consider the method of arrangement which would be most con- 
venient. A simple chronological order has been adopted in various collections 
of this kind, and this plan certainly has advantages ; but an arrangement of 
papers according to subject may be more convenient. In the case of my own 
work the separation into well-defined groups of subjects was easy, and I have 
therefore adopted this latter method. I shall, however, give at the beginning 
of each volume a chronological list with a statement as to the volume in 
which each paper will be found. 

This first volume contains papers on Oceanic Tides and on an attempt to 
measure the Lunar Disturbuice of Qravity ; the second will give my papers 
on Tidal Friction and on the astronomical speculations arising therefrom; the 
third will be devoted to papers on Figures of Equilibrium of Rotating Liquid 
and on cognate subjects; and the fourth will be on Periodic Orbits and on 
various miscellaneous subjects. 

Throughout corrections and additions will be marked by inclusion in 
square parentheses. 

The whole of my work on oceanic tides and the attempt made by my 
brother Horace and me to measure the attraction of the moon sprang Irom 
ideas initiated by Lord Kelvin, and I should wish to regard this present 
volume as being, in a special sense, a tribute to him. 

Early in my scientific career it was my good fortune to be brought into 
close personal relationship with Lord Kelvin. Many visits to Glasgow and 
to Largs have taught me to look up to him as my master, and I cannot find 
words to express how much I owe to his Mendship and to his inspiratitai. 
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The following statement gives in a few words an explanation of how the 
several investigations originated, and how they are connected together. 

Part I is devoted to the consideration of Oceanic Tides. The advisability 
of applying to the tides a method of analysis similar to that used in the 
Lunar and Planetary Theories was first su^ested hy Lord Kelvin. Reports 
on the Harmonic Analysis of tidal observations were drawn up by him and 
presented to the British Association in 1868, 1870, 1871, 1872 and 1876. 
As the analysis employed in those reports needed coordination and revision, 
a new committee consisting of Professor Adams and myself was appointed in 
1882. Professor Adams left the matter very much in my bands, although I 
enjoyed the great benefit of his advice from time to time. The first three 
papers below form the first, third and fourth reports of this Committee. The 
second report being merely formal is not reproduced. Some paragraphs of a 
merely temporary interest are omitted, and a few corrections and alterations 
have been made by the light of subsequent experience. 

These papers explain the method of harmonic analysis, and its connection 
with the old method of hour-angles, declinations and parallaxes. The third 
paper shows bow a tide-table may be computed from the harmonic tidal 
constants. 

The fourth paper is an Article on the Tides written for the Admiralty 
Scientific Manual, and is reprinted by permission of the Admiralty. It 
explains the method of analysing a short series of observations and the 
computation of an approximate tide-table. A small mistake in the ManuaZ 
has been corrected. The Article would have been too long for its place of 
publication if it had contained the analytical reasoning on which the several 
rules of procedure are based, but this analysis is contained in the three 
preceding papers. 

In the fifth paper a method is devised for evaluating the harmonic 
constants from observations of high and low-water. 

The sixth paper explains the use of a sort of abacus for the hannonic 
analysis of hourly observations. 

In the seventh paper I return to the subject of the third paper, and 
show bow a tide-table may be formed from the harmonic constanta with any 
desirable degree of accuracy. 
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Next in logical order would have come two papers in which Colonel 
Baird and I began a systematic collection of tidal constaDts for several 
ports, but these papers are not reproduced. We did not continue our 
attempt, and fortunately Mr Rollin Harris haa made a large collection of 
such results in his Manual of Tides published by the U.S. Coast and 
Qeodetic Survey. 

The rest of the papera in Part I are devoted to the theory of the tides. 

In Thomson and Tait's ifoiuroi PhUoaophy Lord Kelvin discussed the 
correction required to make the equilibrium theory of tides tnie of an ocean 
interrupted by continents. The eighth paper gives the numerical evaluation 
of this correction by Professor H. H. Turner and me. 

The niuth paper is an extract of paragraphs contributed to the second 
edition of Thomson and Tait's NvUntrai Philosophy, in which an attempt is 
made to estimate the amount of tidal yielding to which the solid earth is 
subject. 

Laplace was of opinion that the tidal oscillations of long period might 
be adequately represented by the equilibrium theory. But Lord Kelvin 
showed that a yielding of the solid earth would produce a calculable redaction 
of the oceanic tide according to the equilibrium theory. Accordingly it 
appeared that a measurement of the actual values of the tides of long 
period would afford a measure of the elastic yielding of the earth's mass. 
In this ninth paper an evaluation is made of the ranges of these tides at a 
number of ports; and thence an estimate is obtained of the tidal yielding of 
the earth. 

The tenth paper is on the dynamical theory of the tides, being an 
extract from an unpublished article on Tides for a new edition of the 
Enoyclopeedia Britannica; it is reproduced by the kind permission of the 
proprietors of that work. My article in the old edition forms the basis of 
this new article, but Mr Hough's important addition to that theory is now 
included. 

In the eleventh paper arguments are adduced controverting Laplace's 
opinion as to the adequacy of the equilibrium theory for discussing the tides 
of long period, and it is shown that the problem is in fact a dynamical one. 
Hence the evaluation of the amount of elastic yielding of the earth by 
means of the observed heights of these tides cannot be accepted as exact. 

The last paper in the first part contains the reduction of the tidal 
observations made by the officers of the ' Discovery ' in the course of their 
celebrated antarctic expedition. The volumes of scientific results of the 
'Discovery' are not yet published. 
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Part n contains two papers on the LifNAB Distdrbance op Gbavitt, 
They were reports of a Committee to the British Association on an attempt 
to make direct measurement of the attraction of the moon. The work was 
carried on at Cambridge in 1880 by my brother Horace and me, with a form 
of instrument of which the original idea is due to Lord Eelvin. Although 
the report is written in my name, it should be explained that my brother 
took the leading part in our experiments and designed all the mechanical 
appliances used. 

The second of these papers, the fourteenth in the volume, is principally 
historical, but it contains an investigation of the results which may be 
expected to result from the varying elastic flexure of the soil nnder vatying 
superincumbent weights. 

The matters considered in these papers have been the subject of very 
many experimental investigations during the last twenty-five years, and a 
large bibliography of seismology would be required merely to enumerate all 
that has been written on them. I therefore make no attempt to furnish 
references, and leave the work in the form in which it appeared originally, 

O. H. DAEWIN. 
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1. 

THE HARMONIC ANALYSIS OF TIDAL OBSERVATIONS. 

[Report of a Committee, consisting of Professors G, H. Dabwin 
and J. C, Adams, for the HanuODic Analysis of Tidal Obser- 
vations. Britiah Aaaooiation Report for 1883, pp. 49 — 118.] 
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HARMONIC ANALYSIS OF TIDAL OB8EBVATIONS. 



Preface. Account of Operations. 

A coHurTTEB appointed for the ezftminatioD of tbe question of. the 
Harmonic Analysis of Tidal Observations practically finds itself engaged 
in the question of the reduction of Indian Tidsl Observations; since it 
is only in that countty that any extensive system of observation with 
sj^tematic publication of results* exists. 

[Early in 1883] I proceeded to draw up a considerable part of this Beport, 
had it printed, and submitted it to Major Bairdf. I was not at that time 
aware of the extent to which Mr Roberts, of the Nautical Almanac office, 
co-operated in England in the tidal operations, nor did I know that he was 
not unJrequently taking the advice of Professor Adams. It was not until 
Major Baird had read what I had written, and expressed his approval of the 
methods suggested, that these facts came to my knowledge ; but it must be 
admitted that it was through my own carelessness that this was so. I then 
found that Professor Adams decidedly disapproved of the notation adopted, 
and would have preferred to throw over the notation of the old ReportsJ 
and take a new departure. The notation of the old Reports seems to me 
also to be unsatisfiictory, but, seeing that Major Baird and his staff were 
already familiar with that notation, I considered that an entire change 
would be impolitic, and that it was better to allow the greater part of the 
existing notation to stand, but to introduce modificationa The feet that 
Major Baird, who was actually to work the method, approved of what 
had been written, and had already mastered it, went 6ir to prejudge the 
question, and Professor Adams agreed, after discussion, that it would on the 
whole be best to allow the work to go on in the lines in which it had been 
started. 

It has seemed proper to give this account of our operations in order 
that Professor Adams may be relieved from responsibility for the analytical 
methods and notation here adopted, I may state, however, that although 
the Report is drawn up in a form probably differing widely from that which 
it would have had. if Professor Adams had been the author, yet he agrees 
with the correctness of the methods pursued. I have been in constant 
communication with him for the past eight months, and have received many 
valuable criticisms and suggestions. 

Mr Roberts has been supervising the printing of a new edition of the 
computation forms ; they have undergone some modification in accordauce 

* [This refara to (be jtKt 1B83.] 

t [Now ColoDel Burd, B.E., F.B.B., at tbat Ume the officer in oharge »X Poooa of the Tidd 
Deputmeat of tbe Surrey of India.] 

I [These are the Beports to the Britidi AaaouatioD for the ;ean 1966, 1870, IBTl, 1873, inS-] 
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with this Beport. He has also computed certain new coefficients [Schedule Q] 
which are required in the reductions. 

The general scope of this paper is to form a manual for the reduction 
of tidal observations by the Harmonic Analysis inaugurated by Sir William 
Thomson, and carried out by the previous Committee of the British 
Association*. 

In the present Report the method of mathematical treatment differs 
considerably from that of Sir William Thomsonf. In particular, he has 
followed, and extended to the diurnal tides, Laplace's method of referring 
each tide to the motion of an aetre ficUf in the heavens, and he considers 
that these fictitious satellites are helpful in forming a clear conception of 
the equilibrium theory of tides. As, however, I have found the fiction 
rather a hindrance than otherwise, I have ventured to depart from this 
method, and have connected each tide with an 'argument,' or an angle 
increasing uniformly with the time and giving by its hourly increase 
the ' speed ' of the tide. In the method of the aatres ficti/a, the speed is 
the difference between the earth's imgular velocity of rotation and the 
motion of the fictitious Batellite amongst the stais. It is a consequence of 
the difference in the mode of treatment, and of the fiict that the elliptic 
tides are here developed to a higher degree of approximation, that none of 
the present Report is quoted from the previous ones. 

The Report of 1876 was not intended to be a final productioD, and it 
did not contain any complete explanation of a considerable portion of the 
numerical operations of the Harmonic Analysis. The present Report is 
intended to systematise the exposition of the theory of the harmonic analysis, 
to complete the methods of reduction, and to explain the whole process. 

A carefiil survey of the methods hitherto in use has brought to light a 
good many minor points in which improvements may be introduced, but it 
has seemed desirable not to disturb the system, which is in working order, 
more than can be helped. It has also appeared that the published results 
have not been arranged in a form which lends itself to a satis&ctoiy exami- 
nation of the whole method. This defect will, we hope, now be remedied. 

The first section refers to the notation, and contains a schedule of nomen- 
dature by initials of the several tides under examination. The schedule is 
not, strictly speaking, in its proper position at the beginning, because it 
involves the results of subsequent analysis, but the advant^e gained by 
having this list in a position of easy reference seems to outweigh the want 
of logic. 

* SmmpmuUj the Bqxffta'bt 1873 kod 1876. 

t The pTMont m«Uu>d of deTslopDMmt ii tlwt pnreoed in » p^per in the Phil. TVant. R.S., 
Pwt II. 1S80, p. 71S. [To be iaoloded in Vol. n, of (b«e« ooU»i!t0d papen.] 

1—2 
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4 HABMONIC ANALTBIS OF TIDAL OBSEBTATIONS. [1 

The forms for computatioii are privately printed for the India Office, 
and are therefore inaccessible to the public*. The type has been broken up, 
and veiy few copies remain, but vre shall send copies to the Xibrariee of 
the following Societies, viz. : Royal Societies, London and Edinbuigh ; the 
Academies of Science of Dublin, Paris, Berlin, and Vienna, the Coast Survey 
of the United States at Washington, and the Cambridge Philosophical 

G. H. DAEWIN. 



§ 1. Tks Notation adopted in the Tidal Reports. 

In considering the notation to be adopted, much weight should be given 
to the fact that a large mass of analysis and computation already exists in 
a certain form. We have not thus got a tabtUa rasa to work on, but had 
better accept a good deal that has grown up by a process of accretion. It 
is certainly unfortunate that a dnal system should have been adopted, in 
which one set of letters are derived from the Greek and another from the 



The letters 7, <r, tj, «r are appropriated respectively to the earth's angular 
velocity of rotation, to the mean motions of the moon, sun, and lunar perigee. 
They form the initial letters of the words 7^, ireX^vi}, ^Xto?, and perigee. 
There is also <o, derived from the obliquity of the ecliptic. In another 
category we have M, S, E, for the masses of the moon, sun, and earth. It 
is unfortunate that the letter 8 should thus be connected with the moon 
in (t; but it has not been thought advisable to change the notation in this 
matter. In this Report the already existing notation is adhered to, as &r 
as might be without inconvenience; but it must be admitted that the 
notation is by no means satis&ctory. 

It is a matter of great practical utility to have a symbol for indicating 
special tides. In the endeavour to meet this want initial letters were 
assigned in the former Reports to each kind of tide ; but, except in the case 
of M and S, for the principal ' moon ' and ' sun ' tides, the initials bad no 
connection with the tide. Although a new system of initials might be 
devised which would have a direct connection with the tides to which they 
refer, yet it has appeared best to adhere to the old initials and to introduce 
certain new initials for the tides of long period and for some tides now 
considered for the first time. 

* [Other methods of eSeoting the oompntatioiu hkve been deriMd of wbidh ono is described 
in a Hnbaeqiieiit p«^r id thia Tolnme " On an Apparatni, Ae." The origiiiKl method ie etill in 
lue ia India.] 
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[A.] Schedule of Notatim. 



InitUh 


Spwd 


Name of Tide 


M, 
M, 


y-<r-W,M.d 

y-<r+Of 


Principal lunar Beriw 


K| 


«y 


Luni-solar semi-diurnal 


N 


B,-to+« 


Larger lunar elliptic 


L 


»y-ff-«aud 


SmaUer lunar elliptic 


SN 


2y-4,r + 2w 


Lunar elliptic, second eider 


■> 


8,-3—.+!, 




X 


2t- » + «-!!, 


Smaller lunar eveotional 





,-», 


Lunar diurnal 


00 


, + fc 




Ki 


y 


Luni-Bolar diurnal 


Q 


V-3«r+i» 


Larger lunar elliptic diurnal 




iDoKTtaM, 


Smaller lunar elliptic diurnal 


J 


,+»-. 






y-4^+2w 


Lunar elliptic diurnal, second order 




,-fc — + 2, 


Larger lunar eveotional diurnal 


1 




Principal solar series 


T 


2T-8, 


Larger solar elliptic 


R 


27- 1 


Smaller solar elUptic 


P 


y-Sh, 


Solar diurnal 


Mm 


IF — ar 


Lunar monthly 


Mf 


2ir 


Lunar fortnightly 


Sr 


1 


Solar annual 


Saa 


&I 




M8f 


2(ff-,) 


Luni-flolar synodic fortnightly 


H3 


4y-aa-2, 




,.or2MS 


*y-fc+a, 




23M 
HK 


2y+fo-4, 
3y-2» 




SHK 


Sy-io- 




MN 


4T-6ff+« 
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6 HABHONIC ANALYSIS OF TIDAL OBSERVATIONS. [I 

In the old notation the L tide was simply the tide of speed 27 — <r — w. 
The values of this tide have probably been perturbed by another tide of 
speed 27 ~ (T + w, and this tide is supposed also to be included in L. 

Where it is necessary to refer to any other tides than those contained 
in this schedule, it will be best to use the scientific nomenclature simply 
by speed. For example, there may be a compound tide 87 — 2i; ; and 
though this tide might be called SK, since 87 - 2^ — 2 (7 - 17) + 7, yet 
reference to such a tide will be so in&equent as not to make the short 
notation desirable. 

Both the old and the new initials are given in the preceding schedule [A]. 



§ 2. Development of the E<pi.ilibrxum Theory of Tides with reference 
to Tidal Obaervaiiona. 

The first step is the formation of the tide-generating potential of the 
moon ; that for the sun may then be written down by symmetry. 

For the purpose we require to find certain spherical harmonic functions 
of the moon's coordinates, with reference to axes fixed in the earth. 

Let A, B, C (Fig. 1) be such axes, C being the 
north pole and AB the equator. 

Let X, Y, Z be a second set of axes, XT being 
the plane of the moon's orbit. 

Let M be the projection of the moon in her 
orbit. 

Let / = ZC, the obliquity of the lunar orbit to 
the equator. 

Let X = AX = BCY. ^"^ '' 

Let I = MX, the moon's longitude in her orbit, measured from X, 

Let Jfi-cosMAl ^. ■ .- ^■ 

I the moons direction-cosines ... 

Jlf.==co8MB[ with reference to ABC ^'^ 

if. = co8MOJ 
Then Afi = cos I cos x + ^ ^ ^ X ™* ^\ 

M, = — cm I em X + sia I 00s x^^'^ ^\ (2) 

^, = sin i sin 7 ) 

We may observe that Jtf, is derivable from Jf, by putting ^ + i^r in place 




ofx 

Now for brevity let 



= co8i/, ?-=sinJ/ (3) 
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1883] HARMONIC ANALYSIS OF TIDAL OB8BBVATIONS. 7 

Then (2) may be written 

Jtf. = -|)'Bm(x-/)-9'8in(x + 0[ (4) 

Whence 
Mi'-Mt= P^cob2(x-£) + Spy i»8 2^ + 9* coe 2 (x + \ 

— 2MiMt = the aame with sinea in place of cosines I 

MtMt = - i^q COB (x~ 21) + pq (j^ - ^) CM x+ p^ cos (x + 2i)> (5) 

M,Mt = the same with sines in place of cosines I 

i-Jf,'- ^(p*-4p'q^ + q') + 2p'q*coB2l I 

These are the required Epherical harmomc functions of Jf„ M„ M^. 

Let M denote the projection of the moon on the celestial sphere concentric 
with the earth, and P that of any other point. 

Let r, ^ be the radius-vectora of the moon and of P respectively, and let 
f , tj, f be the direction-cosines of P, with reference to the axes A, B, C. 

Then p(, p^, p^ are the coordinates of P, and rJf,, rM^, rM^ those of M. 

If Jlf be the moon's mass, and /i the attraction between unit masses at 
unit distance apart, then by the usaal theory the tide-generating potential 
V, due to the moon, of the second order of harmonics, at the point P, is 
given by 

r.|^p-(»»-PM-i) (6) 

But since cos PM - fJfj + ij Jf, + f i/„ 
cos' PM - J . 2fi|*,A/, + 2 fc=^:^L^ + 2,fif^. + 2KMJK. 

^^p±Jf^fl±^=M• (,) 

Now let c be the moon's mean distance, e the eccentricity of the moon's 
orbit, and let 

-if w 

Then putting 
we have 

^, p.V-2rX-H-P-2^ ^,„, 
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8 HABHONIC ANALYSIS OF TIDAL OBSERTATIOKS. [1 

A simple tide may be defined aa a spherical harmonic defimnatioii <^ 
the waters of the ocean which executes a simple harmonic motion in time. 
CorreapoDding to this definition the expression for each term of the tide- 
generating potential should consist of a solid spherical harmonic, multiplied 
by a simple time-harmonic 

In (10) /)*f)7, ^ (f — i;*)' &«•, are solid spherical harmonica, and in cwder 
to complete the expression for F it is necessary to develop the five functi<»is 
of X, F, Z in a series of simple time-barmonics. 

It vnll be now convenient to introduce certain auxiliary fiinctions, 
namely 

*<.)-[i<i^)]-c..., B.pilfi?] 
Then from (5) and (9) we have 

2XY= the same with x + i"" for x 

YZ p'9*(-x) + P«(P"-rt*(x)+P9'*(x) 

XZ= the same with X"^ ^^^ X 
J(^'+l^-2^')- i(p«-4pV + ?*)R + 2pV*(0) 

Thus when the fiinctions <t, '^, R are developed as a series of time- 
harmonics, the further development of the X-Y-Z fiinctions consists in 
substitution in (12). 

It will now be supposed that the moon moves in an elliptic orbit, im- 
disturbed by the sun. The tides which arise fi^m the lunar inequalities 
of the Evection and Variation will be the subject of separate treatment 
below. 

The descending node of the equator on the lunar orbit will henceforth 
be called 'the Intersection.' 

Let <r, be the mooa's mean longitude measured in her orbit fiwm the 
intersection, and ir, the longitude of the perigee measured in the same 
way. It has been already defined that I is the moon's longitude in her orbit 
measured from the intersection. 

The equation of the ellipse described by the moon is 

^^^^ = l+ecos(i-w,) (13) 



..(12) 
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1883] HABHONIC ANALTSIS OP TIDAL OBSERVATIONS. 9 

Hence 

R=l + j«» + 39C08(i-isr,)+|c'cos2(?-wJ+... \ 

«(a)=Rcos(2! + a) 

= (l + j«»)co8<2/ + a)+|«[cos(3i + a-«,)+co8(i + « + «,)] \ (14) 
+ fe" [cos (4i + o - 2«,) + cos (a + 2«r,)] + . . . 
'i'(a)=Rooaa / 

By the theory of elliptic motion 

; = (r, + 2«ain(ff,-«,) + Se'8in2(ff,-«r,)+ (15) 

In order to expand 4>, ^, K in terms of cr, (which increases uniformly 
with the time), we require coa {21 + a) developed as for as e'; cos (31 + a — vj), 
and cos (I + a + «,), as &r as e ; and only the first term of cos (4^ + o — 2« J. 

Substituting for I its value (15) in terms of tr„ it is easy to show that 
COB (2f + a) = (1 - 4^) cos (2ff, + «) - 2e cos (<r, + a + tB-,) + 2eco8 (3(r, + a - w,) 

+ fe* cos (a + 2w,) + -1^ cos (4ff, + a - 2«,) + . . . 
coB(8i + a-w,) = coa (3ff, + a - «,) 

- 3e cos (2<r, + a) + 3« cos (4<r, + « - 2«,) + . . . 
C06(i + a + w,) =C08(o- + « + «,) + «C0B(2tr, + a)-eco8(a + 2«,)+... 
co8(4f+o-2w,) = co8(4<r, + «-2w,)+... 
Snbetituting these values in (14) we find, 

* (o) = (1 - V*") C06 (2o-, + a) - i« COS (ff, + a + w,) •, 

+ ^ cos (3<r, + a - w,) + J^ coa (4<r, + a - 2w,) + . . . 
R = (l_J«») + 3«cos(<r,-w,) + 8e'cos2(<r,-«r,)+... I (16) 

* (a) - (1 - 1*") cos a + S« [coe <<r, + a - w,) + coa (<r, - a - «,)] 

+ |^[co8(2cr, + a-2w,) + co8(2<r,-a-2w,)]+..J 
Now substituting fix)m (16) in (12), giving to a its appropriate value, 
we have 

Z* - 7- = (1 - V«*) ly cos 2 (x - <r,) + ?* coa 2 (x + <r,)] 
+ (l-t«*)2p^'cos2x 
+ J« [p* cos (2x -3.T, + «,) + }* cos (2x + 3<r,-w,)] 

- J«[p*co8(2x-<r,-i.r,) + g-oo8(2x + <r, + «,)] j" (17) 

+ J« 2p'3» [coe(2x + <r, - w,) + cos (2x - ff, + «,)] 

+ V** [p* cos (2x - 4,r, + 2«r,)+ 5* coa (2x + 4(r, - 2w,)] 

+ |«»2p^' [cos (2x + 2ff,- 2iir,) + coa (2^ ~ 2o-,+ 2w,)] 

Clearly — 2XFis the same as (17) with aines in place of coaJnes. Also 

since ¥Z is the same aa ^'— I" when ^ replaces 2;^, —J^q replaces p*, 
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10 HABIfONlC ANALTSI8 OF TIDAL OBSEBTATIONa [1 

pqij^ — if) replaces "i^q*. and pe^ replaces q*, and since XZ is the same aa 
YZ with sines in place of cosines, we hare &om (17) 
ZZ = - (1 - V«0 0^ sin (x - 2ff,) -p^* Bin (x + 2<r,)] 

+ (l-|c'>P3(p'-?')fiinx 

- J«[p'g8in{x-3<r, + »,)-p9'8in(x + 8<r,-«,)] 

+ ie[p'9sin(x-o-,-«,)-p?"8in(x + <', + w,)] } (18) 

+ |«P3 (p* - 9") [sin (x + «r, - «,) + sin (x - <r, + w,)] 

- J^ [pN/ ain (x - 4<r, + 2ir,) - P5* Bin (;t + **^- - 2»,)] 
+ 5«*P9(P* - 9*)[8in(x + 2o-,- 2w,) + sin (x- 2<r,+ 2«,)] 

Lastly, 
H-ar'+ 1^-22^- J(p'-4p¥+9*)[(l-K) + 3«co8(ff,--,) 

+ |fl'cofl2(ff,-»,)] 
+ 2py [(1 - V<*) cos 2ff, + i« cos (3(r, - w,) - i«cos (a, + w,) 
+ -V<'«>a(4ff,-2«r,)] (19) 

Hitherto do approximation has been admitted with repaid to /, the 
obliquity of the hmar orbit to the equator. 

The obliquity of the ecliptic is 23° 27'-3, and / oscillates between 6° 8''8 
greater and 5° 8'-8 less than that value. The value of q or sin ^7, when 
/ ia 28° 27'-3, is -203, and its square is 041, and its cube -0084. The 
eccentricity of the lunar orbit e = 0549 ; hence q' ia & little smaller than e. 

The preceding developments have been carried as &r as e*, principally 
on account of the terms involving Y^> which, as e is about ^, have nearly 
the same maguitude as if the coefficient had been ^ 

It is proposed, then, to regard 5* and g* as of the same order as e, and 
to drop all temia of the order ^, except in the case where the numerical 
&ctor is large. This role will be neglected vrith regard to one term for a 
special reason, which appears below ; and for another, because the numerical 
coefficient is just sufficiently large to make it worth retaining. 

Adopting this approximation, we may write (17), (18), (19), thus, — 
X*-r = (l-V«')P*«»2(x-<r,) + (l-}e')2p»9*cos2x \ 

- ifp" [p- cos (2x - ff, - w,) - fig- cos (2x - 0-, + »,)] 
+ ^f«y COB (2x - 4<r, + 2w,) 
XZ=.-(l-V«')[p'99in(x-2<r,)-i«f'«°(X + 2<r,)] 

+ (l-|K)p?(P*-9')™x-5^98in(x-3ff, + «-) 
+ l«pg ly sin (x - o-, - «r,) + 3 (p" - 5») ain (x - <r, + «r,)] 
+ 8«P? (P* - ?■) Bin (x + «r, - »,) — tf«y? sin (x - 4ff + 2«,) 
J (X' + F' - 2^*) - i (p* - 4pY + ?*) [(1 - 88") + 3e COB (<r, - «,)] 

+ Spy [(1 - V«*) cos 2<r, + }e cos (3<r, - w,)] 



y (20) 
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The terms which have been retained in violation of the rule of approxi- 
mation are that in X*~Y' with argument ^x~'','^^-' ^"'^ ^^^^ ^ 
i(J'+ T'-2Z*) with ailment 3<r,-w,. 

The only other term which could have any importance is 

Before proceeding to consider the tides due to lunar inequalitiee it wilt 
be well to consider two pairs of terms in the expressions (20). 
First, in J'— F* we have the terms 

- iep" [p» cos (2x - <r, - «.) - 6}' cos (2x - ff, + «r,)] 
The expression within [ ] may be put in the form 
(p» - e?" cos 2«,) cos (2x -V,- «,) + 65* sin 2w, sin (2^ - c, - «,) 

Ifthenwewrite tanfi=, ,,^"^^' -„ (20») 

i cot' ^7 - cos 2«, 

this pair of terms becomes 

-i«P*V(l-12tan>J/coB2w,+ 36tan*i/}cos(2x-ff,-i«r,-B) ...(20«)» 
[If we attribute to / its mean value 23° 27'-3 the square root becomes 
^^ll-Oee - 12 tan*i/cos 2«,}.] 

Secondly, in XZ we have the terms 

+ iep5 [p» sin (x - <r, - w,) + 3 (p* - ?») sin (x - ff, + «,)] 
[This is equal to 
+ 4«PV [(* - 8 tan' i/) cos «r, sin (x - o-,) + (2 - 3 tao» ^7) sin w, coa (x - ff,)] 

If then we write tan Q = i - — f- — -f-j. tan ■», 

* 1 — J tan' 47 ' 

and if we attribute to 7 its mean value 23° 27''3 the terms become 

ep'yV[2-311 +1-436 cos 2wJ sin (x-<r, + Q) (20«) 

where tan Q = "483 tan «, (20^) 

In the original paper tan' ^7 was neglected, and the numbers which 
appear here as 2-311, 1-436 and -483 were t^en respectively as g, | and ^,] 

The object of the transformations (20"), (20**), which may seem 
theoretically undesirable, is as follows: — 

The numerical harmonic analysis of the tides is made to extend over 
one year, and this period is not long enough to distinguish completely 
a tide whose argument is 2^ — <r, — «,, from one whose argument is 
2x- o^, + v„ nor one whose argument is X""". "•/> ^"^ ""^ whose 

* [The term SS ten' i I KOgefl between f and fy, aad it ii negleeted in the anginal p^per.] 
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12 HABUOmc ANALYSIS OF TIDAL OBSERVATIONS. [1 

argument is x — "',+«'', • In fitct, the tide with argument 2^ — » , + «, (for 
which no analysis has been as yet carried out) will only produce an 
irregularity in that of ai^^nment 2;^ — o'^— «,, called the smaller elliptic 
semidiurnal tide ; such irregularity has in &ct been noted, but no explanation 
has previously been given of it. 

Again, the pair of terms with arguments x "" ""/ ± "/ **1' appear in the 
harmonic analysis with the single argument x~c<' ^^^ ^^^ resulting 
numbers will necessarily appear very irregular, unless compared with the 
the<wetical expression (20"'). 

We will now consider the terme introduced by the two principal lunar 
inequalities due to the disturbing action of the sun. 

TkeEvection. 
Let be the moon's longitude in the ecliptic. 
8 the moon's mean longitude. 
p the mean longitude of the perigee*. 
k the sun's mean longitude. 

m the ratio of the sun's to the moon's mean motion. 
Then that inequality in longitude and radius vector is represented by 
8 = g + i^meBm(8-2h+p) (21) 

^^^— ^=l+^m«cos(«-2ft+;>) (22) 

If we neglect the distinction between longitudes in the orbit and in the 
ecliptic [which is in effect neglecting a term with coefficient sin* (( x 5" 9')], 
we have from (21), 

l = <r, + i^me sin (a - 2A + ;>) 
whence 
COB (2f + a) = cos (2ff, + a) + J^me [cos (2<r, + » - 2A +p + a) 

- COB (2«r, - » + 2A - p + «)] 
And from (22) and the definitions of R, % 4> in (11), 

R=ri(l^T=l + :^m«co8(*-2A+p) (28) 

■*(a)=-coHa + f^[cos(«-2A+p + a) + co8(«-2A+p-a)] (24) 

* (a) = cos (2<r, + a) + ^f^me cos (2.J-, + s - 2A + p + a) 

-{Jm«co8(2cr,-« + 2A-p + B) (26) 

■ p in this MUM will ewuly be distiDgDiBbed from the piued to denote o<Hi/whi«h Utter 
will, moreoTer, be ■hortlj diioarded. 
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Then snbetituting from (23), (24), (25), in (12), and dropping the terms 
which are merely a reproduction of those already obtained, and neglecting 
terms in ^ and ^, we have 
X' - F' = Jrfyiwkip' cos (2;C - 2<7, - fl + 2A - p) 

- i^/j* 008 (2^ - 2tr +8 - 2A + p) 
JTZ- - i^^mei^ Bin (;j; - 2ff^ - 8 + 2A - /)) 

+ i«m«PV sin (;t - 2<r, + « - 2A +;>) 

+ f8m«p}(p'-5')[8m(x + «-2fc + p) + ain(x-» + 2A-p)] 

J(Jf'+r'-2^*) = i(p'-V?' + 9')¥*^<»8(»-2A+p) ' 

It must be noticed that ^ms arises by the addition of the coefficient 
of the Evection in longitude to three halves of that in the reciprocal of 
the radius vector ; that ^me is the difference of the same two quantities ; 
and that ^m« is three times the coefficient in the reciprocal of radius 
vector. When the development of the lunar theory is carried to higher 
orders these coefficients differ considerably from the amounts computed 
&om the first tenn, which alone occurs in the above analysis. Hence, 
when these coefficients are computed, the full values of the coefficients in 
longitude and reciprocal of radius vector must be introduced. According 
to Professor Adams, the full values of the coefficients are, in longitude 
•022233, and in c/r -010022. 

The ratio m of the mean motions is about ^, and is therefore a little 
greater than e, hence me is somewhat greater than e*. Thus we may 
abridge (25), and write the expressions thus: — 

Z*-I"= -^yim«p*cos(2;:^-2<r, -8 + 2A-P) ] 

- I^ep' cos (2x - 2ff, + a - 2A + p)l 

XZ~~ ■Wnej>V sin (x - 2o-, - « + 2A -p) f 

H-r'+F*-2Z*)- i(p«-4p'5' + g*)V«i«C06(«-2/i+p) ) 

The equations (26) contain the terms to be added to (20) on account of 
the Evection. 

ITie Variation. 

Treating this inequality in the same way as the Evection, we have 
I = (T, + -y™* era 2 (* - 1) 
*^^^-l+m»co82(«-A) 

R = 1 + 3m» cos 2 (s - A) 

* (a) - cos a + fm« [cos {2 (8 - A) + a) + cos {2 (a - A) - a]] 

* (a) = cos (2o-, + a) + ^' cos (2ff, + 2» - 2A + o) + ^' cos (2ff - 2« + 2A + o) 



■■(26) 
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14 UARVOKIC ANALYSIS OF TIDAL OBSERVATIONS. 

Whence we have to a sufficient degree of approximation, 
X'-F' = YmVcoB(2x-2<r,-2« + 2A), Z^= 
i (X" + r* - ZZ*) - i(p* - 4pY + ?*) Sf"' cos (& - 2fc) 

In this case also the values of the coefficients are actually considerably 
greater than the amounts as computed from the first terms; and regard 
must be paid to this, as in the case of the Evectioo, when the values of 
the coefficients in the tidal expressions are computed. According to Professor 
Adams, the full values of the coefficients are, in longitude "OlllSd, and in 
c/r -008249. 

We have now obtained in (20), (26), (27), the complete expressions for 
the X-Y-Z functions in the shape of a series of simple time-harmonics; hut 
they are not yet in a form in which the ordinary astronomical formuUe are 
applicable. 

Further substitutions will now be made, and we shall pass from the 
potentitd to the height of tide generated by the forces corresponding to that 
potential. 

The axes fixed in the earth may be taken to have their extremities as 
follows : 

The axis A on the equator in the meridian of the place of observation 
of the tides ; the axis B in the equator 90° east of A ; the axis C at the 
north pole. 

Now ^, If, j^are the direction-cosines of the place of observation, and if X 
be the latitude of that place, we have 

f = COS X, If = 0, ^= sin X 

Thus 
f*-.;»-coe=X, f7 = 0, ijf=0, 2f{:=sin2X, i(f + ij»-2?») = J-sin'X 

Then writing a for the earth's radius, the expression (10) for V at the 
place of observation becomes 

K = ^j^[ico8'X(Z»- y) + 8in2XJ:Z + |(^-sin-X)H-2''+ I"-2^)] 

The X-T-Z functions being simple time-harmonics, the principle of 
forced vibrations allows us to conclude that the fotc^ corresponding to V 
will generate oscillations in the ocean of the same periods and types as the 
terms in V, but of unknown ampUtudes and phases. 

Now let SP-IP', XK, i(3£* + |?'-2JS*) be three functions, having 
respectively similar forms to those of 

j*-r xz (Z'-)-r'-2Z') 

(!-«»)•' (l-e*)* *"** * (l-B")" 
but differing from them in that the ai;gument of each of the simple time- 
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harmomcs has some angle subtracted from it, and that the term is multiplied 
hy a Dumerical &ctor. 

Then if ^ be gravity, and h the height of tide at the place of observation, 
we must have 

A = ™* [^ co«» X (r - U*) + sin 2x3EiB + |(i - sin' X) J (r + §?■ - 2SS')] 

(28) 

The &ctor — may be more conveniently written | p ( - j a, where E is 

the earth's mass. It has been so chosen that if the equilibrium theory of 
tides were fulfilled, with water covering the whole earth, the numerical 
&ctor8 in the 3E-|9-S& functiona would be each unity. The alterations of 
phase would also be zero, or, with land and sea as in reality, they might be 
computed by means of the five definite integrals involved in Sir William 
Thomson's amended equilibrium theory of tides*. 

The actual results of tidal analysis at any place are intended (see below, 
§ 5) to be presented in a series of terms of the form fH cos ( 7" + u - «), 
where dVjdt or n, ' the speed,' is the rate of increase of the argument per 
unit time (say degrees per mean solar hour), and u is » constant. We 
require, therefore, to present all the terms of the 3E-^-^ functions as cosines 
with a positive sign. When, then, in these functions we meet with a 
negative cosine we must change its sign and add it to the argument; as 
the 3ES2 functions involve sines, we must add ^tt to arguments of the 
negative sines, and subtract \ir fi:om the arguments of the positive sines, 
and replace sines by cosines. The terms in the ) (IE* + 1@* - 2S2*) function 
require special consideration. The function of the latitude being j — sin* X, 
it follows that when in the northern hemisphere it is high-water north of a 
certain critical latitude, it is low water on the opposite side of that parallel; 
and the same is true of the southern hemisphere. The critical latitude is 
that in which sin*X = i^, or in Thomson's amended equilibrium* theory, 
where sin* X » HI + IE)- ^ approximate evaluation of X, which depends 
on the distribution of land and sea, given in § 848 of the second edition of 
Thomson and Tait's Natural Philosophy, shows that the critical httitudes 
are 35° N. and S. It will be best to adopt a uniform system for the whole 
earth, and to regard high-tide and high-water as consentaneous in the 
equatorial belt, and of opposite meanings outside the critical latitudes. 
In this B«port we conceive the function always to be written J - sin'X, so 
that outside the critical latitudes high-tide is low-water. Accordingly we 
must add tr to the arguments of the negative cosines (if any) which occur in 
the ftmction J (3? + |f - SSK")- 

■ Thomson and Tait's Ntu. Phil., or the B«port on Tidea for 1876. [Sm aUo Paper 9 in this 

TOlaDM.] 
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In continuing the development, the 3E-|p-5S functions will be written 
in the form approjniate to the efjuilibrium theory, with water covering 
the whole earth ; for the actual case it is only necessary to multiply by the 
reducing &ctor, and to subtract the phase alteratioo jc. As these are un- 
known constants for each place, they would only occur in the development 
as symbols of quantities to be deduced from observation. It will be under- 
stood, therefore, that in the following schedules ' the argument ' is that part 
of the argument which is derived Irom theory, the true complete argument 
being 'the argument* — k, where k is derived firom observation. 

Following the plan suggested, and collecting results from (20), (26), (27), 
we have 

3E'-|f-(l-{8')j^coB2(x-0 + (l+K)2p¥««2x 

+ |«p' cos (2x - 3o-, -(- w,) 
+ 4ep*^/il-066-12tan*i/cos2«,tcos(2x-<r,-w,-fl + ir) 
-I- V«V cos {%x - *<', + 2«r,) 
+ ^ffwp* cos (2x - 2<r, - » + 2A - p) 
+ ^Inw/J* cos (2x - 2ff, + « - 2A + p + ■«•) 

+ ^myco8(2x-2<r,-2» + 2A) (29) 

3ESS - (1 - K) ly? ««» (X - 2ff, + i^) +M" cos (x + 2<r, - iTT)] 
+ (l+K)J^(P*-5'')co8(:^-Jir) 
+ J«p^ COB (x - 3ff, + «r, + iir) 
-H ep^ V12-31 + 1-44 cos 2«rJ cos (x - <r, + Q - i^r) 
+ 5<P?(P* - 2*) cos (x + ", - w, - iir) 
+ ¥«*i^2 COS (X -*«»■, + 2w, 4- \a) 

+ ^i;^mi«p^ooB(x-2<r,-8 + 2A-p + iw) (30) 

4 (3E* + 1?" - 22') = i (p* - 4pY + 9*) [1 + !«• + 3e COS (^, - w,) 
+ ^tm« cos (ff - 2A -I- p) + 3m= cos (2« - 2A)] 

+ 2pY[(l-5«')cos2<r, + ^cos(3ff,-«r,)] (31) 

In theoe expressions 

tanii = , ^^Ti^"^' -. tan 0= -483 tan w 
tcot»i/-cos2w/ ^ 

The next step is to express the angles x> <'/• ^,> ^^^^ of which increases 
uniformly with the time, in terms of the sidereal hour-angle or of the local 
mean time, and of the mean longitudes of the moon, and of the perigee. 
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I^t M be the moon in the orbit. A the extremity of the A-asis fixed 
in the earth, 
g be the sidereal hour-angte. 
N the longitude of the node £3 . 
V the right ascension of the intersection I. 
f the longitude 'in the moon's orbit' of the intereection. 
i the inclination of the moon's orbit to the ecliptic, 
u the obliquity of the ecliptic 
s the moon's mean longitude. 
p the mean longitude of the perigee*. 



Then(Fig. 2) g = AT, i/ = Tl, f = Ta - Sl, N = 'r'a 

Now (T, and v, have been defined above as the moon's mean longitude 

and the longitude of the perigee, both measured in the orbit fiY>m the 

intersection I. 

Since ff, - w, is the moon's mean anomaly, we have 

Let p' be the longitude of the perigee, measured from T in the ecliptic. 
If P in Fig. 2 be perigee, we have by the ordinary formuht for reduction 
to the ecliptic, 

aP = p'-JV+l ain't' sin 2(p'-il0 

But w, = lP = le + aP = Ta -f + aP 

=y — f + i sin' i sin 2 (p' - JV) 
Now P=p' + i sin* i sin 2 (p' — JV) 

and therefore ^, =P - fl 

whence ^, = * ~ f i 

Again x = ^^ = ^'^ -^'^ = g- •' (33) 

In this formula we suppose g to increase uniformly from the time when 

the tidal observations begin. 

* This p will eaaitf be distingDiahed ^in the p nsed above to denote oos ^I. 
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18 HARMONIC ANALYSIS OF TIDAL OBSERVATIONS. [1 

Since in all the tidal observations local mean solar time is used, it will 
be better to substitute for g in terms of local mean solar time and the sun's 
mean longitude. Let t be local mean solar time reduced to angle, so that 
at noon t = 0". Let h be tbe sun's mean longitude ; bereafber we shall write 
Pi for the longitude of the sun's perigee. 

Then we have x = * + ^~ " (^) 

We shall now substitute from (32) and (34) in tbe 3E'|^-SS functions 

(29), (30), (31); substitute from them in (28), and express the final result 

in the form of three schedules (pp. 20, 21, 22). 

The schedules are arranged thus. First, there is the general coefBcient 

5 p (~) "^ ^''ich multiplies every term of all the schedules. Secondly, there 

are general coefficients one for each schedule, viz. cos' X. for the semi-diurnal 
terms, sin 2X for the diurnal, and i - 1 sin' \ for the terms of long period. 
These three functions of the latitude of the place of observation are the 
values at that place of three sur&ce spherical harmonic functions, which 
functions have the maximum value unity, at the equator for the semi- 
diurnal, in latitude 45' for the diurnal, and at the pole for the terms of long 
period. 

Fiist, in each schedule there is a column of coefficients, fimctioos of / and 
e (and in two cases also of p). 

In tbe second column is given the mean semi-range of the corresponding 
term. This is approximately the value of the coefficient in the first column 
when / = w. We forestall results given below so far as to state that the 
mean value is to be found by putting / = w in the ' coefficient,' and when 
the function of / is cos* ^I, sin / cos* \I, sin / sin' ^7, sin' / (in B, iil) 
multiplying further by cos* ^i ; and where the Junction of / is sin* / (in B, i.) 
sin / cos /, 1 — I sin* / multiplying by 1 — | sin' t. 

Thirdly, there is a column of arguments, linear functions of t, h, s, p, 
V, f. In B, i. 2* + (2A - 21-), and in B, ii. * + (A - v\ are common to all the 
arguments, and they are written at the top of the column of arguments. 
The arguments are grouped in a manner convenient for subsequent 
computations. 

Fourthly, there is a column of speeds, being the hourly increase of the 
arguments in the preceding column, the numerical values of which are added 
in a last column. 

Every term is indicated by the initial letter (see § 1) adopted for the 
tide to which it corresponds, except in the case of certain unimportant terms 
to which no initials have b^en appropriated. 
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To write down any term : take the general coefficient ; the coefficient 
for the class of tides ; the special coefficient, and multiply by the cosine 
of the argnmeot The result is a term in the equilibrium tide, with water 
covering the whole earth. The transition to the actual case by the intro- 
duction of a &ctor and a delay of phase (to be derived &oni observation) has 
been ab-eady explained. 

The solar tides. 

The expression for tbe tides depending on the sun may be written down 
at once by symmetry. The eccentricity of the solar orbit is so small, being 
"01679, that tbe elliptic tides may be omitted, excepting the lai^r elliptic 
semi-diurnal tide 

The lunar schedule ia to be transformed by putting s = h, p = pi, 
f =11 = 0, tr = r], I = i», c = 8i, w = W], In order that tbe comparison of the 
importance of the solar tides with the lunar may be complete, the same 

general coefficient f ^ l-j a will be retained, and the special coefficient for 

each term will be made to involve the factor t,/t. Here t, = |^, S being 
the son's mass. 

With£/Jf = 81-fi, 

The schedule [C] of solar tides is given on p^^ 23. 

The subsequent schedules [B] and [E] give all the tides of purely astro- 
nomical origin contained in the previous developments, arranged first in 
order of speed, and secondly in order of the magnitude of the coefficient. 
Id schedule [E] the tides K,, K, originate both from the moon and sun, but 
the lunar and solar parts are also entered separately. 

The coefficients of the evectional and variational tides are computed fix>m 
the full values to those inequalities. 

In the schedule [E] tbe tides are marked which occur in the 'Tide- 
predicter' <^ the Indian Qovemment in its present condition. 
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A tide of greater importance than some of those retained here is that 
referred to where the approximation with regard to / was introduced, viz. 
with speed 2y + tr-iir; the value of its coefficient is ■00323- There is 
also the larger variational diurnal tide, which has been omitted: it 
would have a coefficient '00450; also an evectional termeosual tide, 
J^me J Bin' i cos (3s - 2A + p), with coefficient of magnitude -00292. All 
other tides in a complete development as far as the second order of smAll 
quantities, without any approiimatiou as to the obliquity of the lunar orbit, 
would have smaller coefficients than those comprised in the above list. 
Such a development has been made by Professor J. C. Adams, and the values 
of all the coefficients computed therefrom, in comparisop with the above. 

Besides the tides above enumerated, the predicter of the India Office 
also has the over-tides M^ and M,, of speeds 4(7-0-), 6(y — <r), and the 
compound tides 2MS, 2SM, MS, of speeds 2y-4^ + 2i), 27 + 2cr - 4ij, 
iy~2ff — 2ti, and the meteoroli^cal tides Si, Sa, of speeds y — v>V- 

If this schedule is worth anything, it seeuLs probable that the India Office 
predicter would do better with some other term substituted for X. 

If further examination of the tidal records should show that the tide H, 
is in reality regular, it should be introduced. 



§ 3. Tidea Depending on the Fourth Power of the Moon'a Paralltue. 
The potential corresponding to these tides is 

r = '*^p» (I cos* PM - $ cos PM) 

We may obviously neglect the eccentricity of the lun^ orbit, and it will 
appear below, when the principal terms are evaluated, that the declinational 
tides may be safely omitted. 

By these approximations we may put r^c, and M, = 0, and neglect the 
terms in M„ Jf, which involve f. Following the same phm as in the 
previous development of § 2, we have, when Jlf|=:0, 
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The four tunctionfi of ^, t), ^, in this expressioa are Bur&ce Bpherical harmonics 
of the third order, and therefore, corresponding to theae four terms, there 
will be four tides of the types determined by those functions. 

Now, we have approximately 

Jf, =s p* cos (jf - f), Af, = - p* sin (x — I) 

From which we have 

M,' - 3Jtf,3f,' = p" cos 3 (x - 

M,*+ Jf,Jf,'-p«cos (x-0 

Wheni; = 0; f» - 3fij' = cos" X, p+fij'-4f{:' = cobX(1 -Ssin'X) 

Then, following the same procedure as before, we have for the height of 
tide 

A-ff (^)'f[Aco8'^-P*co83(x-0 + ico8X(l-5Bin'\).p'coB(x~0] 

(36) 

Now,ooBX(68in'X — 1) has its maximum value „ .^. when cosX — -^VIS: 
that is to say, when X - 58° 54'; thus we may write (36) 

A = j^0yarcos'X.A(f)coa*K-<!<w[3* + 3(A-i')-3(s-f)] 

+ i^co8X(l-58in»X)^^(")co8*i/«w[* + (A-'')-(''-f)]l 



In this expression observe that there is the same 'general coefficient' 
outside [ ] as in the previous development ; that the spheric^ harmonics 

C06*X, — :T^coeX(S sin'X — 1) have the maximum values unity, the first 

at the equator and the second in latitude 58° 54'. The ' speeds ' of these 
two tides are respectively 3(7 — ir) or 43°'4761563 per mean solar hour, and 
7 — *r, or 14'''4920521 per mean solar hour. 

The coefficient of the tide 3 (7 — o-), which is comparable with those in 
the previous schedules [B], [C], [E], is 

and the mean value of this function multiplied by cos 3(>' — {) is '00699; 
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also the ooefficieiib of the tide (7 — tr), likewise comparable with previous 
coefficients, is 

and the mean value of this functiou multiplied by coa (p — ^is '0050. 

The expreasioD for the tides is written in the form applicable to the 
equatorial belt bounded by latitudes 26° 34' N. and S. (viz. where sin I = iv'5). 
Outside this belt, what may be called h^h tide, will correspond with low 
water. The distribution of land on the earth may, however, perhaps some- 
what disturb the latitude of evanescent tide. 

It must be noticed that the 7 — it tide is comparatively small in the 
equatorial belt, having at the equator only about j of its value in latitude 
68° 54'. 

Referring to the schedule [Kj of theoretical importance, we see that the 
ter-diumal tide M, would come in last but four on the list, and the diurnal 
tide M, (with rigorous speed 7 - tf") would only be about a half as great again 
as the synodic fortnightly variational tide. . 

It thus appears that the ter-dinmal tide is smaller than some of the tides 
not included in our approximation, and that the diurnal tide should certainly 
be negligeable. 

The value of the M, tide, however, is found with scarcely any trouble, 
from the numerical analysis of the tidal observations, and therefore it is 
proposed that it should still be evaluated. 



§ 4, Meteorological Tides, Over-tide*, and Compound Tides. 
Meteorological Tides. 

A rise and tall of water due to regular day and night breezes, prevalent 
winds, rain&ll and evaporation, is called a meteorological tide. 

All tides whose period is an exact multiple or sub-multiple of a mean 
solar day, or of a tropical year, are affected by meteorological conditions. 
Thus all the tides of the principal solar astronomical series S, with speeds 
y — tf, 2 (7 — *)), 3 (7 — 1}), &c., are subject to more or less meteorological 
perturbation. Although the diurnal elliptic tide. Si or 7 — 1), the semi- 
annual and annual tides of speeds Zrj and if, are all probably quite insensible 
as arising from astronomical causes, yet they have been found of sufficient 
importance to be included on the tide-predicter. 
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The annual and semi-annual tides are of enormous importance in some 
rivers; in such cases the ter-annaal tide (3i;) is probably also important, 
although DO harmonic analysis has been as yet made for it. 

Id the reduction of these tides the arguments of the S series are t, 2£, 3£, 
Sec., and of the annual, semi-annual, ter-annual tides are h, 2A, 3A. As iar 
as can be foreseen, the magnitudes of these tides will be constant from year 
to year. 

Over-tides. 

When a wave runs into shallow water its form undergoes a progressive 
change as it advances; the fi-ont slope generally becomes steeper and the 
back slope leas steep. The most striking example of such a change is when 
the tide runs up a river in the form of a 'bore.' 

A wave which in deep water presented an approximately simple haimonic 
contour departs largely from that form when it has run into shallow water. 
Thus in rivers the rise and &11 of the water is not even approximately a 
simple harmonic motion. From the nature of harmonic analysis wa are, 
however, only able to represent the motion by simple harmonic oscillations, 
and thus to give the non-harmonic rise and &11 of tide in shallow water it 
is necessary to introduce a series of over-tides whose speeds are double, triple, 
quadruple the speed of the fundamental astronomical tide. 

The only tides, in which it has hitherto been thought necessary to 
represent this change of form in shallow water, belong to the principal lunar 
and principal solar series. Thus, besides the fundamental astronomical tides 
M, and S,, the over-tides M4, M„ M„ and S^, S, have been deduced by 
harmonic analysis. 

The height of the fundamental tide M, varies from year to year, according 
to the variation in the obliquity of the lunar orbit, and this variability is 
represented by the coefficient cos* 4/. It is probable that the variability of 
M., M,, Mj, will be represented by the square, cube and fourth power of that 
coefficient. 

The law connecting the phase of an over-tide with the height of the 
fundamental tide is unknown, and under these circumstances it is only 
possible to make the argument of the over-tide a multiple of the argument 
of the fundamental, with a constant subtracted. If that constant is found 
to be the same from year to year, then it will be known that the phase of an 
over-tide is independent of the height of the fundamental tide. 

The following schedule gives the over-tides which must be taken into 
consideration, the notation being the same as before : — 
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[F.] 
Schedule of Over-tides. 




Tide 


Coefficient 

1 

1 


Aisnment 


SKied 


Sl-l ii d.«iee> 
per n. i ben 


M, 
M, 
M. 

s, 

s. 


4r+4(i-.)-4(.-{) 
6i+e(A-,)-6(i-e 

8,+8(*-,)-8(,-{) 
it 

et 


4y-fc 

8,-8„ 
4,-4, 
11,-6, 


&7°««SS084 
8e°-9623126 
115°-a364168 
60°-0000000 

w-ooooooo 



It will be understood that here, aa elsewhere, the column of arguments 
only gives that part of the aigument which is derived from theory, and the 
constant to be subtracted from the argument is derivable from observation. 
It is necessary to have recourse also to observation to determine whether 
the suggested law of variability in the magnitude of the M over-tides holds 
good. 

Compound Tides. 

When two waves of different speeds are propagated in the same water 
the vertical displacement at the surface is generally determined with sufficient 
accuracy by summing the displacements due to each wave separately. If) 
however, the height of the waves is not a small fraction of the depth of the 
water, the principle of superposition leads to inaccuracy, and it becomes 
necessary to take into consideration the squares and products of the dis- 
placements. 

It may he shown that the result of the interaction of two waves is repre- 
sented by introducing two simple harmonic waves, whose speeds are the sum 
and the difference of those of the interacting waves. When the interacting 
waves are tidal these two resultant waves may be called compound tides. 
They are found to be of considerable importance in estuaries. 

A compound tide being derived from the consideration of the product 
of displacements, we may form an index number, indicative of the probable 
importance of each compound tide, by multiplying together the semi-ranges 
of the component tides. 

Probably the best way of searching at any station for the compound 
tides, which are likely to be important, would be to take the semi-rongea 
of the five or six largest tides at that station and to form index numbers 
of importance by multiplying the semi-ranges together two and two. Since 
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these index numbers have no absolute loagDitudes, we may omit the dedmal 
point in forming them. Haviog selected as many of these combinations, in 
order of importance as may be thought expedient, the arguments of the 
compound tides are to be found by adding and subtracting the arguments 
of the components taken in pairs. 

(Theory would, however, seem to indicate (see Encyc. Brit. Art Tides) 
that a better index of importance would be the product of the theoretical 
importance of the combining tides multiplied by the sum or difference, as 
the case may be, of their respective speeds.] 

In the general case it is only possible to take the tides which the previous 
schedules have shown usually to be large, and to form a list of compound 
speeds, with index numbers derived from the multiplication together of the 
mean values of the coefficients of the astronomical tides. The tides selected 
here willbeM,,E,,8,,0,and N; but to these we shall add M4 and S4, although 
it will not be possible to affix index numbers to combinations involving 
them. 

The schedule [G] gives the speeds of the compound tides. In many 
cases it will be observed that the compound tide has itself a speed identical 
with that of an astronomical or meteorological tide. These cases are in- 
dicated by the addition of the initial after the speed in question. We thus 
learn that the tides O, E„ Mm, P, M„ Mf, Q, M„ L will be liable to 
perturbation in shallow water. 

The schedule [Q] contains 36 speeds of compound tides: 9 of these foil 
into the category of astronomical or meteorological tides, 2 are repeated 
twice, and of the remaining 25 we need only consider, say, the twelve most 
important. 

If either or both the component tides are of lunar origin, the height 
of the compound tide will change from year to year, and will probably vary 
proportionally to the product of the coefficients of the component tides. 

For the purpose of properly reducing the numerical value of the compound 
tides, we require not merely the speed, but also the argument. 

The following schedule [U] gives the index of importance, argument and 
speed of the compound tides. The index of importance is the product of the 
coefficients of the two tides to be compounded. 

[But the numbers given in square brackets immediately after these 
coefficients are proportional to the product of the semi-ranges of the com- 
ponent tides, multiplied by the sum or difference of their speeds. In 
accordance with the considerations adduced above as to the theoretical 
height of a compound tide, these numbers ought to give a better index of 
importance than the simple product of the semi-ranges.] 
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As in the case of the over-tides, the law of variability of the amplitudes 
of compound tides in various years is only to be tested by obeervation. 



[H.] 
Sckedate of Compound Tideii. 



Index of 
ImpoTtuiee 


Initiftli 


^S 


Si»«l 


Speed io degree, 
per m. b. hov 


iaos[63] 


UE 


IC-l^ 


{ ^-^ } 


44*-02&1728 


960 [87] 


HS 


M,+S, 


4y-fo-2, 


68°-9841042 


960 [1] 


MSf 


S,-M, 


&-!, 


ri3168968 


867_[37] 


SME 


M,+0 
M,-K, 


{ ^^^ } 


42°-927I398 


661 [86] 


— 


8,4- K, 


3y-2, 


46°'0410e8e 


400 [23] 


MN 


M,+N 


4y— 6(r + or 


67*-4238338 


399 [18] 


— 


8,+0 


3y-«<.-2, 


43=-fl43035e 


399 [6] 


— 


S,-0 


y+2<r-in 


lff'-06e9644 


— 


SSM 


S,-M, 


2y+fc-4, 


ai'-oisssse 


— 


— 


M,+S, 


ey-2,r-4. 


88*-9841042 


— 


SH3 


51,-8, 


S).-4,+2, 


8r-9682084 


- 


- 


M,+S, 


fty-4«T-2, 


87°-9e82084 



It will be noticed that in two cases an over-tide of one speed arises in 
more than one way, and accordingly different parts of it have different 
argomente and coefficients. In these cases the utilisation of the results of 
one year for prediction in future years can only be made by dividing up 
the compound tide into several parts, according to its theoretical origin. 
In order to do this it is necessary that the law should be known which 
connects the heights of a summation and a difference compound tide. A 
like difficulty arises from the &ct that MSf and 2SM are also variational 
tides. 

In practice, however, the compound tide will generally be so small that 
we may probably treat it as though it arose entirely in one way: and 
accordingly it is proposed to treat the tides 87 - 2<r or MK, and 87 — 4nr or 
2MK,aa though they arose entirely from Mg + Ki,Mt— E, respectively, and 
MSf and 2SM as though they were entirely compound tides. 



Digitized by L.tOO'JIC 



34 HARMONIC ANALYSIS OV TIDAL OBSERVATIONS. [1 

§ 5. The Makod of ReduOion of T^dal Obseroatiojis. 

The printed tabular forme on which the Dumerical harmonic analysis 
of the tides is carried out are arranged so that the series of observations 
to be analysed is supposed to begin at noon, or O"", of the first day, and 
to extend for a year from that time. It has not been found practicable to 
arrange that the first day shall be the same at all the ports of observation. 

Supposing n to be the speed of any tide in degrees per mean solar hour, 
and f to be mean solar time elapsing since 0'' of the first day; then the 
immediate result of the harmonic analysis is to obtain A and B, two heighta 
(estimated in feet and tenths) such that the height of this tide at the time t 
is given by 

A cos ti( + B sin n( 
The question then arises as to what further reductions it will be convenient 
to make, in order to present the results in the most convenient form. 

First, let us put R = V(A'+ B*), and tanf =-j-, then the tide is repre- 
sented by 

Rco8(nt-{:) 

In this form R is the semi-range of the tide in British foet, and ^ is an 
angle such that ^jn is the time elapsing after O** of the first day until it is 
high-water of this particular tide. 

It is obvious that ? may have any value from 0° to SfiO", and that the 
results of the analysis of successive years of observation will not be com- 
parable with one another, when presented in this form. 

Secondly, let us suppose that the results of the analysis are to be presented 
in a number of terms of the form 

fHco8(r + u-«) 

Here K is a linear function of the moon's and sun's mean longitudes, the 
mean longitude of the moon's and sun's perigees, and the local mean solar 
time at the place of observation, reduced to angle at 15° per hour. V increases 
uniformly with the time, and its rate of increase per mean solar hoar is the 
n of the first method, and is called the ' speed ' of the tide. 

It is supposed that « stands for a certain function of the longitude of 
the node of the lunar orbit at an epoch half a year later than O** of the 
first day. Strictly speaking, u should be taken as the same function of the 
longitude of the moon's node, vaiying as the node moves; but as the 
variation is hut small in the course uf a year, u may be treated as a constant 
and put equal to an average value for the year, which average value is taken 
as the true value of u at exactly mid-year. Together V + u constitutes that 
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fuuction whick haa been tabulated as ' the ar^ment ' in the schedules 
B, C, F, H. 

Since V + u are together the whole argument according to the equilibrium 
theory of tides, irith sea covering the whole earth, it follows that x/n is the 
lagging of the tide which arifies from kinetic action, fiictlon of the water, 
imperfect elasticity of the earth, and the distribution of land. 

It is supposed that H is the mean value in British feet of the semi-range 
of the particular tide in question. 

f is a numerical &ctor of augmentation or diminution, due to the 
variability of the obliquity of the lunar orbit. The value of f is the 
ratio of 'the coefficient' in the column of coefficients of the preceding 
schedules to the mean value of the same term. For example, for all the 
flolar tides f is unity, and for the principal lunar tide Ma, f is equal to 
COB* iZ/oos* ^ cos* J* ; for as we shall see below, the mean value of this term 
has a coefficient coe* ^ cos* ^t. 

It is obvious, then, that, if the tidal observations are consistent from year 
to year, H and_ « should come out the same from each year's reductions. 
It ia (Hily when the results are presented in such a form as this that it will 
be possible to ju<^e whether the harmonic analysis is presenting us with 
satisfactory results. This mode of giving the tidal results is also essential 
for the use of the tide-predicting machine. 

We must now show bow to determine H and k from R and ^. 

It is clear that H — R/f, and the mode of determination of f from the 
schedules has been explained above, although the proof has been deferred. 

If F, be the value of F" at O"" of the first day, then clearly 
~?=7, + «-« 

Sothat K = ?+ K + w 

Thus the rule for the determination of x is: Add to the value of i^ the 
vaiAU of the argument at 0'' of the first day. 

It ia suggested that it will henceforth be advisable to tabulate R and ^, 
80 as to give the results of harmonic analysis in the form R cos (n( - {) ; and 
also H and «, so as to give it in the form fH 006(7+ u-«), when the results 
will be comparable from year to year. 

A third method of presenting tidal results will be very valuable for the 
discussion of the theory of tidal oscillations, although it is doubtlul whether 
it will at present be worth while to tabulate the results in this proposed 
form. This method is to substitute for the H of the second method FK, 
where F is the mean value of the coefficient as tabulated in the column 
of coefficients in the schedules — for example, in the case of U« we should 

3—2 
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have F = J(1 — ffl*)coB*^ 009*4*, and in the case of S, we should have 

F = — . 4 CDS' ^a>. When this process is carried out it will enahle us to 

compare together the Beveral K's corresponding to each of the three classes 
of tides, but not the several classes inter ae. 

It might perhaps be advisable to proceed still further and to purify 

E of the coefficient ^^[~]a, and of the function of the latitude, viz. 

cos' X, sin 2X, \ — % sin* X, as the case may be. Then we should simply 
be left with a numerical factor as a residuum, which would represent the 
augmentation above or diminution below the equilibrium value of the tide. 
This further reduction may, however, he left out of consideration for the 
present, since it is superfluous for the proper presentation of the results of 
harmonic analysis. 

For the purpose of using the tide-predicting machine the process of 
determining H and « irom R and ^ has simply to be reversed, with the 
diSerence that the instant of time to which the argument is to refer is O** 
of the first day of the new year, and we must take note. of the different 
value of u and f for the new year. Thus supposing F, to he the value of 
V at 0'' of the first day of the year to which the predictions are to apply, 
and »,, f,, the values of u and f half a year after that O**, we have 

This value of R will give the proper throw of the crank of the tide-predicter, 
and ^ will give the angle at which the crank is to be set, Mr Roberts states, 
however, that the subtraction, in the predictor of the India Office, of V^+Ui 
from K is actually performed on the machine, one index being set at « and 
the other at K, + u,. 

We learn also from him that one portion of the term «, has been 
systematically neglected up to the present time : namely, that part which 
arises in the form i* - ^ or its multiples. If in the schedules above we were 
to write ^"v throughout we should arrive at the rule by which the tide- 
predicter has hitherto been used. 

The above statement of procedure is applicable to nearly all the tides, 
but there are certain tides, viz. K,, E,, which have their origins jointly 
in the tide-generating forces of the moon and sun; also the tides L and 
H, which are rendered complex &om the &ct that the tidal analysis only 
extends over a year. 

Treatment of the Sidereal Diurnal and Semi-diumai Tides K,, K,. — The 
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expression for the whole K| tide of luni-solar origin must, as we see from the 
Bcliednles B and C, § 3, be of the form 

Mcos(( + A-Jw-»'-«) + Sco8(( + A-Jt-«) (39) 

(40) 



If now we put B = M |l + (^V + 2 j 



tann's 



cosV + S/M 
these two terms may be written 

RcoB(( + A-iw-v'-K) 
If A, be the son's mean longitude at O** of the first day, t + A — A, is equal 
to yt, where t is now mean solar time measured from that O** and not reduced 
to angle. 

Hence if we write £;=« + |jr — A,+ v (41) 

the two terms become E cos (7* - f) 

But this is the form in which the results of harmonic analysis for the total 
E, tide is expressed in the first method. 
From (41) we have 

« = e+(A«-i'r)-*' (42) 

In this formula A, — ^ir ia V, for the solar K, tide, and v' is a complex 
function of the longitude of the moon's node, to be computed (as explained 
below) from the second of (40). 

We must now consider the coefficient f. 

If M, be the mean value of the lunar K, tide, then we know that its ratio 
to M should according to theory be given by 

M ain JcQs/ 

M« sinuco6<o(l'-f sin* t) 
The ratio of M to S should also according to theory be giveo by 
M_ T(l+|e')8inJcos J 
S T, (1 + ge,') sin « cos c* 
We must therefore put the coefficient 

°M. 



/■ SV . S 



1-^ 



T,(i+Ja') _ 

St sin (t> cos a> (1 
H* siu/coi 



5sin*t) 
- $ ain* i) 
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f is clearly a complex fonction of the longitude of the moon's node to be 
computed as shown be]ow. 

The reversal of the process of reduction for the use of the instalment for 
prediction is obvious. 

In the case of the K, semi-diurnal tide, if we follow exactly the same 
process, and put 

aii2v \ 



tBJiit/' ' 



COB 2i' -f S/M 






!2l'[ 



1 + 



M. 



,hepe .S^. ^.d + K) I 

™^ M, t(1+|C> (1-J8in»t) 

S _ S,| Bin'w(l-J6in't) 

M~M, sin'/ 

the argument of the K, tide is 2( + 2A — 2v", and f is the Ewtor for reduction. 



..(44) 



The Tide L. 

Reference to the theoretical development in § 3 shows that this tide 
requires special treatment. 

In schedule B (i.) it appears that it must be proportional to 



co9*i/ Vl-066 - 12 tan' KcoB 2 (p - f ) 

xco6[2( + 2(A-K)-2(8-f> + {«-p)-B + ir] . 
8in2(p-f) 



..{51) 



where 



tani£=>r 



icot'l/-»^2(;>-f) 
In this expression we must deem R to form a part of the function u, for 
which a mean value is to be taken. This is, it must be admitted, not very 
satis&ctoiy, since p increases by nearly 41° per annum. 

Suppose, then, that P be the longitude of the perigee at mid-year, 
measured Irom the intersection, and that we compute R from the formula 
„ ain2P ,__, 

'•°^° icofi/-co.2f <^*) 

Then the treatment will be the same as in all the other cases, if the 
argument F + iibe taken as 2( + 2(A- i-) - 2<«-f)+ (s-p)- iJ + Tr. 
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The &otor f in thia case is equal to 

■^T**{.i ■ \/{1066 - 12 tan' i/coB 2P| 
cos* iw COS* i* ' ■" ' 

The Tide M,. 

Reference to schedule 6 (iL) ehovs that this tide must be proportional to 

«i sin / cos' K ^/i2■307 + 1-435 C08 2 (j> - f)} 

xcoB[(+(A-^)-(«-f) + e-i^] (52-) 

where tan Q= -483 tan (p - f). 

We miiet here deem Q to form a part of the function u, for which a mean 
value is to he taken ; but as in the case of the L tide, this course is not very 
satiefitctoiy. 

If P as before denotes the longitude of the perigee at mid-year, measured 
from the intersection, and Q be computed from 

tan Q = -483 tan P (52") 

then the argument V+u will be 

*+(A-y)-(*-f) + Q-j7r 

And the foctor f is 

ain /cos* j/ Vf2-307 + 1435 cos 2Pi y,, 

sin w cos* i« cos* it V2'307 ^ ^ 

[In the computation forms the *483 of (52") has been taken as }, and this 
value of f has been taken as being 

sin /cos* 1/ „. . __. 

-. ■ . , _. 1 ■ V(j + |cos2f) 

sin m 8m' ^ w cos* i» ^^ * ' 

because V(f) which should have been in the denominator was accidentally 
omitted, and tan'^/ was treated as zero, instead of havii^ a mean value. It 
is clearly a matter of indifference for practical work whether or not this 
foctor t/{^) stands in the denominator or not. All the Indian work has 
been carried out in the form just shown, and the practice may well be 
adhered to. In so small a tide it cannot be of much importance whether or 
not tau'^/ is treated as zero*.] 

It has been shown that the tide M, , in as tar as it depends on the fourth 
power of the moon's parallax, is too small to be worth including in the 
nnmericat analysis. 

* [Seo EooIm, Tol. in., Oreat Trig. Sureey of India, p. 67.] 
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§ 6. On. the Method of Computing the Arguments and Coefficienta. 

In performing the reductions of the preceding sections a number of 
numerical quantities are required, which are to be derived from the position 
of the heavenly bodies. 

Formulw for Computing I, v, f. 
From Fig. 2, § 3, we see that 

cot(i^^— f)sin A^ = cos Jrcos» + sint cot «» 1 

cot »'8inA'"=co8i\/'cos« + sine* cot i j- (53) 

cos / =1 cos t cos bi ~ sin i sis (0 coe NJ 
If /9 be an auxiliary angle defined by 

tan ,8 = tan »■ coe JV (64) 

then cos / = cos t sec /3 cos (<■> + j9)^ 

einn = sia V cosec / sin J\r I (55) 

8in(^— f) =8in»co8ec/8ia Jf I 
The formulae (63) also lead to the rigorous formulse 

^ _ sin 1 cot ti> sin ^^(1 — tan j i tan m cos Ny \ 

cos' i i + sin 1 cot (u cos iV - sin' J i cos 2^^^ I „ 

__ tan i cosec e« sin ^ | 

~ 1 + tan t cot w coe JT / 

But, if we treat i as small, (53^) may be reduced to 

tan f = * cot « Bin JT - A t* sin 2JV^ ■ -? — 

sm' a I 

. »r t ■. ■ L>»T cosw [ (53") 

tan 1/ = t cosec « sin JV - A** sin 2iir - . - . 

sin' a I 

COB / " (1 — ^i*) cos M — t sin tu cos N ' 

A table of values of f, v, I, for different values of N, with a = 23° 27''3, 
1 = 5" 8''S, may be computed either directly from (53) or from (55). 

The approximate formube (53") will be of service hereafter. 

On the Mean Values of the Goefficienta in SchedvUs [B]. 

In the three schedules [B] of lunar tides, ' the coefficients ' are certain 
functions of /, and there are certain terms in the arguments which are 
functions of v and f. We may typify all the terms by i/"eo8(2'+ u), where 
/ is a function of /, aad u of i* and f . If we substitute for J and u in terms 
of b), i, N, and develop the result, we eball obtain a series of terms of which 
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the one independent of N is, say, t/| cos T, Then J, is the mean value of the 
aemi-ninge of the tide in question. Such a development may be carried out 
rigorously, but it involves a good deal of analysis to do so ; we shall therefore 
confine ourselves to an approximate treatment of the question, using the 
formulae (53") for f and v. 

It may be proved that in no case does J involve a term with a sine of an 
odd multiple of N, and the formiilte (54) or (55) show that in every term 
of sin u there will occur a sine of an odd multiple of JV ; whence it follovre 
that Jaiau has mean value zero, and /, is the term independent of 2f in 
t/'cos u. 

It may also be proved that in no case does cosm involve a term in cob N, 
and that the terms in cos 2JV are all of order »* ; also it appeara that J" always 
involves a term in cos N, and also terms in cos 2^ of order i*. 

Hence to the degree of approximation adopted, /, is equal to J„co»iit, 
where J, is the mean value of J, and cos u, the mean value of cos tt. 

In evaluating cos w, from the formulie (53"), we may observe that where- 
ever sin'N occurs it may be replaced by i; for sin* A'= J — icoB2iV, and 
the coe 2JV has mean value zero. 

The following are the values of cos «« thus determined from (63") : — 
(«) co62(v-a-l-V'( ^~'"^'" y 

^ ' "^ *■" v sm» y 



^ ' sm" w 

(7) cos(2f-^).= l-ii^(- 



2co8a»y 



(S) cos(2f + .),= l-K( ^^ ) 

(0 cos^o = l-it^-~; 

(0 cos2f,= l-i*cot'« 

The suffix , indicating the mean value. 
Similarly the following are the J^'b or mean values of J : — 

, r-. . , T . T r, ■ ■. sin' ia — COB wl 

(o') co8*i/,-cos*ia> l + ii" ^-rr — 

L cos jai J 

(/90&(n sin' /. = sin' « fl+i* ^-^^14^1 

, ,, . r .IT ■ .1 r, , ■. /cos 2(0 2 cos IO\] 

(7) sm/,coB'4/„ = sniwcos'ia> 1 +ii*^-j- n— 

^'' ■ L \sm"(i» co8'J«/J 
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/fv ■ r ■ . 1 r ■ . 1 Ti . 1 -. /'CtW 2(0 2 COS i»\"| 

(if) 3in/,Bin'i/,-Bma>sm'Jo> l + ii" -t-; — + ■ . , ) 

(«') 3inZ,co8/o = 8in<ocos<a[l + it»(cot'«-5)] 
On referring to schedules [B], it appeais that (a) multiplied hy («') is the 
mean value of the cos* ^7 cob 2 (v — f ) which occufb in the semidiurnal terms ; 
and so on with the other letters, two and two. Performing these multipli- 
cations, and putting 1 - ^t* in the results as equal to cos* Jt, and 1 — Ji^ as 
equal to I— $sm*i, we find that the mean values are all unity for the 
following functions, viz.: 

coe*^/coa2(y-g) sin'/coagi' BinJco B'^Jco8(2f-y) 

cos* Jwcos*^* ' sin*o>(l — $sin*i)' sin wcos'^wcos*^* ' 

sin / ain' ^/co8(2f + i') sin/cos/cosf sin' /cos 2f 

Bina)sin'^wco8*^t ' sin » cos u (1 — f sin* t) ' sin*uco8*^i 
Lastly, it is easy to show rigorously that the mean value of 
1-1 sin'/ 
(l-f8m»a.)(l-|3in't) 
is also unity. 

If we write «=co8)a>co8^i — sin^usin Jte"' 

« = sin ^ w cos i t + cos J sin ^i e'^' 

where i stands for \/ ~ 1 i luid let v,, x, denote the same functions with the 
sign of N changed, then it may be proved rigorously that 
coe*i/co82(»'-f)-i(«H + «,*) 

sin' / cos 21- - 2 {mW + »,'«*) 
sin / cos' ^ / cos (2f — n) — at** + w,'k, 
sin /sin' ^I cos (2f + v)~ w#t* + «,«,» 

sin / cos /cos v = (w«, + w,*) (ww, ■- ««i) 
sin* / cos 2f = 2 {«•*» + »,'«,') 
1 — 58in*/=w*BJi' — 4w«ri«ji[| + t^K^ 

The proof of these formulie, and the subsequent development of the 
functions of the w's and k'b, constitute the rigorous proof of the formuhe, of 
which the approximate proof has been indicated above. The analogy between 
the v's and k'b, and the p, q of the earlier developments of this Report, is 
that if t vanishes w^ w, ^p, « = k, = j. 

(See a paper in the Phil. Tram. RS., Part II. 1880, p. 713; to be 
reproduced also in Vol. II. of the present work.) 

This investigation justifies the statements preceding the schedules [B] as 
to the mean values of the coefficients. 
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Formuke for computing f. 

In the original reduction of tidal observations we want 1/f ; in the use 
of the tide-predicter f is required. 

Od looking through the schedules [B], we see that the following values 
of 1/f are required. 

coH*^a»c 08*^i . . Bin*M(l -}ain*i) sin tacos'^MCOB'^t ' 

^^^ co8*i/ ■ ^''' Bin'/ • ^'^' 8in/co8»i/ ' 

, BinMain'^ntcoe'^i ._. ain w cos » (1 - f Bin* i ) 
' sin/sin'J/ ' ^ ' sin/cos/ ' 

(R^ sin'mcoe'^i „, (l-SBin*a.)(l- JBJn'i) 
W sin"/ * ^'> " (l-$8in'/) 

And in the case of the over-tides and compound tides (schedules [F], [H]), 
powers and products of these quantities. 

A table of values of these functions for various values of / is given In 1 12. 

The functions (2) and (5) are required for computing f for the Ki and E, 
tides. 

In this list of functions let ub call that numbered (2) k^, and that 
numbered {5) ki; k, and ki being the values of the reciprocal of f which 
would have to be applied in the cases of the E, and E| tides, if the sun did 
not exist. 

On referring back to the paragraph in § 5 in which the treatment of the 
E, and E, tides is explained we see that for E, 

^ - -46407 X k^ 

and therefore from (44) we see that for E, 

1 1-46407 X i, 1 



f (1 + (0-46407 X i,/ + 0-92814ifc, cos 2v]i 
sinSv 



tan2i/' = 



cos 2i' + -46407*. 



..(66) 



And for E, the similar formulte hold with k, in place of k,, and p in place 
of 2f'. 

Tables of 1/f and v', i»" for the Ei and E, tides have been formed from 
(56), and are given in Col. Baird's Manual of Tidal Obaervatioru. 

The angle / ranges from 18° 18''6, when it is oj - 1, to 28° 86'-l, when it 
is » + i. 

' This method of traatiDg tbsM (idea Ib doe to ProteBBor Adams. I had propoaed to divide 
tlM K tidet into tbar lunar and Mlar parti.— O. H. D. 
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Then in using theae tables, we ftrat extract / for any value of If, and 
afterwards find the coefiBcients from the subsequent tables. 

The coefficients for the over-tides and compound tides may be found 
from tables of squares and cubes and by multiplication. 

[Algebraic formulie for the several fs are given at the end of the present 
paper ; they are so simple that the auxiliary tables may be dispensed with, 
without much loss.] 

FormuUBfor s, p, k, j>,, N. 

The numerical values may be deduced frx)m the formule given in Hansen's 
Tables de la Lune. The following are reduced to a more convenient epoch, 
and to forma appropriate to the present investigation. 

8 = 150°0419 + [13 X 360" + 132°-67900] r+ 13°-1764 D 

+ 0''6490166ffl 
p = 240°-6322 + 40°-69035 T + O"-! 114 D + 0''-0046418 s\ 
& = 280''-5287 + 360°-00769 r + 0''-9856i) + 0°-0410686if| 



p, = 280''8748+ 0°-01711 r + 0°000047-D 
J = 286''-9569- 19''-34146 r-0°-0529540i) 
Where 

T is the number of Julian years of 366^ mean solar days, 
D the number of mean solar days, 
H the number of mean solar hours, 
after 0" Qreenwich mean time, Juiuaiy 1, 1880. 
From the coefficients of H we see that 

<r - 0''-5490166, V = 0°-0046418, t, - 0''-0410686, (58) 

whence 7 = 15°0410686. 

For the purposes of using the forms for harmonic analysis of the tidal 
observations, these formula may be reduced to more convenient and simpler 
forms. 

The mean values of N and p^ are required, and for the treatment of the 
L and H, tides the mean value of p - f , denoted by P. For determining 
these three quantities, we may therefore add half the coefficient of T once 
for all, and write 

N= 276*'-2861 - 0''05295 D - 19°-34146 T\ 

p,-280°-8833+0''00005-D+ 0°-0171ir> (59) 

P + f = 261°-0 +0''lll D +40°-69 T ) 
where T is simply the number of years, whether there be leap-years or not 
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amongat them, since 1880, and D the number of days from Jan, 1, numbered 
as zero up to the first day of the year to be analyaed. 

Now, suppose d to denote the number of quarter days either one, two, or 
three in excess of the Jalian years which have elapsed since 0" Jan. 1, 1880, 
up to 0** Jon. 1 of the year in question ; let D denote the same as before ; 
and let L be the E^t Longitude of the place of ohaerration in hours and 
decimals of hours. 

Then for Si, p.. A,, the valnes of », p,k&tO^ of the first day, we have 
8, - 160°-0419 + 132°-67900 r+ 3'-29410rf + 13''-1764 D - 0''-54902 L"! 
;>.-240='-6322+ 40''-69035r + 0''02785(i+ 0°1114Z)-0''-00464ii(60) 
A. = 280°-6287 + 0°-00769 T + 0°-24641 rf+ O'-gSSS 2> - 0"-04107 i) 

In these formulae 7" is an integer, being the excess of the year in question 
above 1880, and (2 is to be determined thus : — if the excess of the year above 
1880 divided by 4 leaves remainder 3, d is 1; if remainder 2, it is 2; if 
remainder 1, it is 3 ; and if remainder zero, it is zero. For example for 1895, 
r» 15, d= 1 ; because from 0* Jan. 1, 1880 to 0'' Jan. 1, 1895, is 15 Julian 
years and a quarter day. 

For all dates ajler Feb. 28, 1900, one day's motion must be subtriicted fi'om 
«•. p*, K, Pi, -P + f. o*"^ one day's motion added to N. 

The terms in L may be described as corrections tor longitude. 

The 13 X 360° and 360° which occurred in the previous formnlse for a 
and A are now omitted, because T is essentially an integer. 

If it be preferred, the values of a^ and N may be extracted from the 
Naitiioal Almanac, and A, is (neglecting nutation) the sidereal time reduced 
to angle. We may take p, fr^m a formula given by Hansen at p. 300 of the 
Tables de la Lime. This latter course is that which is followed in the forms 
for computation. 



§ 7. Summary of Initial Argvmienta and Factors of Reduction. 

The results for the various kinds of tide are scattered in various parts of the 
above, and it will therefore be convenient to collect them together. In order 
to present the results in a form convenient for computation, each argument 
is given by reference to any previous argument which contains the same 
element. In the following schedule Arg. M, and Fac. M, (for example) mean 
the argument and factor computed for the tide M,. 
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[I] 

Schedule of Arguments at ^ of the first day, and Factors 

for Ensuing Year. 



Initial ArgDHMUti. 
V,+u 



Futon for B«daetion. 



-Ao + iff 

(Ao-o-w-i)+e-i- 

whore tan §= -483 tan P 

2{h^-,)-H»^-i) 

iArg.M, 
8 Aig. Ht 

4 Atg. M, 
where t*n 2>"= __J^^..„,^ 



Fftc.0-^^/(J+^008 8^}* 

(Fu. H,)l 
(Fm. MJ> 
{Fac M,)" 
(Faa M,)* 
l-46407i 



whera tan i-'— ■■ ■- ' 



v/{H-<-464 
wheroi- 


xi)»+-«28icoe 
8ia'«(l-i8in 

■46407i 


5' 


v'{l + C464 
where .t <. 


Ki)»+ -928*00. 
ainSaO-^Bin 


J 



Arg. M,-{f,-p,) 

Arg. N-(«,-;^) 

Arg. M,+{«,-p,)_-fl+ 

when tan R' 



FacMt 
PacH, 



Jcof i/-eo«>2/' 

(A„-^)+2(.,-f}-i,r 

Arg.O-{«,-;\,) 
(Ac-»)+(<o-p.)-i"- 



* [8m g S aboT« as to a more ooireat Talne of f in thii caw, aud the ri 
to the QM of the Tatna here ginn.] 



Fac. Hi-7-'%'l-066-12tan>J/ooa8i> 

Fac H, 

.in,cce-t.eoe«i.- 

ein/oce'i/ 
Bin.flin'i«co6*t.- 

8in/em»i/ 

Fac O 

Biii2»(l-jein*0 
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Schedule [I.] cmUinued. 











T, + a 


1 
if 


US 


Arg.U, 


FacU, 


SMS 


Ais-M. 


FftcM. 


2SM 


2,-Arg.M, 


FacHt 


UK 


Arg. iU+Aijs. K, 


Fao. M, X Fac. K, 


auK 


Arg. M,-Arg. K, 


Fftc.M,xFacK. 


MN 


Atg. M,+Arg. N 


Fac.M,«Fw!.N 


USf 


S,r-ArB.M, 


Fa&U, 


Urn 


(<%-ft) 


Cl-58in»»)(I-S«n*«) 


Uf 


2C*-|> 


sin* ■> ooe* it 
.in'/ 


Sa 


^ 


unity 


Saa 


2Ab 


unity 



There are two tables, numbered I, and II., given at pp. 304 and 305 of 
the Report for 1876 of the Committee of the British Association on Tidal 
Obserrations. The columns headed e give functions which, when their signs 
are reversed, are the arguments at the epoch. To show the identity of these 
expressions with those in the above schedule [I], we must put 
/= -K, g = -K, > - «D + " - f . O = At> w' =p. + >- - f , «■ = ;), 
For the sake of symmetry these tables contain several entries which we have 
omitted from our schedule, because of the smallness of the tides to which 
they refer. The entries of the tides of long period, Nos. 3 and 4, are given 
with the opposite sign from that here adopted*; thus those entries require 
alteration by 180° to bring them into accordance with our schedule. 

The following corrections have to be made in Table II. : No. 8, for 2i> 
read Zv; No. 15, add 4v; Nos. 17 and 19, add 2(i'-f); Nos. 18 and 20, 
subtract 2(»-f). 

The K„ K, tides, Nob. 9 and 16 of both tables, are entered separately 
as to their lunar and solar parts. The two parts of the M, tide, Nos. 7 and 
11, are entered separately. Also No, 14 only gives one part of the tide here 
entered as L. 

The reader is warned that the definition of e on p. 293 is incomplete, 
and incorrect for proper reference to the equilibrium theory of tides. The 
definition of «' on p. 302 is incorrect. 

■ See the pMMee in | 3 between eqn&tions (36) and (39). 
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§ 8. On the Reductions of the Published Results of Tidal Analysia. 

In the Tide Tables pablJahed hy the Indian GoTemment, it is stated 
that each tide is expressed in the form Rco8(jji~e), where R is the semi- 
range in feet, n the speed of the tide, and e/n is the time in mean solar 
hours which elapses, after an epoch appropriate to the tide, until the next 
high-water of that tide. Tables are then given for R and e at each station 
for each year. 

The mode of tabulation is the same as that followed in the Tidal Reports 
of the British Association for 1872 and 1876. 

It is advisable that all the results should be reduced according to one 
system, such that the observations of the several years and the values for the 
several speeds of tide may be comparable irder ae. 

In § 5 it has been proposed that the tide should be recorded in the form 
fHcos{V + «-K) 

It appears from the statements in the Reports for 1872 and 1876 and 
from an examination of the reductions of the published results that the e 
ai the tables is equal to « — u, and that the R of the tables is equal to f H. 
Thus in order to reduce the published results to proper forms, comparable 
iitter se, it is necessary to add to e the appropriate u, and to divide R by the 
proper f. Following this process we obtain certain corrections to the e's to 
obtain the x's. The values of 1/f by which the R's are to be multiplied to 
obtain the H's, are those given in the preceding schedule [I]. [But it does 
not seem worth while to reproduce the schedule of instructions for correcting 
these old results.] 



§ 9, Description of tlie Nu/tnerical Harmonic Analysis for the Tides of 
Short Period. 
It forms no part of the plan of this Report to give an account of the instru- 
ments with which the tidal observations are made, or of the tide-predicting 
instrument. A deacription of the tide-gauge, which is now in general use 
in India and elsewhere, and of the tlde-predicter, which is at the India Store 
Department in Lambeth, and of designs for modifications of those instruments, 
has been given in a paper by Sir William Thomson, read before the Institution 
of Civil Engineers on March 1, 1881 •, and to this paper we refer the reader. 
Our present object is to place on record the manner in which the observations 
have been or are to be henceforth treated, and to give the requisite information 
for the Bubeequent use of the tide-predicting instrument. 

* " The Tide Qange, Tidal Uarmanio AnmljtBr, and Tide Predictsr," Proe. Init. C. E., Vol. 4S, 
Partm. 
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The tide-gauge fumishea us with a continaous graphical record of the 
height of the water above some known datum mark for every instant of 
time. 

It is probable that at some future time the Harmonic Analyser of 
ProfesBors James and Sir William Thomson may be applied to the tide- 
curves. The instrument is nearly completed, and now lies in the Physical 
Laboratory of the University of Glasgow, but it has not yet been put into 
use*. The treatment of the observations which we shall describe is the 
numerical process used at the office of the Indian Survey at Poona, under 
the immediate superintendence of Major A. W, Baird, R.E. The printed 
forms for computation were admirably drawn up by Mr Edward Roberts, 
of the ' Nautical Almanac ' Office ; but they have now undergone certain 
small modifications in accordance with this Report. The work of computation 
is to a great extent carried out by native Indian computers. The results of 
the harmonic aoalyeis are afterwards sent to Mr Roberts, who works out the 
instrumental tide-predictions for the several ports for the ensuing year. 
The use of that instrument requires great skill and care. The results of 
the tidal reductions have hitherto been presented in a somewhat chaotic 
form, and we believe that it is only due to Mr Roberts' knowledge of the 
manner in which the tidal results have been treated that they have been 
correctly used for prediction. It may be hoped that the use of the methods 
recommended in the present Report will remove some of the factitious 
difficulties in the use of the iustrumentf. 

The first operation performed on the tidal record is the measurement in 
feet and decimals of the height of water above the datum at every mean 
solar hour. The period chosen for analysis is about one year, and the first 
measurement corresponds to noon. It has been found impracticable to make 
the initial noon belong to the same day at the several ports. It would seem, 
at first sight, preferable to take the measurements at every mean lunar hour; 
but the whole of the actual process in tise is based on measurements taken 
at the mean solar hours, and a change to lunar time would involve a great 
deal of fi'esh labour and expense. 

If T be the period of any one of the diurnal tides, or twice the period 
of any one of the semi-diurnal tides, it approximates more or leas nearly to 
24 UL a, hours, and if we divide it into 24 equal parts, we may speak of each 
as a T-hour. We shall for brevity refer to mean solar time as iST-time. 

Suppose, now, that we have two clocks, each marked with 360°, or 
24 hours, and that the hand of the first, or S-clock, goes round once in 24 

■ 8m A^endix, Thomson tsA Tait'e HoX. Phil., 3nd ed. 1B8B. [It has not been foond 
expedient to nae IhlB interetling inetrnment, and it is depoaited in the Musenm ftt South 
Keiuingkm.] 

t [The tide-pKdioter was transferred to the Kational Fbydoal Laboiatoiy in 1904. 
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S-hours, and that of the secoad, or r-clock, goes round once in 24 T-houni, 
and suppose that the two clocks are started at 0° or O** at noon of the initdal 
day. For the sake of disbmctoess, let us imagine that a T-hour is longer 
than an S-hour, so that the T-clock goes slower than the S-elock. The 
measurements of the tide-curve give ua the height of water exactly at each 
iS-hour ; and it is required from these data to determine the height of water 
at each T-hour. 

For this end we are, in fact. Instructed to count T-time, hut are only 
allowed to do so by reference to jS-time, and, moreover, the time is always to 
he specified as an integral number of hours. 

Beginning, then, with O*' of the first day, we shall begin counting 0, I, 
2, &c., as the T-hand comes up to its hour-marks. But oa the iS-hand gains 
on the T-hand, there will come a time when the T-hand, being exactly at 
the p hour-mark, the S-hand is nearly as far aa p + ^. When, however, the 
f-hand has advanced to the p+X hour-mark, the S'-hand will be a little 
beyond p + 1+ ^ : that is to say, a little less than half an hour before p + 2. 
Counting, then, in T-time by reference to iS-time, we shall jump from p to 
p + 2. The counting will go on continuously for a number of hours nearly 
equal to 2p, and then another number will be dropped, and so on throughout 
the whole year. If it had been the T'-hand which went faster than the 
iS-hand, it is obvious that one number would be repeated at two successive 
hours instead of one being dropped. We may describe each such process as 
a ' change.' 

Now, if we have a sheet marked for entry of heights of water according 
to T-hours from results measured at S-hours, we must enter the iS'-measure- 
ments continuously up to p, and we then come to a ' change,' and dropping 
one of the iS-series, we go on again continuously until another 'change,' when 
another is dropped, and so on. 

Since a 'change' occurs at the time when a T-hour falls almost exactly 
half way between two S-hours, it will be more accurate at a 'change' to 
insert the two jS-entries which fell on each side of the truth. If this be 
done the whole of the S-series of measurements is entered on the T'-sheet. 
Similarly, if it be the T-hand which goes faster than the S-hand, we may 
leave a gap in the T-seriee instead of duplicating an entry. For the analysis 
of the T-tide there is therefore prepared a sheet arranged in rows and 
columns ; each row corresponds to one T-day, and the columns are marked 
0^ l"", ... 23*'; the Qii's may be called T-noona. A dot is put in each apace for 
entry, and where there is a change two dots are put if there is to be a 
double entry, and a bar if there is to be no entry. Black vertical lines mark 
the end of each iSf-day. These black lines will of course fall into slightly 
irregular diagonal lines across the page, and such lines are steeper and 
steeper the more nearly r-time approaches to iS-time. They slope downwards 
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52 HARMONIC ANALYSIS OF TIDAL OBSERVATIONS. [1 

from right to left if the T-hour is longer than the S-hour, and the other way 
in the opposite case. The 'changes' also nin diagonally, with a slope in the 
opposite direction to that of the black lioes. 

We annex a diminished sample of a part of a page drawn up for the 
entry of the M-series of tides, in which T-time is mean lunar time. 

The incidence of the hours in the computation forms for the several series 
was determined by Mr Roberts. 

Since the first day is numbered 1, and the first hour O**, it follows that 
the hourly observation numbered 74* ll"* is the observation which completes 
a period of 73'* 12*' of mean solar time since the beginning; in fact, to find 
the period elapsed since 0** of the first day we must subtract 1 fi*om the 
number of the day and add one to the number of the hour. The 73^ 12^ of 
m. s. time, inserted at the foot of the form, is very nearly equal to 71 days 
of mean lunar or M-time. For each class of tide there are five pages, giving 
in all about 370 values for the height of the water at each of the 24 special 
hours ; the number of values for each hour varies slightly according as more 
or less ' changes ' fa\\ into each column. 

The numbers entered in each column are summed on each of the .five 
pages ; the five sets of results being summed, the results are then divided 
each by the proper divisor for its column, and thus is obtained the mean 
value for that column. In this way 24 numbers are found which give the 
mean height of water at each of the 24 special hours. 

It is obvious that if this process were continued over a very long time 
we should in the end extract the tide under analysis from amongst all the 
others, but as the process only extends over about a year, the elimination 
of the others is not quite complete. 

[The choice of appropriate periods is considered in the next paper in 
this volume, and I therefore omit the consideration of the forms which were 
in use in India in 1883.] 

Let us now return to our general notation, and consider the 24 mean 
values, each pertaining to the 24 T-hours. We suppose that all the tides 
excepting the T-tide are adequately eliminated, and, in feet, a computation 
of the necessary corrections for the absence of complete elimination, which 
is given in the Tidal Report of 1872, shows that this is the case. 

It is obvious that any one of the 24 values does not give the true height 
of the T-tide at that r-hour, but gives the average height of the water, as 
due to the 7-tide, estimated over half a T'-hour before and half a T-hour 
after that hour. We must now consider the correction necessary on this 
account. 
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Snppose we have a frmction 

A=A,eo8tf + B,8m(? + AsC08 2^ + B,8m2^+... + A,coarfl + Br8inr5 + ... 

Then we see by integration that the function 

h'=A,'(xm$ + Bt'8m0 + At'coR20 + Bt'sin2d + ... + Ar'cosr$ + Br' ^nr0 + ... 

where 

A/ B/ sinia, A^' B/ sin ^2a _ A,' _ B,' _ ainjrct . 
A,'B," ia ' A,"'B,"' j2a '■■■A,~B^~ ^ra ' •" 

ie derivable from h by eubatitutmg for the A, corresponding to any value 
of 0, the mean value of h estimated over the interval from 8 + ^% to — ^a. 

Thus when harmonic analysis is applied to the 24 jT-hourly values, the 
coefficiente which express that oscillation which goes through its period r 
times in the 24 T-hours must be augmented by the bctor ira/sin ^ro. Thus 
we get the following expressions for the augmenting (actors for the diurnal, 
semi-diumal, ter-diumal oscillations, &c, viz. : — 

7-5ir/. ,^„„-, I5ir/. ,„ 22-5ir / . 
Computing irom these we find tlie following augmenting fectore. 



Fop A„ B, 
A„B, 
A„B. 
A„B. 
A„B. 
A., B, 



[M.] 

AugmenUng Factors. 
10 



1-01152 
102617 
1-04720 
111072 
1-20920 



In the reduction of the S-seriea of tides, the numbers treated are the 
actoal heights of the water exactly at the iS-hours, and therefore no aug- 
menting factor is requisite. 

We must now explain how the harmonic analysis, which the use of these 
(actors presupposes, is carried out. 

If t denotes 2'-time expressed in hours, and n is 15°, we express the 
height h, as given by the averaging process above explained, by the formula 

A = A, + A, COS n* + B, sin Mi + A, cos 27i( + B, sin 2n( + . . . 

where « is 0, 1, 2 ... 23. 
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Then if S denotes summation of the series of 24 terms found by attributing 
to t its 24 values, it is obvious that 

Ah, =: ^Xh ; A, = -^Xk COB nt; Bj = ^'SJi sin nt ; 

A, = ^S& cos 2n2 ; B, = ^2A sin 2nf ; &c., &c. 

Since n is 15° and i is an integer, it follows that all the cosines and sines 
involved in these series are equal to one of the following ; viz. : 0, ± sin 15°, 
± sin 30°, ± ain 46", ± sin 60°, ± sin 76°, ±1. It is found convenient to denote 
these sines, as 0, ± ,S„ + S„ ± S„ ± S., + S,, ± 1. The multiplication of the 
24 k's by the various fs, and the subsequent additions may be arranged in a 
very neat tabular form. 

We give on the last two pages the form for the reduction of the M-tides, 
filled in for Karachi 1880-81, but abridged by the omission of some of the 
decimals. The columns marked M are the multipliers appropriate for each 
series. 

The columns I. and n. contain the 24 houriy values to be submitted to 
analysis. The subsequent operations are sufficiently indicated by the headings 
to the columns, and it will be found on examination that the results are in 
reality the sums of the several series indicated above. We believe that this 
mode of arranging the harmonic analysis is due to Archibald Smith, who 
gives it in the Admiralty manual on the Compass. The arrangement seems 
to be very nearly the same as that adopted by Everett (Trans. Roy. Soe. Edin. 
1860) in his reductions of observations on underground temperature. 

In most cases it is not necessary to deduce more than the tide of the 
speed indicated by astronomical theory, but we give the full form by which 
the over-tides are deducible. If we want only a diurnal tide, then the only 
columns necessary are I. to VII. and IX. and X. ; if only a semi-diurnal tide, 
the columns to be retained are I., II., III., XII.. XIII., XV., XVI., XVn. 

The A's and B's having been thus deduced, we have R = V(A* + B"). 
R must then be multiplied by the augmenting factors which we have already 
evaluated (Schedule [M]). We thus have the augmented R. Next the angle 
whose tangent is B/A gives f. The addition to !^of the appropriate V, + u 
(see Schedule [I]) gives k, and the multiplication of R by the appropriate 1/f 
(see Schedule [I]) gives H. The reduction is then complete. 

The following is a sample of the form used. 
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[O.] 



»/<w EvaliMtior 
logB = 
logA- 


»/ t R, ., H. 


loK tan f. 




V, + u. 




K = 




B' = 
A-- 




R' = 




K - 
Aagtn. - 




AugAR- 




1/f- 




H. 





A form similar to [O] serves for the same purpose ia the treatment of 
the tides of long period, to the consideration of which we now pass ; it will 
be seen, however, that for these tides there is no augmenting tactor, and that 
the increase of n for 11^ hours has to be added to f. 

§ 10, On the Harmonic Analysis for the Tides of Long Period. 

For the purpose of determining these tides we have to eliminate the 
oscillations of water-level arising from the tides of short period. Aa the 
quickest of these tides has a period of many days, the height of mean water 
at one instant for each day gives sufficient data. Thus there will in a year's 
observations be 365 heights to be submitted to harmonic analysis. In leap- 
years the last day's observation must be dropped, because the treatment is 
adapted for analysing 365 values. 

To find the daily mean for any day it has hitherto been usual to take 
the arithmetic mean of 24 consecutive hourly values, beginning with the 
height at noon. This height will then apply to the middle instant of the 
period from O"" to 23'' : that is to say, to ll"" 30" at night. We shall propose 
some new modes of treating the observations, and in the first of them it will 
probably be more convenient that the mean for the day should apply to 
midnight instead of to ll** 30". For finding a mean applicable to midnight 
we take the 25 consecutive heights for O** to 24^, and add the half of the 
first value to the 23 intermediate and to the half of the Last and divide by 
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58 TIDES OF LONQ PERIOD. [1 

24. It would probably be sufficiently accurate if we took ^ of the suta of 
the 25 consecutive values, if it is found that the division of every 24th 
hourly value into two halves materially increases the labour of computing 
the daily means. The three plans for finding the daily mean are then 

A<A» + 'h + ...+A„) (i)"! 

A(iA, + A, + ...+A,+ iA«) ... (ii) (64) 

is(K + h, + ... + k„ + K,) (iii)J 

And they will be denoted as methods (i), (ii), (iii) respectively. It does not, 
however, seem very desirable to use the third method. Major Baird considers 
that the use of method (i) is most convenient for the computers. 

The formation of a daily mean does not obliterate the tidal oscillations 
of short period, because none of the tides, excepting those of the principal 
solar series, have commensurable periods in mean solar time. 

A correction, or ' clearance of the daily mean,' has therefore to be applied 
for all the important tides of short period, excepting for the solar tides. 

Let R cos (nf - !;') be the expression for one of the tides of short period 
as evaluated by the harmonic analysis for the same year, and let a be the 
value of nt — ^ at any noon. Then the 25 consecutive hourly heights of 
water, beginning with that noon, are — 

Rcoscr, Rcos(n + a), Rcos(2/i + a)... Rcoa(23n + a), Rcos(24n + o) 

In the method (i) of taking the daily mean it is obvious that the 

'clearance' is 

, „ sin 12n , , , , , ^ 
-JjR-^ 1 -co8(« + llin) 

In the method (ii) it is easily proved to be 

, _ sinl2n , , ,~ , 



..(65) 



and in method (iii) it is 

-AR™*'c«(.+ 12») 

The clearance, as written here, ia additive. 

It was found practically in the computation for these tides that only 
three tides of short period exercise an appreciable effect, so that clearances 
for them have to be applied. These tides are the M„ N, O bides. It was 
usual to compute these three clearances for every day in the year, and to 
correct the daily values accordingly. But in following this plan a great deal 
of uimecessary labour has been incurred, and when a simpler plan is followed 
it may perhaps be worth while to include more of the short-period tides in 
the clearances. 
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Professor J, C. Adams suggests the use of the tide-predicting machine 
for the evaluation of the sum of the clearances, and if this plan is not found 
to inconveniently delay operations in India, it may perhaps be tried. 

In explaining the process we will suppose that method (i) has been 
followed; if either of the other plans be adopted it will be easy to change 
the formulse accordingly. 

It is clear that Rcos(a + llin) is the height of the tide n at 11'' SO"*; 
and the same is true for each such tide. Hence if we use the tide-predicter 
to run o£f a year of fictitious tides with the semi-range of each tide equal to 
^sinlSn/sin^ of its true semi-range, and with all the solar series and the 
annual and semi-annual tides put at zero, the height given at each ll** 30*° 
in the year is the sum for each day of all the clearances to be subtracted. 
The scale to which the ranges are set may of course be chosen so as to give 
the clearances to a high degree of accuracy. 

In the other process of clearance, which will be explained below, a single 
correction for each short-period tide is applied to each of the final equations, 
instead of to each daily mean. 

We next take the 365 daily means, and find their mean value. This 
gives the mean height of water for the year. If the daily means be un- 
cleared, the result cannot be sensibly vitiated. 

We next subtract the mean height from each of the 366 values, and find 
366 quantities Sh giving the daily height of water above the mean height. 

These quantities are to be the subject of the harmonic analysis ; and the 
tides chosen for evaluation are those which have been denoted above as Hm, 
Mf, MSf, Sa, Ssa. 

Let «A= A cos (o- - w) * -I- B sin (ff - w) < 

+ C cos 2<rt -I- D sin 2(rt 

-I- C cos 2 (ff - 17) « + D' sin 2 (<r - 7?) ( 
-H E cos 17* + F sin ))* 

+ G cos 2i;/ -t- H sin 27}t 

where (is time measured from the first ll"* 30". 

Now suppose li. It are the increments in 24 m. s. hours of any two of 
the five arguments (<r — w)t, let, 2(o--ij)*, tft, 2ij(, and that A,, B, ; A,, B,, 
are the corresponding coefficients of the cosine and sine in the expression 

Then if SA^ be the value of hh at the (t + l)** 11"' 30" in the year, we 
may write 

8A^ = Ai cos M + B, sin i,t -I- A, cos iii -)- B, sin y -I- (67) 
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And therefore 

8i,co.M- JA,|c<»(l, + iO. + ooett-i,)il 

+ iE,lBin(l, + «i-emft-i,).l + ... 
SA«8inI,t= JA,{am(/, +i,)» + ain(I, -i,)ii 

+ JB,|-co.(I, + «i + o»ft-!.)i| + ... 



Now let ^W-i 



We may observe that 

^(ie)-^(->), and ^(0)-182jt 

If therefore X denotes summation for the 365 values from t = to t = 364, 
we have 

SMcosl,>-Wtt + !.)i!o»182ft + (,) + ^((,-i,)cosl82(I,-yiA, 1 

+ [*((,+ (,)sinl82(i,+!,)-^(i,-!,)sinl82(l,-«]B, + ... I 

S8*sm!,i-[^(l, + i,)Binl82ft + y + ^(i,-i,)>inl82(I,-l,)]A, | 

+ [-*(!, + ;,)cos 182 (I, + (,) + *(;, -i,)co6 182 (!,-«] B,+ ...) 

(68) 

_ In these equations there is always one pair of terms in which 4 i» 
identical with I,, and since ^ (I, - i.) = 182 J, and cos 182 (I. -i,)-l, it follows 
that there is one term in each equation in which there is a coefficient nearly 
eqnal to 182'5. In the cosine series it will be a coefficient of an A ; in the 
sine series, of a B. 

The following are the equations (copied from the Report for 1872*) 
with the coefficients inserted, as computed from these formulie, or their 
equivalents : — 

* [Same small oonectionB hkTG been introdaoed.] 
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If the daily means have been cleared by the use of the tide-predicter as 
above described, these ten equations are to be solved by eucceasive approxi- 
matioB, and we are then furnished with the two component semi-amplitudes, 
say A,, 6, of the Bve long-period tides. But the initial instant of time is 
the first ll** SO"* in the year instead of the first noon. Hence if aa before 
we put R' = Ai'+Bi', and tanfi^Bj/A,, we must, in order to reduce the 
results to the normal fonn in which noon of the first day is the initial instant 
of time, add to fi the increment of the corresponding argument for 11** 30", 
according to method (i), or for 12 hours according to methods (ii) or (iii). 

If, however, the daily means have not been cleared, then before solution 
of the final equations corrections for clearance will have to be applied, which 
we shall now proceed to evaluate. 

For this process we still suppose method (i) to be adopted. 

Let n be the speed of a short-period tide in degrees per m. s. hour, and 
let ^in) = ^—- — T~ ■ Then we have already seen that the clearance to Shi, 
the mean height of water at ll"" 30° of the (i + 1)"- day, will be 
-■^(«)Rco3[«|24i + llii-f] 

If we write m = 24m (so that m is the daily increase of argument of the 
tide of short period), and ^ = m x llj — f, this becomes 
-i^(n)Rcos(mi + ^) 

Hence the clearance for SAj cos li is 

- Jif- (n) R (cos [(m -t- i + ;9] + cos [(»» - »• + /3]} 
and for Skt sin It is 

Summing the series of 365 terms we find that the additive clearance for 
XSk cos li is 

-B.f(n){<f,(m + l)cos\l&2{m + l) + ff] + i>{m^t)coB[182{m-l) + ff]] 

where as before <t>(x) = ii -^ -tf (69) 

If Aft denotes the increase of the argument nt in 182^ ll*" 30", this may 
now be written 

-Ri^-(n)l<^(m + Ocos[AK + 182i-fJ + 0(m-Oco8[4n-182i-f]} 
If therefore R cos f = A, R sin f = B, so that A and B are the component semi- 
ranges of the tide n as immediately deduced fiijm the harmonic analysis for 
the tides of short period, we have for the clearance to XSk cos li 

- [^ (n) (*» + C08(A» -I- 1820 + ^f- (n) * ("I - cos (^» - 1820] A 
-[^(n)0('» + O8in(^n+182O + f (n)*<m-i)Bin(An-1820]B 
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In precisely the same manner we find the clearance for £M sin 2i to be 
- [+ (li) ^ (m + i) sin (in + 182i) - f (») ^ (m - I) sin (An - 182!)] A 
+ [+(») ^ (i» + i> cos (i<i + 182!) - f (n) ^ (m - co» (in - 1821)] B 
These coefficiento may be written in a form more convenient for com- 

putation. For 

j./„4.ft «in'4'('n±') 
*<»±''-2sini(n.±0 

.lcoBl82(m ± i) + Jain 182 (to ± I)cot 4(m ± 1) (70) 

Thenlet K(n,0-+("' + 0+ *("■ -')! 

Z(n,!)-*(ni + 0-*(ro-i)i 

Alaolet ■.Kn)oo«in-A^j^«i»'i»-C(n)| 

^(n) sin in -S(n)| 

The Junctions K (ii, I), Z (», I), C (n), S (n) may be easily computed from 
(70), (71), (72). 

Then if we denote the additive clearance for SSA cos li by 
[A, n, t, cob] a + [B, n, I, cos] B 
and that for ^Sh sin li by 

[A,n,f,Bin]A + [B,»,i,3ia]B 
We have 

[A,n,i,coa] = -C(n)K(n,Oco8l82i + S(n)Z(n,Osinl82(, 
[B,»,i,co8] = -S(n)K(n,0co6l82i-C{n)Z(n,08inl82i 



[A,n,/,ain]=.-S(»)Z(n,0co8l82i-C(n)K(n,0sinl82ir ^^^^ 

[B,n,/,8in]- C<?i)Z(n,Ocos 182i-S<n)K(R,08inl82(l 
We must remark that if ^ (m + 1) =- 360°, ^ (m + is equal to 182-6. 

This case arises when I is the tide MSf of speed 2 (tr - ij), and m the tide 
H, of speed 2(7-0-), form-t-^is then 24x 2(7-i7) = 720°. 

The clearance of the long-period tide I from the effects of the short- 
period tide n requires the computation of these four coefficients. For the 
clearance of the five long-period tides from the effects of the three tides 
Ma, N, O, it will be necessary to compute 60 coefficients. 

If it shall be found convenient to make the initial instant or epoch for 
the tides of loi^ period difierent from that chosen in the reductions of those 
of short period, it will, of course, be necessaiy to compute the values which 
A and B would have had if the two epochs had been identical. A and B 
are, of course, the component semi-ranges of the tide of short period at the 



d by Google 



CLEARANCE OF DAILY MEANS. 



epoch chosen for the tides of long period ; to determine them it is necessary 
to multiply R by the cosine and sine of V + u — k at the epoch. 

[Q] 

Schedule of Coefficients for Gleara-nce of Daily Means in the Final Bqaations*. 



t 


ir-w 


2a 


2(o-t} 


" 


S, 


(M.)« = 2(7-<r) 


[A,«,(.co«] 


-0-05557 


+0W30g 


+6-7393 


- 0-10410 


-010465 


[B, n, I, oos] 


-017036 


-0-03773 


- 2-9228 


-0-07525 


-0-07646 


[A,n,l,ua] 


-017076 


+0-04170 


-2-8400 


-0-00176 


-0-00363 


[B, n. I, Bin] 


+0-04410 


+0-01052 


-6-7271 


+ 0-00476 


+0-00068 






(N)B = 27-3<r + «r 






[A, n, I, ooa] 


-0-05884 


+ 0-03680 


+003938 


-001780 


-0-01760 


[B,«,i,c«.] 


-0-07756 


-0-22367 


-0-19384 


+0-00254 


+0-00864 


[A, fl, I, sin] 


-0-02059 


-0- 16257 


-0-12210 


+ 0-00020 


+ 0-00041 


[B,«,i,BiQ] 


+011381 


-0-08544 


-0-08081 


+0-00007 


+0-00015 


iO)n = y-2<r 


[A, «, i, coa] 


-0-06485 


+0-01662 


+0-01571 


-0-19340 


-019340 


[B, «, I, cos] 


- 0-34765 


-0-07776 


-0-08158 


-0-18260 


-018311 


[A,«,I,riDj 


-0-34523 


+0-08411 


+0-08754 


-0-00460 


-0-00926 


[B,«,i,Mn] 


+0-04053 


+0-03384 


+003306 


+0-00S97 


+0-01802 



It may happen from time to time that the tide-gauge breaks down for 
a few days, from the stoppage of the clock, the choking of the tube, or some 
other such accident. In this case there will be a hiatus in the values of SA. 
Now, the whole process employed depends on the existence of 365 continuous 
values of Sk. Unless, therefore, the year's observations are to be sacrificed, 
this hiatus must be filled. If not more than three or four days' observationa 
are wanting, it will be beat to plot out the values of 8A graphically on each 
side of the hiatus, and filling in the gap with a curve drawn by hand, use the 
values of 5A given by the conjectural curve. If the gap is somewhat longer, 
several plans may be suggested, and judgment must be used as to which of 
them is to be adopted. 

* [A lew small oonectious have been iiitri>dac«d.J 
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If there ia another station of observation in the neighbourhood, the values 
of Sh for that station may be inserted. 

The values of SA for another part of the year, in which the moon's and 
sun's declinations are as nearly as may be the same as they were during the 
gap, may be used. 

It may be, however, that the hiatus is of considerable lei^h, so that the 
preceding methods are inapplicable: as when in 1882 the tidal record for 
Vizagapatam is wanting for 67 days. The following method of treatment will 
then be applicable ; — 

We find approximate values of the tidal constituents of long period, and 
fill in the hiatus, so as to complete the 365 values, with the computed height 
of the tide during the hiatus. 

To find these approximate values we form XSh cos U and 2SA sin It for 
the days of observation ; next, in the ten final equations of Schedule P we 
neglect all the terms with small coefl5cients, and in the terms whose coefBcients 
are approximately 182*5, we substitute a coefficient equal to 182'5 diminished 
by half the number of days of hiatus. For example, for Tizagspatam in 1882 
we have 182-5 - ^ x 67 = 149, and, e.g., S5A cos (<r - w) t = 14,9 A approxi- 
mately. After the approximate values of ^, B, C, D, &c., have been found, it 
is easy to find the approximate height of tide for the days of the hiatus. 
This plan will also apply where the hiatus is of short duration. 

It may be pursued whether or not we are working with cleared daily 
means ; for if the daily means are uncleared, as will henceforth be the case, 
we import with the numbers by which the hiatus is filled exactly those 
fictitious tides of long period which are cleared away by the use of the 
"clearance coefficients," in preparing the ten final equations for solution. 

Other methods of treating a stoppage of the record may he devised. If 
the stoppage be near the beginning of the year, or near the end, we may 
neglect the observations before or afi^r the gap, and compute afiesh the 100 
coefficients of Schedule P, and the clearance coefficients of Schedule Q for 
the number of days remaining. If the gap is in the middle we might 
compute the values of the coefficients of Schedules P and Q as though the 
days of hiatus were days of observation, bearing in mind that the formulae 
are to be altered by the consideration that time is to be measured &om the 
initial 11'' 30" of the year, instead of from the initial 11" 30" of the days 
of hiatus. 

The so computed coefficients are then to be subtracted from the values 
given in Schedules P and Q, and the amended final equations and amended 
clearance coefficients to he used. 

It must remain a matter of judgment as to which of these various methods 
is to be adopted in each case. 
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§ 11. Method of Equivalent Multipliers for Hie Harmonic Analysis 
for the Tides of Long Period. 

Up to the present time (1883) the harmonic analysis for theae tides has 
been conducted on a plan which seems bo involve a great deal of unnecessaty 
labour. If f be the speed of any one of the live tides for which the analysis has 
been carried out, in degrees per m. s. day, the values of cos It and sin It have 
been computed for t = 0, 1, 2 ... 364, so that there are 730 values for each of 
the five tides. These 730 values have then been multiplied by the 365 Sh'a 
corresponding to each value of *, and the summations gave SSAcosfe and 
SSA sin It, the numerical results being the left-hand sides of one pair of the 
ten final equations explained in § 10. Now, it appears that this labour may 
be lately abrit^ed, without any substantial loss of accuracy. 

The plan {ffoposed by Professor Adams is that of equivalent multipliers. 
The values of cos It may be divided into eleven groups, according as they MI 
nearest to 10, '9, '8, '7. ..'2, '1, 0. Then, as all the values of Sk are to be 
multiplied by some value of cos It, and that value of cos H must fall into one 
of these groups, we collect together all the values of Sk which belong to one 
of these groups, sum them, and multiply the sura by the corresponding 
multiplier, 1"0, 9, 'S, &c., as the case may be. Since there are as many 
values of cos It which are negative as positive, we must change the sign of 
half of the Bh's. This changing of sign may be effected mechanically as 
follows : — In the spaces for entry of the 2A's, those Bh'a whose sign is to be 
unchanged are to be entered on the left side of the space if positive, and to 
the right if negative ; when the sign is to be altered this order of entry is to 
be reversed. Thus in the column corresponding to each multiplier we shall 
have two sub-columns, on the left all the Sh's which, when the signs are 
appropriately altered, are +, and on the right those which are — . The sub- 
columns are to be separately summed, and their difference gives the total 
of the column, which is to be multiplied by the multiplier appropriate to the 
column. The treatment for the formation of tSh sin U is precisely similar. 

The annexed form [Schedule R] is designed for entry for determination 
of 2SAco8(ff — 1;)(. 

The entries of Sh are to be made continuously in the marked squares fivm 
left to right, and back t^ain from right to left. The numbers in the squares, 
which in the computation forms are to be printed small and put in the 
comer, indicate the days of observation. The rows are arranged in sets of 
four corresponding to each complete period of 2 (o- - ■>)). In the middle pair 
for each period the + values of Bh are to be written on the right, and in 
the i-est on the left. The word ' change ' opposite half the rows is to show 
the computer that he is to change the mode of entry. Each column, excepting 
that for zero, is to be summed at the foot of the page, and multiplied by the 
multiplier corresponding to its column. A pair of fi)rmB is required for each 
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tide of long period ; they are very eaaily prepared from the existing formB, 
in which the values of the multipliers are already computed. 

[In the form as finally prepared for the liidian Government the rows marked 
' change ' are treated in a schedule by themselves separated from the others.] 
[R.] 
Form for Reduction of the Tide MSt. 



chauge 
change 





+ - 

1-0 


+ - 
■8 


+ - 
■8 


+ - 
■7 


+ - 
•6 


+ - 
■« 


+ - 
•4 


+ - 
■8 


+ - 
•3 


+ - 


^1 




- 





1 




« 








s 






! 




T 




« 






» 








4 






• 




» 








U 








11 




U 






IS 






11 












IS 


18 






17 








18 










n 






M 








U 








» 


V 




,« 






15 












» 




H 






« 










» 




» 




31 






a 








S3 








M 




ss 








St 










a 


X 






ss 






M 










44 


4> 






4S 








*' 








4t 




4t 








" 










4 ' 


SI 




SO 








a 








« 


ss 


SJ 






»4 








H 










U 






« 






se 










N 


to 




n 








u 










M 




iS 






H 








SS 






a 




a 






O 








70 






u 


IS 




n 






n 










ToUl + . 
Toul - . 




&0. 








&& 








■&C. 


!^| 


Totnl . . 
MalUpl, . 


xlO 


x-9 


X-8 


x-7 


x-e 


x-5 


x-4 


x-3 


x-2 


xl 


xO 


Bmlu . 

























otmoge 



change 



Sum UteraU; , . . Sum of + — . . Sum of - — 
2«A COS 2 (ff -*?)*= . 



d by Google 



§ 12. 



AUXIUABY TABLES. 



Auxiliary Tabled drawn up under the superintendence of 
Major Baird, R.E. 



[Largely abridged.] 

Values of N (Long. Moon's Ascending Node) for 0'' Jan. 1, G.M.T. 

Valw at C- G.M.T. Jan. 1, 1880 = 886° «56863 

Motion per Julian year in 1 880 » 19° '34 146848 

Motion/or 366 <Aiyj=16°-32822387, and /or I day =0"-062954 



T« 


N 


Y«, 


N 


1800 


259-1276 


1910 


66-7395 


1 


2397994 




46-41 IS 


S 


220-4712 


2 


S7-0630 


3 


SOI -1429 


3 


7-7018 


4 


181-8147 




348-3736 


1905 


162-4335 


1916 


3S9-0464 


6 


1431063 




309-717S 




133 7771 




290-3360 


8 


104-4489 




271-0078 


9 


86-0677 


9 


261-8795 



Decrement of N since 0'' Jan. 1 up to midnight of certain days of the year. 
[Omitted.] 



Values of p, {Mean Long, of Solar Perigee) for O*" Jan. 1. 

[Abridged.] 

Value at 0* Jan. 1, 1880= 880° ■87480S 
Motion per Julian year 
Motion for 366 daj/i 
Motion for 1 day 



Y«ar 


Pi 


Tesr 


Pi 


1800 281 


-2169 


1910 S81 




1 


S340 


1 


4060 


2 


2511 


8 


4221 




S682 


3 


4393 


4 


8863 


4 


4664 


1905 


3084 


5 


4736 




3185 


6 


4906 


7 


.3366 


7 


5078 


8 


3537 


8 


J249 , 


9 


3708 


9. 


Ii480 j 
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[Tables, computed by Colonel Baird, for I, v, ^ and the &ctor8 f in terms 
of N the longitude of the node are here replaced by algebraic fonnulse, which 
are suflSciently accurate for all practical purposes. The formulie are derived 
fix>m the tables in Baird's Manual by the method of special values. 

The fuigles v, {, v, 2v" are eicpressible in the form 

A,sin3r+ A,Bin2iV+ A,Bin3JV 

The values of the A's for the several angles are given in the following 
schedule : — 



The&ngle' 


A, 


A. 


A* 


> 


12°-94 


-1--34 


+0°19 


€ 


ll*-87 


-r-34 


+0'19 


v' 


8'-8e 


-0'-68 


+(r-07 


Sr" 


ir-74 


-o'-es 


+ 0'-04 



The &Gtors f are expressible in the form 

f = B, + B, cos i? + B, cos 2Jl^ + B, cos 3il^ 



TidoB lor irhieh 
f ii applinblB 


B. 


B. 


B. 


B. 


M,, N, 2N, ^, 

TAi, ssu, Msr 


1-00086 


-■03783 


+■00017 


+ -00001 


K, 


1-0841 


+ ■2863 


+ ■0083 


-■0016 


K, 


1-0060 


+ 1160 


-■0088 


+■0006 


0,Q 


1-0089 


+ 1871 


-■0147 


+■0014 


00 


11027 


+■6604 


+ ■0317 


-■0014 


J 


1-0129 


+ 1676 


--0170 


+ ■0016 


Mf 


1-0429 


+ ■4136 


--0040 


0000 


Hm 


1-0000 


-1300 


+ -O013 


0000 



May 1906.] 
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2. 



ON THE PERIODS CHOSEN FOR HARMONIC ANALYSIS, AND 

A COMPARISON WITH THE OLDER METHODS BY MEANS 
OF HOUR-ANGLES AND DECLINATIONS. 



[Third Report of the Committee, coDBiBting of Profeaaora 
O. H. Darwin and J. C. Adams, for the Harmonic Analysis 
of Tidal Observations. Drawn up by Professor G. H. Dabwin. 
Britiah AaocuOion Report for 1885, pp. 35—60.] 



I. Record of Work dubinq the past Yeab. 



A LARGE number of tidal results have been obtained by the United States 
Coast Survey, and reduced under the superintendence of Professor FerreL 
Although the method pursued by him has been slightly different from that 
of the British Assooiatdou, it appears that the American results should be 
comparable with those at the Indian and European porta. Professor Ferrel 
has given an assurance that this is the case ; nevertheless, there appears to 
be strong internal evidence that, at some of the ports, some of the phases 
should be altered by 180°. 



II. Certain Factors and Angles used in the Reduction of 
Tidal Observations. 



[These are given at the end of the last Paper.] 
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ni. On the Periods chosen foe Harmonic Analysis in the 
Computation Forms. 

Before proceeding to the subject of this section, it may be remarked that 
it is unfortunate that the days of the year in the computation forms should 
have been numbered from unity upwards, instead of from zero, as in the caae 
of the hours. It would have been preferable that the first entry should have 
been numbered Day 0, Hour 0, instead of Day I, Hour 0. This may be 
rectified with advantage if ever a new issue of the forms is required, but the 
existing notation is adhered to in this section. 

The computation form for each tide consists of pages for entry of the 
hourly tide-heights, in which the entries are grouped according to rules 
appropriate to that tide. The forms terminate with a broken number of 
hours. This, as we shall now show, is erroneous, although this error may not 
be of much practical importance. 

In § d of the Report for 1883 the following passage [omitted in the pre- 
ceding paper] occurs : — 

' The elimination of the e£fect8 of the other tidee may be improved by 
choosing the period for analysis not exactly equal to one year. For suppose 
that the expression for the height of water is 

A,cosnii+ B,sinn,' + AaCOBn,£ + BiSinn,f (61) 

' where n, is nearly equal to »i, and that we wish to eliminate the nytide, so 
as to be left only with the fh-tide. 

' Now, this expression is equal to 

[A, + A,cos(n,-n,)(-B,sin(?i,-n,)*jcoBn,() 
+ {B,+ Ai sin («,-«,)( -I- B, COS (n,-n^(} sin «i( J 

'That is to say, we may regard the tide as oscillating with a speed n,, 
but with slowly varying range.' 

Although this is thus far correct, yet the subsequent justification of the 
plan according to which the computation forms have been compiled is wrong. 

In the column appertaining to any hour in the form we have n,t a multiple 
of 15°, if Til be a diurnal, and of 30°, if n, be a semidiurnal tide. 

Consider the column headed 'p-houra'; then ni( = 15''p for diumals, and 
30* p for semidiumals. 

Hence (62), quoted above, shows us that, for diurnal tides, the sum of 
all the entries (of which suppose there are q) in the column numbered 
p-hours, is 

00. 16' p 1^3 + A, fcos («,-«,) ?^ + CO! [(»,-»,) (^ + ^)1 

+ oo«r<«,-n0(2 ^ + ^)1 + ... l+B.[8so.]|+Bml5>|&c.) ,..(o) 
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And for semidiurnal tides the arguments of all tbe circular functione in (a) 
are to be doubled. 

Now, we want to choose such a number of terms that the series by which 
A, and B^ are multiplied may vanish. This is the case if the series is exactly 
re-entrant, and is nearly the case if nearly re-entrant. 

The condition is exactly satisfied for diurnal tides, if 

where r is either a positive or negative integer. And for semidiunud tides, if 



That is to say, (n, — »ij) 3 ™ n,r, for diurnal tides 

or (ill — n») 5 = ill*", for semidiurnal tides 

It is not worth while attempting to eliminate the effect of the semi- 
diurnal tides on the diurnal tides, and vice versd, because we cannot be more 
than a fraction of a day out, and on account of the incommensurability of the 
speeds we cannot help being wrong to that amount. 

S Series, 

Now suppose we are analysing for the S, tide, and wish to minimise the 
effect of the M, tide. 

Then », = 2(7 — fj)"=2x 15° per hour 

«. = 2(7-ff) 
n,-n, = 2(o--ij) = l''-0168958 per hour 

The equation is 1-01589585 = 1.5r 

Ifr=26,} = 36913 

Thus 25 periods of 2 (o- — ij) is 36913 mean solar days. It follows, there- 
fore, that we must sum the series over 369 days in order to be as near right 
as possible. 

Now this is equally true of all the columns, and each should have 369 
entries. 

Hence, in order to have S69 entries in each column, the S, computation 
form (as used in India) should be corrected accordingly. 

M Series. 

Now consider that we are analysing for Mi, and wish to minimise the 
effect of the S, tide. Hence 

M, = 2 (7 - ff) = 2 X I4°-4920521 per hour 
n, - 2 (7 - )?) 
„, _ ^ = _ l-OlSSgSS per hour 
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Hence, taking r negative, the equation is 

1-01589585 = 14-4920521r 

If r= 25, 3 = 356-63 

Thus 25 periods of 2 (o- — ^) is 35663 of mean lunar time. 

It follows, therefore, that we must have 357 entries in each column. 

The Ml computation form in use should he also corrected by adding 
9 entries amongst which there are no 'changes.' 

K Series. 

To minimise the effect of M, on K,, we have 

n, = 27 = 2 X 16''0410686 per hour 
n,= 2(7-ff) 
n, - n, = 2ff = l''-0980330 per hour 
109803309 = 15-0410686r 
Ifr = 27, y=369-85 

Hence we should complete the row numbered 370 ; and correct the form 
accordingly. 

To minimise the effect of O on E,, we have 

«, = 7 = 15°-0410686 per hour 
n, = <y — 2<r 
n, - n, = 20- = 1°0980330 per hour 
10980330?- I50410686r 
This is the same equation again, and it confirms the conclusion that the 
row numbered 370 should be completed. 

The N Series. 

Here n,=.27-3<r + w = 2 x 14°-2198648 per hour 

To minimise the effect of M„ 

«,= 27-2(7 
n,-Ti,=!-{o-«)=- 0°'5443747 per hour 
0-54437479= 14-21 98648r 
If r = 18,} = 339-58 

Hence in the computation form we should complete the row numbered 
340. 

There is no justification for the alternative offered in the computation 
forms of continuing the entries up to 369^ 3^ of mean solar time 
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The I, Series. 

Here »i, = 27-<r-«=2x 14°-7642394 per hour 

To minimise the effect of H„ 

n, = 2t - 2<r 
ni-nt=tr — w = 0'';6443747 per hour 
0-54437479 = H-764239+r 
If r = 13, 9 = 35258 

Hence we should complete the row numbered 353. 

There is no justification for the alternative offered in the computation 
forms of continuing the entries up to 369^ 3" of mean solar time. 

I%«v Series. 

Here n, = 27-3ff-w + 2ij = 2x I4°'2562915 per hour 

To minimiBe the effect of M,, 

n, = 27 - 2o- 
n,~n,^-ff~m + 2ij = - 0°-47l521I per hour 
0-4715211?- 14-2562915r 
If r=ll, 9 = 332-6 
Hence we should complete the row numbered 333. 

There is no justification for the alternative offered in the computation 
forms of continuing the entries up to 369^ 3" of mean solar time. 

The \ Series. 

Here n,~2y-a + w -2n = 2x 14"-7278127 per hour 

To minimise the effect of M,, 

M, - 27 - 2<7- 
n, — M, = ff + «' — 2ij = 0°'4715211 per hour 
0-4715211?= 14-7278127r 
If r- 11.? -348-58 
Hence we should complete the row numbered 344. 

There is no justification for the altemaCive offered in the computation 
forms of continuing the entries up to 369^ S** of mean solar time. 

?%« 2N Series. 

Here ni = 27-4<r + 2w = 2x 13°-9476774 per hour 
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To minimise the effect of Mj, 

fl, = 27 - 2o- 
n,-n, = -2((r-w) = 1''0887494 per hour 
1-08874949 - 13-9476774r 
Ifr=26, ? = 33308 
Hence we must In the computation fonn complete the row numheied 883. 

The T Series. 

Here », = 27-3i7 = 2x 14''-9794657 per hour 

To mioimiso the effect of M, , 

n, = 27 - 2«r 
ni-B, = 2o--3i7- 0°-9748272 per hour 
0-97482725= 14-9794657r 
If r=: 24, 9=368-79 
Hence we must in the form complete the row numbered 369. 

The 'R Series. 

Here »,»27->; = 2x 15*'02O5348 per hour 

To minimise the effect of M„ 

n, = 27 - 2<r 
nj-nt = 2tr-v~ 1°0569644 per hour 
1-05696449 = 150205343r 
If r = 25, 9 = 355-28, and r = 26, 9 = 369-49 

Hence we should either complete the row numbered 355 or that numbered 
369. 

Ute 2MS Series. 

Here 7i,-27-4ff + 2»?=2x 13°-9841042 per hour 

To minimise the effect of M,, 

n,= 27-2(r 
n,-n,= -2(<T-v) = - r0158958 per hour 
l-01589689 = 139841042r 
If r = 24, 9 = 330-37, and r = 25, 9 = 34413 
Hence we should either complete the row numbered 330 or that numbered 
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Th£ 2SM Seriet. 

Here ni = 2y + 2<r-4ni = 2x W-^OIdild per hour 

To minimise the effect of M„ 

nt = if~2a- 
n, - n, = 4 (<r ~ i;) = 2°0317916 per hour 
20317916$ = 15-507947&r 
If r- 48, 3 = 366-37 
Hence we should complete the row numbered 366. 

The Series. 

Here n, = 7 - 2(r = 13°-9430356 per hour 

To minimise the effect of K„ 

»,-«,-- 2(r = - l''-0980330 per hour 
10980330} = 139430366r 
If r- 27, 5 = 34285 

Hence we should complete the row numbered 343, cutting off the lost 
three entries in the forms as in use. 

ITieV Series. 

Here n, = 7 - 2ii - 14''-9589314 per hour 

It is open to question whether it is beat to minimise the effect of K, or 
of O. 

For K, take ij = T 

n, - n, - - 2ij = - 0°0821372 per hour 
0^)8213729 =14-9689314r 
If r=. 2, 9- 364-24 

Hence we should complete the row numbered 364. 
For O, take *i, = 7 - 2<r 

n, - n, = 2 (ff - ij) = f-OlSSgSS per hour 
10158958} = 14-9689314r 
If r= 25,} = 36812 

Hence we should complete the row numbered 368. 

It is better to abide by this, for in the former case »■ — n* varies very 
slowly ; and we ma; be satisfied that on stopping with row 368 the effects 
of O and K, will both be adequately eliminated. 
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The J Seruie. 

Here n, = 7 + o-- w-=15°-5854433 per hour 

To minimise the effect of K,, 

fl, - n, - ff - « = 0°-5443747 per hour 
0-54437479 = 15-5854433r 
If r - 12, ? = 343-56, and r = 13, y = 37219 
To mininuBe the effect of O, 

n, i> ly - 2(1- 
«,-«, = 3o--w = l''-6424077 per hour 
1-64240779 = 15'S854433r 
If r = 36, J = 341-6, and r = 39, j - 870-09 

Since in the latter case n, - n, varies three times as fast as in the former, 
it will be better to abide by this, and stop either with the row numbered 
342 or that numbered 370. 

The Q Senea. 

Here n, - 7 - 3ff + w = 13''-3986609 per hour 

To minimiae the eSect of E, , 

n,-7 
n, - n, = - (3<r - w) = - 1''-6424077 per hour 
l-6424077j= 13-3986609r 
If r = 38, 5 = 310-00 
To minimise the effect of 0, 

Mj = 7 — 20- 
«,-«, = - (o--w)-_ 0^-5443747 per hour 
0-5443747} = 13-3986609r 
Ifr-12, y = 307-36 

Since in the former case nj — n, varies about three times as fest as in 
the latter, it will be better to abide by the former, and stop with the row 
numbered 310. 

With regard to the quaterdiumal and terdiumal tides, it does not 
signify where we stop ; but it seems more reasonable to stop with the exact 
year of 365 mean solar days. These tides are called MS, HN, MK, 2HK. 
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Sch^ule II. 
Periods over which the Harmonic Analysis shotUd extend. 



Initial of serisB 


Nnmbei of day and hom of 
last entr; in special time 


Period elapsing from 0* of spB- 

dal day 1 to 23'- of la«t apedsl 

day in mean solar hours 


S 


369^ 23* 


368^ 23'' 


M 


357 23 


369 11 


K 


370 83 


3SB 23 


N 


340 23 


368 16 


L 


35.3 23 


368 14 


V 


333 23 


360 8 


X 


344 23 


360 8 


2N 


333 23 


308 3 


T 


369 S3 


36» 11 


R 


365 23 
or 370 23 


364 11 
or 369 11 


SMS 


330 23 
or 344 23 


363 82 
or 368 23 


2SM 


366 23 


353 S3 





343 23 


368 23 


P 


368 23 


368 23 


J 


342 23 
or 370 23 


329 3 
or 366 I 


Q 


310 23 


347 



In the second column the numbers are given to the nearest mean solar 
hour. 



IV. A Comparison of the Harmonic Treatment of Tidal 
Observations with the Older Methods. 

§ 1. On the MMod of Co-mpating Tide-tables. 

There is nothing in the harmonic reduction of tidal observations which 
necessitates recourse to mechanical prediction of the tides. It may happen 
that it is desirable to produce a tide-table by arithmetical processes, and that 
the computers prefer to use the older methods of corrections, or it may be 
desired to obtain the tidal constants in the harmonic notation from older 
observations. For either of these purposes it is necessary to show how the 
harmonically expressed results may be converted into the older form, so that 
the conatants for the fortnightly inequality in time and height, and the 
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correctioDs for parallax and declination may be obtained Irom those of the 
harmonic analysis, and conversely. 

In the following sections I propose, therefore, first to reduce the harmonic 
presentment of the resultant tide into the synthetic form, where we have 
a single harmonic term depending on the local mean solar time of moon's 
transit, and on corrections depending on the R.A., declination, and pwallax 
of the perturbing bodies. Subsequently it will be shown how a synthesis 
may be carried out more simply by retaining the mean longitudes and 
elements of the orbits. 



I 2. Notation for Mean Heights and Betardaiiona derived from the 
HarTtumio Method. 

The notation of the Report of 1883 [Paper 1] is adopted; and I shall 
carry the approximation to about the same degree as has been adopted by 
the older writers. Closer approximation may, of course, be easily obtained. 

In the Report of 1883 the mean height* of a tide is denoted by H, and 
the retardation or lag by k. In the present note it will be necessary to refer 
to several of the H's and k'b at the same time, and therefore it is expedient 
to introdace the following notation : — 

Schedule III. 



InitiBlof 


UMn haight 

(H) 


BatardatioD 


Initial of 
tid« 


Mean bright 
(H) 


(<) 


H, 


M 


3m 


L 


£ 


2X 


s. 


S 


2C 


T 


T 


K 


Lunar K* 


K" 


Sk 


R 


R 


Sf 


'Solar E, 


k;- 


3< 





W 


**' 


K. 


Kf 


U 


P 


s- 


r 


N 


/f 


iy 


K, 


^1 


<i 



In this schednle we assume T and R (of speeds 2^ — Sij and 27 — i^) to 
have the same 1^ as S,; and we use v in a new sense, the old v, the R.A. of 
the intersection of the equator with the lunar orbit, being denoted by v,. 
The initials of each tide are used bo denote its height at any time. 

■ I me bdebt to denote eemi-nuige. All refereuoes to this Beport will eimpl; be by the 
dato^SSS. 
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80 UOUB-ANQLE&, DECLINATIONS, AND FAKALLAXES. [2 

§ 3. Introduction of Sour-angles, Declinations, and Parallaxee. 

We must DOW get rid of the eleinenta of the orbit and of the mean 
longitudes, and ictroduce hour-angles, declinations, and parallaxes. 

At the time t let a, 2, -^ be I)'s R.A,, and declination, and hour-angle, 
and «,, h„ t^„ ©'s E.A., and declination, and hour-angle. 

Let / be 5'8 longitude in her orbit measured from ' the intersection,' and 
a — v* (v* being the v of 1883) be t's R.A. measured &om the intersection. 

The annexed figure exhibits the relation of the several angles to one 
another. 

. Orbit 

The spherical triangle aSbrds the relations 

tan (a — »-,) = cos /tan 2, sin S = sin /sin ( (1) 

From the first of (1) we have, approximately, 

a-i + i.„-tan'J/Bin2i (2) 

Now, s~ ( is the moon's mean longitude measured from /, and s — piB 
the mean anomaly. Hence, approximately, 

(«8_f + 2esin(a-j)) (3) 

And therefore, approximately, 

tt«8 + p,_f + 2esin(«-p)-tan^i/Bin2(s-f) (4) 

Now, t + h being the sidereal hour-angle, 

^ = t + k-a (5) 

Therefore, from (4) and (5), 

t + h-8-(vt-^~^+2eBin(8-p)- tan' ^/sin 2 (« - f ) . ..(6) 
By the second of (1) we have, approximately, 

cos'8 = l-4sin'/ + j9in'/cos2(s-f) (7) 

Hence, if A be such a declination that cos* A is the mean value of cos* S, we 
have 

cos' A = 1 — 4 sin' r\ ,„, 

and cos' A, = 1 - ^ sin' a>\ 

FVom this we have (neglecting terms in sin' A) the following relations : — 
co8*i/ = cos' A, 8in/cos'i/ = V2sin Acos A, sin'/ = 2 sin' A 
cos* ia - cos* A„ sin » cos" Jw = V2 sin w cos », sin' o> «« 2 sin* A, 
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Thus we may put 

cos* ^ COB* A sin / cos' ^ / sin 2A i 

COS* i » COB* 4* cos* A, ' sin ea cos' J u cos* ^i ~ sin 2A, i 

sin'/ sin»A , ,. , ,^ ,^ | '"^^^ 

- - , n — ir-^,-\ = ■ .. , tan' i/ = i tan' A 
sin' (»(1 — I Bin' t) sin' A/ " " / 

An approximate formula for A and the value of A, are 

A=16°-51+3'McosN-0''19cos2N, A,= 16''-36 (10) 

The introduction of A and A, in place of I and <a entails a loss of 
accuracy, and it is only here made because former writers have followed that 
plan. It may easily be dispensed with. 
Now let us write 

i) = cos2(«-a i)' = 8in2(«-f)1 

n>=co8(«-p), n'-sin(s-p) J ^ ^ 

From (7) and (8), 

-^ cos'g-cos' A -^ _ sin 8 cos g dg .... 

sin' A ' (Tsin'A di 

Then, if we write for the ratio of the moon's parallax to her mean parallax P, 
we have 

P — 1 — eco8(«— p) 

and n = -{P-l), n' = --7^^^ (13) 

e ^ ' e{a—a) dt ^ ' 

Hence D, Tf, IT, II' are functions of declinations and parallaxes. The 
similar qrnibols with subscript accents are to apply to the sun. 

Now (6) may be written by aid of (9) and (11), 

2[i + A-«-(i',-f)]=2+ + 4Bn'-i)'tan'A (14) 

The left-hand side of (11) is the argument of M,(Bee Sched. B. i. 1883), 
and from (9) the &ctor of M^ is cos' A/cos'A,, Hence, subtracting the 
retardation 2m from (14) we have 

(M,) = ^^ Jtf cos [{2^ + 4«n' - iy tan' A) - 2/*] 



expanding approximately, 

+ 5^ .£)'Jf8ijl2(t-rt (15) 

n 1. 6 
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82 HOUR-ANULEH, DECLINATIONS, ANU PARALLAXES. [2 

We ahall see later that the two latter terras of (15) are nearly annulled 
by terms arising from other tides, and as in the case of the aim the rates of 
change of parallax and declination are small, we may write by symmetry, 

(S,)=Sco3 2(t,-?) (16) 

In all the smaller tides we may write 

i + A-«-(i/.-f) = '«^ 
A general formula of transformation will be required below. Thus, if 
co8 2a;=X. sin 2a! = X', 
COS 2 ("^ T « - a) = {-^ T tan 2 (a - m) X'} COS 2 (ifr - a) 

„ J' 
cos 

The lunar K^ tide. 

From Sched. B. i., 1883, we have 

Lunar K, = ^^, -^fj^-^-, -j K" co^2[t + k-v,-K'] 

= ^^ if'cos 2[^r + (s - f)- k] 

am' A, '■^ ^ • ■" 

Applying (17) with X = D,X' = D',a==^K, and taking the lower sign. 



Lunar K, = ^^ iT' r {i) + tan 2 (« - /i) i)"} cos 2 (^ - *; 



M-^-m)] 



sin2(-^-M) "(18) 



cos 2 (« — /t) 

In the case of the sun we neglect the terms in D', for the same reaaooa 
as were assigned for the similar neglect in (16), and have 

Solar K, = ir;'D,cos2('«^-^-*) (19) 

The tide N. 

From Schedule B. i.. Report 1883, 

Then v^'/— — nr' 

' ' DOS' A, 

Then applying (17) with ^=11, X'^Il',a = v, and taking the upper 
sign, but writing /t-p instead of k — ^, because th'is tide being slower than 
Ml 8u£fers less retardation, 

(N)-^,'-^/"[|n + tai,2(^--)n'l»082(+-») 



cos' A, 

n' 



2(f-,.)] ...(20) 
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Ths tide Ij. 

We shall here omit the small tide of speed 2y — o- + v, by which the 
true elliptic tide is perturbed. Thua the R in the column of argumeote in 
Sched. B. i., 1883 is neglected, and we have 

(^>=-coe*1^*cii.-^^t2(* + A-»-. + f)+(.-p>-2X] 

cofA 
cos" A, 

Applying (17) with X = ti, X'=n', a=X, and taking the lower sign, 
and chaoging the sign of the whole, because of the initial negative sign, 

The sutn of N and L. 

In order to iiise these terms an approximation will be adopted. The L 
tide ia just as much faster than M, as N is slower, but the N tide should be 
nearly 7 times as great as the L tide ; hence the tan 2 (X — /») in (21) will be 
put equal to tan 2 (/* — v). We then have 

+ n'fJVaec2(/t-i')+Z8ec2(X->i))Bin2(^-/i)] 
But 

ilTcoa 2 (^ - w) - i COB 2 (■f - \) = COS 2^ (Jf cos 21- - i COB 2\) 
+ sin 2'^ (N sin 2i' - £ sin 2\) 

_, .,. ^ a ^ sin 2v — L sin 2X ,._, 

Th.„™tmg "-^'- Jeo.a^-i.co.iX (2^) 

SO that « ia nearly equal to v, we have 



+ ^|[(*seo»(,.-,.) + i>eo2(X,-^)lam2(+-,.)] ...(23) 

In the Hytnmetrical tenn for the 8un, with approximation as in (16), we 
get 

(T) + (R).(J'-fl)n,coi2(+,-!r) (21) 

This terminates t^e semidiurnal tides which we are considering ; but before 
proceeding to collect the results some further transformations must be 
exhibited. 

6—2 
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Let US consider the function D +a;D', where x is small. From (12) we 
see that 

r, „, cos* 5 - cos' A , 2 sin £ cos £ iJS 

D + xD = i-^A h*ic ■ . . -t; 

stn'A * o-sin'A at 

Hence, if 8" be the moon's declination at a time earlier than the time of 
observation by a;/2(r, then 

r, r^ coe' 8* — cos" A 
sm' A 
Hence, in (17), 

r. , * a, \ TV C08*S'-C0S»A ,.,. 

D + tan2(«-u)ir= i-r-r (25) 

' '^' sm'A ^ ' 

when S' is the moon's declination at time ^t — 57°S tan 2(« — ;t)/2ff. The 

period 57°'3 ban2(«--/t)/2<r may be called 'the age of the decUnstional 

inequality.' 

Hence, if (i*' — l)/e denotes the value of (i*— l)/e at a time xj{ti — ia) earlier 
than that of observation, then 

U+xn' = -{F-\) 
Hence, in (23), H + tan2(/i-i')n' = -(P'-l) (26) 



where P" is the ratio of the moon's parallax to her mean parallax at a time 
tV* - 57°3 tan 2 (;* - c)/(<r - w). The period hV-Z tan 2 (^ - v)l{a - w) may 
be called ' the age of the parallactic inequality.' 
In collecting results we ahall write the sum 

M, + S, + Kj + N + L + R + T = A, 
For reasons explained below we omit terms depending on the rate of 
change of solar parallax and declination. 

Then, from (15), (16), (18), (19), (23), (24), (25), (26), we have 
A, - ^^-^ Jf COB 2 (^ - ^) + S COS 2 (^, - f ) 

cos* 8* - cos' A „„ „ , . , cos* 8 - 
''— "" *) + 



sm*A, ^^ ' sm'A, 

sin a cos 8 d8 / 



sin 5 cos 8 dS / K" ,, . . \ . „ , , 

— ^TX- jil — K-^ — —T-J/tan'A 8in2('^-u) 

(TSin'A, d* V.C08 2 (ic - p) '/ ^^ '^' 

, , iV cos 2^ — L COS 2X „ , . , 
1) s COB 2 (^ - e) 

' «C0S2€ \T / 

^ca8 2(>f-,-0 

' J ^^^ _ jrsec2(;.-) + i;sec2(X-^)^ ^ ^ ^^ _^^ 
(27) 
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It may easily be showa, from Schedule B. i., 1883, that in the equilibrium 
theory iC"-Jftaii*A, = 0, and iM-(N + L)/e = 0; hence the terms de- 
pending on rates of change of declination and parallax are small. This 
also shows that we were justified in neglecting the corresponding terms in 
the case of the sua. Also, since the &ster tides are more augmented by 
kinetic action that the slow ones, the two functions, written above, which 
vanish in the equilibrium theory are normally actually positive. The formula 
(27) gives the complete ezpressicai for the semidiumal tide in terms of hour- 
angles, declinations, and parallaxes, with the constants of the harmonic 
analysis. 

We shall now show that with rougher approximation (27) is reducible to 
a much simpler form. 

The retardation of each tide should be approximately a constant, plus a 
term varying with the speed. Hence all the retardations may be expressed 
in terms of £ and /i, and 



tr — tl 
It is clear that x differs very little from ^, and that 

The time (f - >*)/(o' — v) is called ' the age of the tide,' for reasons explained 
below, taid x — ft, ft—v, not being large angles, do not differ much from their 
tangents. Hence the ^es of the declinational and parallactic inequalities 
are both approximately equal to the age of the tide. 

Let <B', then, denote (?—/*)/(«'■ — ij), the age of the tide. 
Now, as an approximation, we may suppose that heights of the lunar 
K, tide, the N and L tides bear the same ratio to the At, tide ae in the 
equilibrinm theory; and that the solar E,, the T and R tides bear the same 
ratio to the Sa tide as in that theory. Then reverting to the notation with 
/, «, i in place of A, A,, and writing 

/ cos^J Y^j. 

\cos J(u cos |l/ 
we have 



cos'iw " ' " ' 
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Also, since (22) may be written 



taii(2^-2e) 



NBui2{ft-p) + LBiai(\-/A) 



"Jfcoe2(^-^)-ico92(X-/*) 
we have, treating ;* — v, X- /*,;* — eas small, approximately, 

., COB'A JVcOB2l'-ic08 2\ 



coa2e 



- = 3eUf 



Then reverting to mean longitudes, and substituting the age of tide 
where required, we find, on neglectii^ the difference between k and (, 

For the Iim&r declinational term, 

2 tan* i/ ftf cos 2 [s - «<r - f ] cos 2 (^ - ir) 

For the solar declinational term, 

2 tan' i® S cos 2/i cos 2 {^jr, - ?) 

For the lunar parallactic term, 

3efJf cos [8 -p - (8 (ff - •)] cos 2 [i^- - ^ + j«<<r - w)] 

For the solar parallactic term, 

3e,S COB (A -p,) cos 2 [i|r, - f ] 

Then omitting the terms depending on changes of declination and 
parallax, we have as an approximation, 

A, = fAf {cob 2 (f - /i) + 2 tan" J/ COS 2 [s - 030- - f ] COS 2 (^ - f) 

+ 3«cos[«-p-«(ff-«)]co62[^->* + j«(ff-w)]l 

+ S[l + 2tan'Jwcos2A + 3e,co8<A-p,)]co82(^,-?) (28) 

In the equilibrium theory we have the lunar semidiurnal tide depending 
on r~* cos' 8 cos 2'^. Now it is obvious tliat cos' 8 introduces a &ctor 
1+2 tan' J/ cos 2 (s — f), and r-' a factor 1 + 3a cos (s — p). Thus, if we could 
have foreseen the exact disturbance introduced by friction and other causes 
in the various angles, the formula (28) might have been established at once ; 
but it aeems to have been necessary to have recourse to the complete 
development in order to find how the age of the tide will enter. 
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I 4. Reference to Time of Moon's Transit 

It has been usual to refer the tide to the time of moon's transit, and we 
shall now proceed to the transformations necessary to do so. 

cos* A/ COS' A, goes through its oscillation about the value unity in 
19 years; it is therefore convenient to write for, say, a whole year, 



and similarly. N„ = -^^N\ (29) 



M, 


oos'A 


If. 


COB'i 


L,- 


cotfA , 
COS' A, 



We also observe that K" and K", being the lunar and solar parts of the 
mean E, tide, and their ratio being '434 (Report, 1883), 

^^" = ■68303^,, K;'=Z\miK, (30) 

It will also be seen that in all the terms arising from the sun, excepting that 
in K", the argument of the cosine is 2 (■^^ — f ). It will be convenient, and 
sufficiently accurate for all practical purposes, to replace k by {; in this solar 
declinational term K". 

We shall now proceed to refer the tide to the moon's transit at the place 
of observation. 

Let s^. A, be t's B.A. and 0'8 mean longitude at Kb transit — say upper 
transit, for distinctness. Then the local time of transit is given by the 
vanishing of ^, and since ^ =s f + A — a, it follows that the time-angle of D's 
transit (at 15° to the hour) ia a, - A,, 

Now let T (mean solar hours) be the interval after transit to which the 
time-angle t refers; then, since 

dh da - (da \ ,.„ ^a" Aa ' 

-=,. _ = <, + ^_-^j, T,-^ = 15, 7-<r = 14 49 

■^ = t + h~a 

= [(7 - ^) T + a. - A.H [^0 + 'Jt] - I a, + ffT + (^ - ff) tJ 

^.(T,_<r)T-(g-<r)T 

For the sake of brevity, put 

T.(7-^)t 
so that T is T converted to angle at the rate of 14°-49 per hour. Then we have 

+ = --(S-')' : <^^> 
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88 BEFEBENCE TO HOON'S TRANSIT. [2 

Similarly putting a, for 0's RA. at li's transit, we have 

so that +/ = (7-<r)T + a.-a, + f<r-^jT 

Then let A = a.-a, (32)« 

So that A is the apparent time of )'8 transit, reduced to anjfle at 15° 
per hoar, and we have 

+,.T + A + (.-§)r (33) 

It is only in the two principal tides that we need regard the changes of 
BA. since Vs transit, and in all the smaller terms we may simply put 
^ = T, ^|r^=.T + A 
The first pair of terms of (27) now become 

Af.co»2[T-(g-.).-.]+^c«2[T + ^.(.-§)x-t] 

and these are equal to 

Jlf.cos2(T-^) + Seofl2(T + .4-?) 

(34) 

We may now collect together all the results, and write them in the form 

of a schedule [Schedule IV.]. 
Definition of symbols : — 
a, B, a,, 8, 1)'s and O's R.A. and declination at moon's transit : A = tt — a,, 

apparent time of Jl's transit at the port. 

B' S's decl. at the time (generally earlier than transit) t — 5 — tan 2 (« — /*). 
P, i*, the ratio of D's and O's parallax to mean parallaxes. 
P' the ratio for 5 at the time (generally earlier than transit) 

T-JI!^tan2(^-.-) 
* It would be beHer to pat 
Utbia beoied the ooiTMtuHi (40) for Q'r ohuige ot ILA. beoomea smaU. 
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90 STNTHESIS OP MEAN SBMlDItntNAL TIDE. [2 

T the time elapsed since >'8 transit in m. b. hours; T the same time 
reduced to angle at 14°'4d per hour. 

A such a declination that cos' A is the mean value of cos* S ; A has a 
19-y early period. 

A, such a declination that cos* A, is the mean value of cos* S,. 

e, 6, eccentricities of lunar and solar orbits; tr the Ya mean motion; 
w the metm motion of the ('s perigee. 

K^N, L, COS' A 

M Jf'^L cos' A, 

M, 8, Kt, JV, L, T, R the mean semi-ranges E of the tides of those 

denominations in the harmonic method. The retardations found by harmonic 

analysis are 2n for M„ 2^ for S,, 2« for K,, 2k for N, 2\ for L, and 2? for T 

andR. 

N sin 2v — L sin 2\ „ , , , , . .i . , 

= Tji s- — f ST , 2* to be taken in the same quaarant 

Jf cos2i'-ico8 2X ^ 



§ 5. Synthesis of the Several Terms. 
Consider the two principal terms in Schedule IV,, 

if, cos 2 (T -/*) + « cos 2 (T + .4 - f) 
They may he written in the form 

fi"cos2(T-<^) 
where fl" cos 2 0* - 0) - Jtf, + S cos 2 (.4 - f + ^) 

if sin 2 (/i, - 0) = S sin 2 (4 - f + /*) 
If we compute <(> corresponding to the time of moon's transit from the 
formula 

SBin2(A-^+ji) 



tan2(/*-^) = . 



M, + S<mb2{A-^+/i) 
then ^ reduced to time at the rate of 14°'4i9 per hour is the interval after 
moon's transit to high water, to a first approximation. The angle ^ ± 90°, 
similarly reduced, gives the low waters before and after the high water, and 
<!> ± 180° gives another high water. The high waters and low waters are to 
be referred to the nearest transit of the moon. 

The height or depression is given to a first approximation by 
H = ^{M,' + S' + 2M,S cos2(ji~if,)] 

This variability in the time and height of high water, due to variability 
of 0, is called the fortnightly or semi- menstrual inequality in the height and 
interval. The period (f — ft)/(ff — ij) is called ' the age of the tide,' because 
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this ia the mean period after new and full mooD before the occurrence of 
spring tide. 

§ 6. Corrections. 
The smaller tei-ms in Schedule IV. may be regarded as inequalities in the 
principal terms. They are of several types. Consider a term S cob 2 (T - ^). 
Then 
Bcos2(T-j8) = Bco8 2(;3-0)co9 2(T-*) + fiBin2(/9-0)Bin2(T-0) 
Hence the addition of such a term to ZT cos 2 (T — 0) gives us 
(ff + SH)cos2(T-^-S0) 

where SJT = B cos 2 (;3 - ^), 2irS0 = 5 sin 2 (/9 - 0) (35) 

Next consider a term C sin 2 (T ~ /*). Putting ff = ii + ^ir, we have 

fi2f = -Csin2(;t-^), 2S&<t> = Gcos2(/i-<f,) (36) 

Next consider a term £co8 2{T + ^ -f). Putting y9=f— -4, we have 
SH = EcoB2(A-^+if>), iHSip^-EBm2(A-^+i>) ...(37) 
Lastly, consider a term FBin2{T + A~0- Putting fi^^-A+^w.-Ke 
■ have 

BH^mF(aa2iA~^+4>), 2JS^ = J'co8 2(A -?+^) (38) 

In writing down the corrections we substitute liidSt for S<f>, and 
introduce a &ctor so that the times may be given in mean solar hours and 
the angular velocities in degrees per hour. 

Change of Moon's R.A., Sched. IV. 
This is of type (36), and gives 

«^-«(S-')-^--2<^-«l (,,) 

»'-i'""ra(s-')4'»'^(''-»l 

This correction to the height is veiy small. 

Change of Sun's R.A., Sched. IV • 
This is of type (38), and gives 

* With the Tblne of A anggMted in footnote to {82) 
at high water: This is obnoosly lery small. 
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Moon's Decimation, Sched. IV. 
This is of type (35), and gives 



8ia*a 

iSun> Declijuition, Scbed. IV. 
This is of type (37), and gives 

C0^5.-COB' 



S5 = ^ 



sin* A, 



t^'8in2(*-^) 



'■317iir.co82(4-f+0) 



8(--l''-977 ;-— 7 '-317 Tj8in2(^-t+d) 

Bin* A, if ^ ' ^■'j 



Change of Moon's Declination, Sched. IV. 
This IB of type (86), and gives 
g„.^6in3cosSd8 / -683^, 
ff sin* A, (^ Vcos 2 (« — /t) 



itf tan* A,] sin 2 (/» - 0) 



, sinScosS dSr -683^, 



fffl Bin' A, dt \co8 2 (« — /t) 

Moon's Parallax, Sched. IV. 
This is of type (35), and gives 



- if tan* A J COS 2 (/* - ^) 



ft^l^-977(i>'-l) ^''^J''-^ ^3^^Bin2(.-.^) 

Sun's Parallax, Sched. IV. 
This is of type (37), and gives 



..(41) 



..(42) 



..(48) 



..(44) 



Sl--l'-977(/',-l)?^-^sm2(il -?+♦) 

Clumge o/Umu'i Parallm, Sched. IV. 
This is of type (36), and gives 

8g = ^i-^(4Jf.-^-"»^<^-> + ^"«"»-''')sin2(^- 
ff — w at \ e / 

l'-977 dP( jr.sec2().-i.) + J.«!c2(X-rt \ 



..(46) 



.(46) 
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The IiiDar corrections involving sines are small compared with those 
involving cosines. 

To evaluate these corrections we must compute t from ^ reduced to time 
at 14°'49 per hour. 

In the right ascensional terms, da/dt and u- are to be expressed in degrees 
per hour, da/dt is the hourly change of )'b R.A. at time of i's transit, and 
dajdt is the hourly change of 0'8 R.A. at time of ti's tmnsit. 

Similarly, i^/dt is to be expressed in degrees, if o- be in degrees. 
8', P" can be found for the antecedent moments, 57'''3tan2(« — /*)/2ff', 
and 67'''3tan2(M'*i')/(o' — v), before the time r. 



§ 7. The Diurnal Tides. 

I shall not consider these tides so completely as the semidiurnal ones, 
although the method indicated would serve for an accurate discussion, if it 
be desired to make one. 

The important diurnal tides are K,, O, P. 

From Schedule B. ii, 1883, we have 

^ ' sin « cos" ioj cos* i» ■■ » V »/ » i-j 

By (9) the coefficient is sin 2A/Bin 2A„ and we shall put, as in the case of 
the semidiurnal tides, 

* smSA, 
Then, since < + A = ^ + a 

(0) = Jf.' cos [^ + (a + y.) - 2 (« - f ) + K - ^^l 

= i/,'co8ll, for brevity (47) 

Again, from Schedule C, 1883, 

(P)-S'co8[(-A + iir-f] 
Then let x - 2 (« - A) + i-o - 2f - f + / 

and we have (P) = S' cob (ft + x) (48) 

Whence (O) + (P) = [Jf,' + S' cos x] cos fl - S' sin x sin H 

If we put if' cos (/i' - ^') = ifj' + S' COB X 

S'wi(/i' — ^') = S' sin X 

(0)+(P).irc«(n+/-f) 

-ff'co.[+ + (a-»,)-2(.-{) + i»-f] (49) 
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Where if' = Vi-M.'' + S'' + 2M:S' coa ^h 

. r' ^'. «'sinv [ <S0) 

and taju(u -d)= ,, , -;?,-*— 

^ ^ ' i/,' + 6" cos X J 

The rate of increase of the angle ;^ is twice the difference of the mean 

mptioQs of the moon and sun, but it would be more correct to substitute for 

8 and h the true longitudes of the bodies. It follows from (60) that ^' has a 

fortnightly inequality like that of 0. 

^ is very nearly equal to T, and where the diurnal tide is not very lar^ 

we may with sufficient approximation put 

(<.-i..)-2(.-f).-(.-f) 

So that with fair approximation 

(0) + (P) = H'co3[T-(a-f) + i^-f] (51) 

The synthesis of the two parts of the Ki tide has been performed in the 

harmonic method (Report, 1883), and we have 

(K,) = f, Jf, cos (* + A - v' - in- - «,) 

Then, writing fi^^i = K^, we have 

(K,) = K,cos{T + a-i''-^-K,) (52) 

We have next to consider what corrections to the time and height of 

high and low water are necessary on account of these diurnal tides. 

If we have a function 

A=B + fl'co8 2(T-^) + ff,cos(nT-j9) 

where n is nearly equal to unity, and H, is small compared with H ; its 

maxima and minima are determined by 

8in2(T-0) = -^sin(«T-/3) 

If T = To be the approximate time of maximum, and T« + STo the true 
time, then, since the mean lunar day is 24-84 hours, and the quotient when 
this is divided by Sir is 0''988, we have in mean solar hours, 

ST. = - 0^-988 ^ sin (nT, ~ ff) j 

And the correction to the maximum is j 

Sir=ff,cos(nT,-;S)) 

Again if T = Ti be the approximate time of minimum, and Ti + ST|the 
true time, then 

ST, = 0^-988 ^ Bin (nT, - m 

And the correction to the minimum is 

8ff=fl'iC08(»T,- 



..(53) 



..(54) 
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In the case of the correction due to (0) + (P), n is approximately 
8 approzimat-ely 1 H . 



§ 8. Direct SyntheaU of the Harmonic Expression for the Tide. 

The scope of the preceding investigation is the establishment of the 
uatare of the connection between the older treatment of tidal observation 
aod the harmonic method. It appears, however, that if the results of 
harmonic analysts are to be applied to the numerical computation of a tide- 
table, then a direct synthesis of the harmonic form may be preferable to a 
transformation to moon's transit, declinations, and parallaxes. 

Semidiurnal Tides. 

We shall now suppose that ^o is the height of the M, tide, augmented 
or diminished by the fector for the particular year of observation, according 
to the longitude of the moon's node, and similarly K„ genetically for the 
augmented or diminished height of any of the smaller tides. As before, let 
2/i, 2j^be the lags of M,, S,; and 2k, generically, the lag of the S. tide. 

Let e = ( + A-«-v, + f 

Then $ might be defined as the mean moon's hour-angle, the mean moon 
coinciding with the true, not at Aries, but at the intersection. 

Let the argument of the E tide be written generically 2[0 + u — k]. 

Then 

A,= if, cos 2(5-^) + Scos2[e-l-«-A + »'o-f -?] + ■«■« cos2[? + «-«] 

(55) 

If we write ?•==?— >^ + f 

and ifcoe2(/t-0) = .¥, + Scos2[8-A-f. + /t] 

Hsin2{fi~<f,) = Sami[8-k-^^ + /i] 
the first two terms of (55) are united into 

HcoB2(0-<f,) (56) 

with fortnightly inequality of time and height defined by 

^^<^-»> = A/. + 6-cos2(.-A-g;+^) (67) 

fl" = vTif.' + 5' + 2 J/S cos 2 (* - A - ?. -H ^)] J 
The amount of the fortnightly inequality depends to a small extent on 
the longitude of the moon's node, since ^ and Jf. are both functions of that 
longitude. 
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For the K tide we have 

£,CO82(tf+W-ic) = ff,CO82(w-« + 0)CO82(5-*) 

- fo sin 2 (u - K + 0) sin 2 (I? - ^) 
Hence SE = iT, cos 2 (« - « + ^) ) 

K, } (58) 

80 = -2^8m2(«-« + 0)) 

It U easy to find from the Nautical Almanac the exact time of mean 
moon's transit on any day, and then the successive additions of 1 £'"420601 
or 12'' 25™ 14"16 give the successive upper and lower transits. The 
successive values of 2 (s — h) may be easily found by successively adding 
12°'618036 to the initial value at the time of the first transit of the 
mean moon, and ^ may be obtained from the table of the fortnightly 
inequality for each value of 2 (» ~ h). 

The function u is slowly varying, e.g., for the K, tide 
2w=2(«-f) + 2(»',-i'") 
and the increment of argument for each 12'''420601 may be easily computed 
once for all, and added to the initial value. 

In the case of the diurnal tides it will probably be most convenient to 
apply corrections for each independently, following the same lines as those 
sketched out in § 5. 

The corrections for the over-tides M,, S,, &c., and for the terdiumal and 
quaterdiumal compound tides, would also require special treatment, which 
may easily be devised. 

At ports, where the diurnal tide is nearly as large or larger than the 
semidiurnal, special methods will be necessary. 

Although the treatment in terms of mean longitudes makes the correc- 
tions larger than in the other method, yet it appears that the computation of 
a tide-table may thus be made easier, with less reference to epfaemerides, and 
with amply sufficient accuracy. 

[This subject is considered hereafter in the paper (7 ) on ' Tidal Prediction.'] 
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DATUM LEVELS; THE TREATMENT OF A SHORT SERIES OF 
TIDAL OBSERVATIONS AND ON TIDAL PREDICTION. 



[Report of the Committee consisting of Professor Q. H. Darwin, 
Sir W. Thomson, and Major Baibd, for the purpose of prepar- 
ing instnictioQB for the practical work of Tidal Observation ; 
and Fourth Report of the Committee consisting of Professors 
G. H. Dakwin and J. C. Adams, for the Harmonic Analysis of 
Tidal Observations. Drawn up by Q. H. Darwin. British 
Aaaociatioa Report for 1886, pp. 40—58.] 



I. Record of Work during the past Year. Datum Levei^. 



In the coarse of the Indian tidal operations a discussion has arisen as 
to the determination of a datum level for tide-tables. The custom of the 
Admiralty is to refer the tides to ' the mean low-water mark of ordinary 
spring tides.' This datum has not a precise scientific meaning, but, at 
ports where there are but few observations, has been derived from a mean 
of the spring-tides available. At some of the Indian ports this datuin has 
been found by taking the mean of all spring-tides on the tide diagram for 
a year, vrith the exception of those which occur when the moon is near 
perigee. The diurnal tides enter into the determination of the datum in 
an undefined manner. It tbllows that two determinations of this datum 
level, both equally defensible, might differ sensibly fix>m one another. 

A datum level should be sufficiently low to obviate the frequent occur- 
rence of negative entries in a tide-table, and it should be rigorously 
determinable from tidal theory. It is now proposed to adopt as the datum 
level at any new ports in India, for which tide-tables are to be issued, a 
datum to be called ' the Indian spring low-water mark,' and which is to 
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be below mean sea-level by the sum of the mean semi-ningea of the tides 
Mg, S,, Ei, O; or, in the notation used below, 

below mean water mark. 

This datum is found to agree pretty nearly with the Admiralty datum, 
but is usually a few inches lower. The definition ie not founded on any 
precise theoretical considerations, but it satisfies the conditions of a good 
datum, and is precisely referable to tidal theory. 

If, when further observations are made, it is found that the values of 
the several H's require correction, it is not proposed that the datum level 
shall be altered accordingly, but when once fixed it is to be always ad- 
hered to. 



II. On the Treatment of a Shokt Series of Tidal Observations 
AND ON Tidal PREDicnoN. 

§ 1. Harmonic Analr/sis. 

Having been asked to write an article on the tides in a new edition 
of the Admiralty Sdmti/ic Manual [see Paper 4 below], now in 
the press, I thought it would be useful to show how harmonic analysis 
might be applied to the reduction of a short series of tidal observations, 
such as might be made when a ship lies for a fortnight or a month in 
a port. 

The process of harmonic analysis, as applicable to a year of continuous 
observation, needs some modification for a short series, and as it was not 
possible to explain the reasons for the rules laid doivn within the limits 
of the article, it seems desirable to place on record an explanation of the 
instructions given. 

The observations to be treated are supposed to consist of hourly obser- 
vations extending over a fortnight or a month. In the reduction of a long 
series of observations the various tides are disentangled from one another 
by means of an appropriate grouping of the hourly observations. When, 
however, the series is short, the method of grouping is not sufficient in 
all cases. 

With the amount of observation supposed to be available, a determi- 
nation of the elliptic tides was not possible, and it was therefore proposed 
to consider only the tides M„ S„ K,, K,, O, P — that is to say, the principal 
lunar, solar, and luni-solar semidiurnal tides, and the luni-solar, lunar, and 
solar diurnal tides. The luni-solar and solu* semidiurnal tides have, bow- 
ever, BO nearly the same speed that we cannot hope for a direct separation 
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of tbein by the groupiog of the hourly values, and we must have recourse 
to theoiy for completing the process; and the like is trae of the luni- 
Bolar and solar diurnal tides. 

Also, the tides K, and F have veiy nearly half the speed of Stj hence 
the diurnal tides K, and F will appear together as the diurnal constituent, 
whilst S, and E, will appear as the semidiurnal constituent, &om the 
harmonic analysis of the same table of entries. 

It thus appears that three different harmonic analyses will Bu£Bce to 
determine the sis tides, viz. : — 

Fiist, an analysis for M, ; second, an analysis for O ; third, an analysis 
for S,, K„ K„ P. 

The rules therefore begin with instructions for drawing up three 
schedules, to be called M, 0, S, for the entry of hourly tide-heighte. Each 
schedule consists of twenty-four hour columns, and a number of rows for 
the successive days. In M and O certain squares are marked, in which 
two successive hourly entries are to be put. The instructions for drawing 
up the schedules are simply rules for preparing part of the first page of 
the series M, O, S of the computation forms for a year of observation. 

In order to minimise the vitiation of the results derived from the M 
sheet by the S, tide, and viee-verad, and similarly to minimise the vitiation 
of the results from the O sheet by the K, tide, it is important to choose 
the proper number of entries in each of the three sheets. 

It was shown in Section III. of the Tidal Report to the British 
Association for 1885 [Faper 2] how these periods were to be determined. 
The equation by which we find bow many rows to take to minimise the 
effect of the S, tide on the M, tide is there shown to be 
10158958? = 14-4920521r 

If r=l, 5 = 14-26; and if r = 2, g = 28-5. 

For a reason similar to that given in 1885 we conclude that, in 
analysing about a fortnight of observation we must have 14 rows of values 
on the M sheet, and for a month's observation 29 rows of values. 

Similwly, to minimise the effect of the Ut tide on the S| tide the 
equation is 

1-01589585 = 15r- 

If r»l, 5 = 14-76; and if r=2, 5 = 295. 

Whence we must hare 15 rows of values on the S sheet for a fort- 
night's observation, and 30 rows of values for a mouth's observation. 

These two rules are simply a statement that on the M and S sheets 
we are to take a period equal to the interval &om spring-tide to spring- 
tide, or twice that period. 

7—2 
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Similarly, to minimise the effect of the K, tide oa the O tide, the 
equation ia 

109803303 = 13-9430356r 
If r=l, ?= 12-69; and if r = 2, 5 = 25-38. 

Whence we must have 13 rows of values on the O sheet for a fort- 
night's observation, and 25 rows for a month's observation. 

Ijastly, to minimise the effect of the O tide on the K| tide, the 
equation is 

1-0980330? = 15-0410686r 

If r = l. 3 = 13-70; and if r- 2, 9-26-4. 

Hence, in using the numbers on the S sheet for determining the 
diumal tides, we must use 14 rows of values for a fortnight's observation, 
and 26 rows for a month's observation. 

Thus, on the S sheet we use more rows for the eemidiumal tides than 
for the diurnal — namely, one more for a fortnight and three more for a 
month. 

The rules for drawing up the computation forms then specify, in 
accordance with the above results, where the entries are to stop on the 
three sheets, and give directions for the dual use of the S sheet, according 
as it is for finding semidiurnal or diumal tides. 

When the entries have been made, the twenty-four columns on each 
sheet are summed, and each is divided by the number of entries in the 
column. On the S sheet there are two sets of sums and divisions, one 
with and the other without the additional row or rows. 

The three sheets thus provide us with four sets of twenty-four mean 
hourly values; the M sheet corresponds with mean lunar time, the hour 
being 15 -r- 14'49 of a mean solar hour ; both the means on the S sheet 
correspond with mean solar time; and the O sheet corresponds with a 
special time, in which the hour is 15^13*94 of a mean solar hour. 

The four sets of means are then submitted to harmonic analysis: the 
semidiurnal components are only evaluated on the M sheet; the diumal 
components are evaluated from the shorter series on S, and the semidiurnal 
from the longer series; and the diumal components from the O sheet. 
We may also evaluate the quaterdiumal components from the M. and S 
sheets. 

It might, perhaps, be Useful to evaluate the diumal component on the 
M sheet, for if it does not come out small it is certain that the amount 
of observations analysed is not sufficient to give satisfactory results. 
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Id the article the harmonic dialysis is arranged according to a rule 
devised by General [Sir Richard] Strachey*, which is less laborious than 
that usually employed, and which is sufficiently accurate for the purpose. 



§ 2. On the Notation employed. 

It will be convenient to collect together the definitions of the principal 
symbols employed in this paper. 

The mean semi-range and angle of lagging of each of the harmonic 
constituent tides have, in the Tidal Report for 1883, been denoted gene- 
rieally by H, «; but when several of the H's and *'8 occur in the same 
algebraic expression it is necessary to distinguish between them. The tides 
to which we shall refer are M„ S,, N, L, T. R, 0, P, and K,, K,; the 
H and « for the first eight of these will be distinguished by writing the 
suffix letters '„, t, ». &C-, e.g., H„, «„ for the M, tide. With regard to 
the K tides, we may put H", «", and H', «'. 

Again, the factors of augmentation f (functions of longitude of moon's 
node), as applicable to the several tides, will be denoted thus: — for M,, 
N, L, simply f; for K,, K„ f", f respectively; for O, f«. 

The Kg, K, tides take their origin jointly from the moon and sun, and 
it will be neeesaaiy in computing the tide-table to separate the lunar 
from the solar portion of K,, Now, the ratio of the lunar to the solar 
tide-generating force is such that ■683H" is the lunar portion and -31711" 
is the solar portion of H". 

In the Report of 1885 [Paper 2] a slightly different notation was 
employed for the H's and k'b, but it is easy to see how the results of 
that Report are to be transformed into the present notation. 

As in the Report of 1883 [Paper 1] we write (, h, s for local mean solar 
hour-angle, sun's and moon's mean longitude, and v, f, v, 2v" for functions of 
the longitude of moon's node depending on the intersection of the equator 
with the lunar orbit; also 7 — 1;, t), a, w are the hourly increments of 
t,h, 8 and longitude of moon's perigee, and e, e, the eccentricities of lunar 
and solar orbits. 

Let p, p, denote the cubes of the ratios of the moon's and sun's paral- 
laxes to their mean parallaxes; S, B, the moon's and sun's declinations; 
p' the value of p at a time t3.n{K„-K„)j{a — w), or 105''3 tan («« — ««) 
earlier than t ; S^ the moon's declination at a time tan (x" — K^j2a or 
62''-2 tan («" - «„) earlier than (. 

Let P, P„ P' be the cube roots of p, p,, p', 

• Proe. Boy. Soc. Vol. ilh. (1887), p. 61. 
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Let A, A, be decimations such that coe^A, cos* A, are respectively the 
mean values of cos*£, co3*£,: obviously A has a small inequality with the 
longitude of the moon's node. 

Let e be an auxiliary angle defined by 

H„ sin x„ — Hi sin xj 

tan e = g ^ 

Hb cos «B — Hj cos Ki 

Lastly, let ifr, ^, be the moon's and sun's local hour angles. 

§ 3. The Reduction of the Results of Harmonic Atudj/ais*. 

We now suppose the harmonic analysis of the hourly means on the three 
sheets M, O, S completed. 

The deduction of H„, «„ and H,, k, from the M and O sheets fbllows 
exactly the same rules as in a long series of observations, and the reader is 
referred to the Report of 1883 [Paper 1] for an explanation. 

With regard to the S sheet, the reaulte of the harmonic analysis do not 
separate the S, tide from the K, tide, nor the E, tide from the P tide, and 
we have to employ theoretical considerations for effecting the separation. 

The semidiurnal tides will be taken first 

The solar tide, as derived from a short series of observations, is of course 
affected by the sun's parallax, and as the sun changes his parallax slowly, the 
solar tide will follow the equilibrium law and vary as the cube of the sun's 
parallax. Thus the height of the purely solar semidiurnal tide as derived 
from our short series of observations will be p,H, instead of H*, and this will 
be fused with the luni-solar tide K,. 

The schedules of the Report of 1883 thus show that we shall have as 
the expression for this tide, compounded of S* (with parallactic inequality) 
and E,, 

A, = p^.co8(2*-*.) + f"H"cos(2i + 2A-2v"-«:") (1) 

The theoretical ratio of H" to H, is (see Schedule E, 1883) that of 
'12662 to '46531, or 1 to 3'67 ; and the tides having nearly the same speed, 
we may assume k"^k,. 

Hence: 

^ = H. Ip, cos (2t - K.) + ^ COB (2f + 2A - 2v" - «,)! 

Again, the schedules of the Report of 1883 show that we shall have as 
the expression for the tide which is compounded of K, and P 

h, = {'H'coB(t + k-i/-^w-K')+RpCOB(t-k + ^ir-Kp) (5) 

* [Certkln mirtakes in thig seation have been cotrooted. Thii hu involved Uke omiHdon 
of certain equations origimilly nnmbered (2), (B), (4). Tbe jwrtion of thiB teetion wbich haa 
been rewritten is enclosed in eqnare brackets on pp. lOS — 4.] 
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The theoretical ratio of H, to H' is (see Sched. E, 1883) that of -19317 
to '58385, or 1 to 3, and the tides having nearly the same speed, we may 
aasume Xf^x,. Hence : 

A,.H'(f«OB((+A-i''-i7r-«')-ioo8[i + A-.''-i7r-«'-(2ft-i'')]l 

(6) 

[The processes employed in the harmonic analysis are nearly the same for 
the semidiurnal and for the diurnal tides. We find the mean height of 
water at each of the 24 hours of mean solar time, as estimated over a succes- 
sion of days, and then submit the 24 mean heights to harmonic iinalysis. 
The algebraic details of the process will be found in Paper 6, 'On 
on apparatus for facilitating the reduction of tidal observations,' § 5 ; and 
I shall here only give the results. It mast, however, be remarked that the 
present case differs slightly from the case treated in the paper referred to, 
because we now suppose the analysis for the diurnal tides to embrace 27 days 
or 14 days, instead of 30 or 16, which are the periods adopted for the semi- 
diurnal tides. 

For both classes of tide the sun's mean longitude at 0** of the first day of 
observation will be denoted by A«. 

The fonnuUe for semidiurnal tides for 30 or for 16 days may be written 
down together by means of a simple alternative notation ; and the formulfe 
for diurnal tides for 27 or for 14 days may be written in a similar manner. 

For semidiurnal tides the harmonic analysis of the 24 hourly means 
gives ua the two components A^ and B,, and we may arrange the result in 
terms of B, and ^, where 

A, 3. R( COB ?«, Bi B R, sin £V 

\iT * ^ . f" sin (2A» - 2v" + a) 

Wenowput tan Jr = ii-2.* ~ * ■ „, — ,a. — « «- - , 

*^ ^ 367p,jF,-|-f"coa(2A,-2i' +a) 

where, for |„[ days, 

''-14°-76} ^"^^ '°«-ff'--00483}' '''^ =*-«^^-- 3-7lt 
The investigation then shows that 

*.= £'.+ '^. «" = «. 

„ 3-67 JP,R, COB ■^ 

3-67p, jf, -I- f cos (2A, - 2i 

Turning now to the diurnal tides, the harmonic analysis gives us 
A, = R'cosf, B, = R'sinJ" 
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COMPUTATION OF A TIDE-TABLE. 



Wethenp»t fin » - ,,™ <^''- -T "' +,^> , 

^ ^ Sf — COS (2Ao — p+^) 



The inveetigation then ahows that 



I, r 27) , , - 008911 , „ -. 3027) 
where, for j^) dajm, log J. - .^j^^J and 3JF, - g^j j 

These are the formuke which should have been used in the Admiralty 
Scientific Manual, and are used in Paper 4, as given in the present volume. 
There was a mistake in the Manual as published, and although pains 
have been taken to insert errata in as many copies as possible, it is certain 
that several uncorrected copies must be in circulation. It is fortunate that 
the mistake was such as not to make a large difference in the result.] 



§ 4. Computation of a Tide-taile. Semidittmal Tides. 

The computation of a tide-table from tidal constants which do not contain 
the elliptic tides N and L presents some difficulty, because the total neglect 
of these tides would make the results vety considerably in error. On this 
account it was found necessary to use the moon's hour-angle, declination, and 
parallax in making the computations. 

We shall begin by considering only the semidiurnal tide. 

In the Tidal Report of 1885 [Paper 2] it was shown how the expression 
for this tide in the harmonic notation may be transformed so as to involve 
hour-angles, declinations and parallaxes, instead of mean longitudes and 
eccentricities of orbits, 

formula (27) of the Report of 1885 for the total semidiurnal tide, 
Ktben in the notation of § 2, is 

-0+H.cos(2-f,-«.) 
I" COB (2^ - *") 
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8mScos5{2S r 



- -Ji — 7-r, V - H„ tan' A, am (2^ - 



o-sin'A, 



COT* A dF/dt r^g _ H, aec (<« - »,) + H, sec jxt - k^) ! ^^ . _ , 
cos'A a —w L *" e J 

(8) 

whe™ t...- g-''"''--g"'°" 

Un COS Xn — Ul COS Ki 

We shall now proceed to simplify this. 

In the firet place, the terms depending on dSfdt and dP/d( are certainly 
small, and may be neglected. 

Then let 

„ cos'A „ cos'S'-cos'A „o„„„ , „ , 

M = — r-T- H„ + ■ ^-r-T -68311" cos (le - k^) 

cos'A^ sm'A, 

+ gg-^-(F-l)g^ °°"'-°'°°"' c..(.-..) 
corfA/ ■* ecose ^ 

cos* B' — cos'A 

a = K„+ =—1-7 voo 11— B 

'^ sm'A, Ha, 

. cos'A ,p, ,^HnC08<, 



= H.+ 



Hmecose 



sin* A, 

ft-«. ; (9) 

Now observation and theory agree in showing that «" is very nearly 
equal to k,; hence we are justified in substituting k, for «" in the small solar 
declinationat term of (8) involving '317H". 

This being so, (8) becomes 

A,= McoB(2^-M)+M,cos(2^,->i.) (1**) 

In the equilibrium theory each H is proportional to the corresponding 
term in the harmonically developed potential. This proportionality holds 
nearly between tides of nearly the same speed ; hence in the solar tides 
we may assume {see Sched, B, 1883, and note that cot* A, = J cot* Jw) that, 
cos'A, _, 
sin* A 
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and M, reduces to 

M,-5^'H, + 3(P,-l)H.-°g|H.[l+3(P,-l)] nearly 

-P.-'^'H. (11) 

Now. A, = 16°-36 = 16° 22', 9ec'4,= 1-086, also P,'= p„ and therefore 

M,= 1086p,co8»6,H, (12) 

In a similar way, according to the equilibrium theory, we should have 

i(H.-H,).H. 

Although this proportionality ia probably not actually very exact, yet in 
our supposed ignorance of the lunar elliptic tides we have to assume its 
truth. Also, we must assume that the two elliptic tides N and L suffer the 
same retardation, and therefore «„=«, = e. 

With these assumptions, 
H« + (P'-l) ff"'^*"^^^''^'" co8(f-0=H„[l+3(P-l)]=H„P'' 

Then, since ^^ = f, and P'' = p' 

cos'A, "^ 

we have M = fp'H„ + ^' ^~?^'^ 683H" cos («:" - «„) 



Ifweput 0,-^4^, C. = 5-^xB7°-3 

then log C = -6344. log C = 2-3926 

and Ci, C, are absolute constants for all times and places. 
Next, if we put 

« = C,H" COB («"-*»), (8 = 0,5- sin («"-«„) 

A = aoos2A, 6=^8 cos 2d (14) 

then obviously a, /3 are absolute constants for the port, and A and B are 
nearly constant, for their small variability only depends on the longitude 
of the moon's node entering through A. 
Thus we hdve, from (9), (12), (13), (14), 

M -fEU, + (p'-l)fH„ + («eos2S'-A) 

/* =«ni + (/Jcos2S' — B), expressed in degrees 

M, = l-086p,co8'5,H, 

ft=«, (16) 
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where p', S' are the values of p and S at a time earlier than that corresponding 
to ^ by 'the ^e' 52''-2 tim («" - a™). 

In the article [Paper 4 in this volume] fH^ is called B^ ; (p' — 1) fH„, 
the parallactic correction, is called SiRnt! (a cos 2S' — A), the declinational 
correction, is called S^Rm. Similarly, ^ cos 25' — B, the declinational 
correction to k„, is called S^c„. Also, M, is called S. 

Thus, with this notation the whole semidiurnal tide is 

A. = (R„ + S,IC + S.R«) COS (2^ -«„-«,*„) + S cos <2t, -«.).. .(16) 

The mean rate of increase of ^ is 7 — o-, or 14°'49 per hour; hence the 
interval irom moon's transit to lunar high water is approximately ^iKM+Stic„) 
hours, when k^ is expressed in degrees. If t be the mean interval, and S^ its 
declinational correction, 

t + S^-^'m + M*" (17) 

Now, let A be twice the apparent time of moon's transit reduced to angle 
at 15° per hour, or the apparent time reduced at 30° per hour. 

Then the excess of the moon's over the sun's R.A. at lunar high water 
is ^^4 plus the Increase of the difference of KA.'s in the interval i. This 

increase is approximately ^ k„, and at lunar high water the sun's hour- 
angle is given by 

2^,= 2^lt + A + ^^^K„ (18) 

7-<r 

Since the difference of time between lunar high water and actual high 
water never exceeds about an hour and a half, if we neglect the separation 
of the moon from the sun in that time, this relationship also holds at actual 
luni-Bolar high water. 

Now, let 

H cos (/t - ^) = M + S cos Ll + ^^^ Km - *r, + «„ + S,«e,» 

= M + S COB (A - «, + $jl«„ + S,«„) 

H8in(M-*)- Ssia{A-K.'\-^K„+S^ (19) 

and we have for the whole luni-solar semidiurnal tide 

k,= KaoB{2^y-<f,) (20) 

If we put 7 + «.r-«.-8»*« + ^.«» 

x-^-(7 + Sfl) 

we have, from (19), i&Q{ii-d>) = ^ — ^^— 

^ ^ ^'^ ^' M + ScosxV (21) 

H' = M' + S« + 2MSco6x) 
High water occurs approximately .. ' — ^. or ^^0 after moon's transit. 
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The debermination of ^ and H may' be conveniently carried out by a 
grapbical construction. If we take O as a fixed centre, OS as an initial line, 
and S a point in it such that OS = S, and set off the angle AOM equal to x, 
and OM equal to M ; then OMS is the angle fi — if>, and SM is the height E. 

The angle z increases by 360° from spring-tide to spring-tide, and there- 
fore one revolution in the figure corresponds to 15 days. 




As a very rough approximation, M lies on a circle, but the parallactic 
and declinational corrections S,Rni and S>Rm cause a considerable departure 
from the circle. 

The angle 4^ and the height H are also easily computed numerically. 
If cos X is positive, let ^ be an auxiliary angle determined by 
tan»^ = ^cosx 
and we have 

tan 0* — ^) = sin' tan x, H = S cosec (/i - ^) sin x 
If COS X ia negative, let tf be an auxiliary angle determined by 

■ ,^ s 
Bin' t* = — ^ cos X 

and we have 

tan (^ — ^) = tan* tan x, H = S coeec {/t — ^) sin x 

These formuUe are adapted for logarithmic computation. 

§ 5, Correction for Diurnal Tidee. 
The tide-table has to be corrected for the effect of three diurnal tides, 
designated O, K,, P. 

If we write 'V„^t + h~2s-v + 2^ + ^ 

then, in accordance with Schedules B of the Report of 1883, the expres- 
sions for the three tides are 

O =tH.cos(V,-«,J 

K, = f'H'cos(V'-«') 

P =-H,co8[V'-*'-(2A-i'') + (k'-«^)] .-....(22) 
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[The tides K| and P change their phases relatively to one another in 
half a year, and since P is considerably smaller than K,, we may without 
seriouB error attribute to 2A a mean value for a short period such as a 
month. Also we may assume Xp = k'. 

Hence if © denotes the sun's mean longitude at the middle of the 
month (or other short period), we may with rough approximation write 
the expression for the P tide in the form 

P = - Hp cos [V - «' - (2© - k')] 
Therefore if we put 

*».A s"'(2©-»'') „, 3f'- cos (2© -!.') „, 

'^* = 3f'-coa(2©-.')' S^^ ^ 

and if further we write foHo=BB the diurnal tides, reduced to two, are] 
= E,cos(V„-«„) 
K, + P = R'cob(V'-«'-0) (28) 

if) and B', having a semi-annual inequality, must be recomputed for each 
month. 

Now, suppose that we compute Vo and V at the epoch, that is, at the 
initial noon of the period during which we wish to predict the tides, and 
with these values put 

?o = *o ~ Vo at epoch 

f = «' — - V at epoch 

then the speed of V„ ia y-2<r, or 13°-94i per hour, or 360''-25°-37 per 
day; and the speed of V is 7, or 15°'04 per hour, or 360°'986 per day. 
Hence, if t be the mean solar time in hours on the (n + l)th day since 
the epoch, 

V„ - «. - 360°n + 13°-Ut - f, - 25''-37n 
V + ^ - «' = 3Wn + 15°-04t - ?' + O^-gSen 

Therefore the diumal tide at the time t hours on the (« + l)th day is 
given approximately by 

= R„co3[14°t-C-25i'xM] 

K,+ P = R'co8[15°t-f' + rxn] (24) 

If we substitute for t the time of high or low water as computed simply 
from the semidiurnal tide, it is clear that the sum of these two expres- 
sions will give us the diumal correction for height of tide at high or low 
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If we consider the maximum of a tunction, 

A coBinii- a) + B coan' (t- 0) 

where n is nearly equal to n', we eee that the time of maximum is given 
approximately by t = a, with a correction St determined trom 

- 2An. sin (2««t) - n'B siu n' (t - ^) =- 

.^ 180 n'5 . ,, _. 
St = -^^8m«(t-^) 

In this way we find the corrections to the time of high water from O and 
K, + P; and since « = 7-v. and ^=0^-988, and - = 1 ^ for O, 

and 1 + - — - for K,, we have 
7-<r 

St,= - O*-088 (l - — ^) ^sin [14°t -^-25^" x n] 

St' = -0^-988(l+— ^)gsin[15''fc-f' + r xn] (25) 

where H is the height of the semidiurnal high water. 

With sufficient approximation we may write these corrections: 



St' = - 



The computations are easily carried out, although the arithmetic is neces- 
sarily tedious. Since two places of decimals are generally sufficient for Rg 
and R', the multiplications by the sines and cosines are very easily made 
with a Traverse Table. 

The successive high and low waters follow one another on the average 
at e*" 12" ; now, 14° x 6-2 = 87°. and 15° x 6-2 = 93°. Hence, if we compute 
14°t — £. — 25^° X n for the first tide on any day, the remaining values are 
found with sufficient approximation by adding once, twice, thrice 87°; and 
similarly, in the case of 15°t— f' + l'' xn we add once, twice, thrice 93°. 

[If the diurnal tide is the predominant one, as occurs at some places, 
this method of correction would of course be insufficient.] 
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I 6. Certain Detaila in the Computation of the Tide-tahle. 

It will be well to give some explanatory details concenung the manner 
of carrying out the computations. 

The angle ^ is given by 16°'51 + 3°'44 cos S - 0°19 cos 2 S . where Q is 
the longitude of the moon's node. It is clear that A varies so slowly that 
it may be reg»ded as constant for many months, and the same is true of 
the factors f, f", f, fg, and the small angles v, f, v', 2v". Approximate 
formulEB for these quantities in terms of B were given at the end of the 
first paper in this volume, and are used in the article in the Manual 
[Paper 4]. 

To find the cube of the ratio of the sun's parallax to his mean parallax, 
the following rule is given: Subtract the mean parallax from the parallax, 
multiply the difference by 19J, read as degrees instead of seconds, look out ' 
the sine, and add 1, This rule is founded on the fact that a mean parallax 
8"'86 multiplied by I9| gives 3 x 67", and 57° is the unit angle or radian, 
whilst the sine of a small angle is equal to the angle in radians*. Similarly, 
the cube of the ratio of the moon's parallax to her mean parallax is 

1 + 3 sin [60 (parx - mean parx)] 
That is to say, for the moon : Subtract the mean parallax from the parallax, 
read as degrees instead of minutes, look out the sine, multiply by 3, and 
add 1, This rule depends on the fact that the moon's mean parallax in 
radians is ^. 

For the purpose of applying the corrections SiRm. ^^> ^«m> £■*> Ky> it 
is most convenient to compute auxiliary tables for each degree of declination 
of the moon and minute of her parallax, and then the actual corrections are 
easily applied by interpolation. 

These tables serve for the port as long as the longitude of the moon's 
node is nearly constant, or with rougher approximation for all time. 

The decUnational and parallactic corrections to high water depend on 
the moon's declination and parallax at a time anterior to high water by 
'the age.' Hence, in order to find these corrections we have to know the 
time of high water in round numbers. Each high water follows a moon's 
transit at the port approximately by the interval i. The Greenwich time 
of the moon's transit at the port is the Q.M.T, of moon's transit at 
Greenwich, less 2 minutes for each hour of E. longitude, less the E. longi- 
tude in hours. Then, if we subtract from this 'the age' and add the 
interval i, we find the G.M.T.'s at which we want the moon's declination and 
parallax. 

* [Tbe mean aolftt parallaz is aow taken, in Ibe Nautical Almitnac, u 8"-60, bat the 
rule still remftius eallioieDtly exa«t.] 
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Thus, at Port Blairl /p m rr f *• i 
the G.M.T. at which wey = C ; ° ^^\ - long. corr. for transit (0»-2) 
J J I itranBit at Gr.J * * ' 

want parx. and decl. } ^ ' 

- E. long, of port (S^^) - age of tide (32''-6) 
+ mean interval (9'''6) 
= G.M.T. of fs tr. at Gr. - 29^4. 
Thus at Greenwich, on Feb. 1st, 1885, the moon's lower transit was 
at 2*', and hence, corresponding to the lower transit at Port Blair of Feh. 1, 
we require the moon's parallax and declination at 21'' Jan. 30, G.1I1.T. The 
parallax at the nearest Greenwich noon or midnight lb sufBciently near the 
truth, and therefore we take the parallax at 0** Jan. 31, which is 60''0, and 
the excess above the mean is 3'0, and 1 + 3 sin 3° is 1157, which is the factor 
p'. Actually, however, we read off the correction S,Rm and the other correc- 
tions S,R,„, Sji, Sjf straight from the auxiliary tables. 

§ 7. On Tide-tahles Computed by the above Method. 

A great deal of arithmetical work was necessary in making trial of the 
rules devised above and in various modifications of them, and I must record 
my thanks to Mr AUniitt, who has been indefetigable in working out tide- 
tables for various ports, and in comparing them with official tables. The 
whole of the results, to which I now refer, are due to him. The following 
table exhibits the amount of agreement between a computed table and one 
obtained by the tide-predicting instrument. It must be borne in mind that 
the instrument is rigorous in principle, and makes use of far more ample 
data than are supposed to be available in our computations. The columns 
headed 'Indian tables' are taken from the official Indian tide-tables. The 
datum level, however, in those tables is 3'13 ft. helow mean water mark, 
whereas ' Indian spring low-water mark ' is 3*66 ft. below the mean. Thus, to 
convert the heights given in the Indian tables to our datum 042 ft. or 5 ins. 
have been added to all the heights in the official table. 

A tide-table was computed for Aden for a fortnight, and the results were 
found to be somewhat less satis&ctory than those in the following table. It 
must be remarked, however, that the sum of the semi-ranges of the three 
diurnal tides K,, 0, P is 2'34i0 ft. and is actually greater than the sum of the 
semi-ranges of the tides M, and Sg, which is 2266 ft. Thus, at some parts 
of some lunations the semidiurnal tide is obliterated by the diurnal tide, and 
there is only one high water and one low water in the day. In this case it is 
obvious that the approximation, by which we determine semidiurnal high 
and low water and apply a correction for the diurnal tides, becomes inapplic- 
able. In the greater part of our computed table the concordance is fairly 
good; but the tide-predicting instrument shows that ou each of the days. 
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7th and 8th February, 1885, there was only one high and low water, whereas 
our table, of courBe, gives a double tide ae usual. Again, on the 9th February 
there is an error of 68 minutes in a high water. These discrepancies are tu 
be expected, since the approximate method is here pushed beyond its duo 
limits ; and for such a port as Aden special methods of numerical approxima- 
tion would have to be devised. 

Tide-table fob Port Blair, 1885. 





TimM 


iDdian Ublea 
Times 


CkuUted 
Heights 


Indinn tebles 
Heiflhts 

ft. ill. 
7 2 


Feb. 1, H.W. 


11 %'v.m. 


h. m. 
11 4 p.m. 


ft. 
74 


Feb. 2. L.W. . 
H.W. 
L.W. 
H.W. 


5 21 a.iii. 
11 26a.QU 

5 28 p.m. 
11 39p.ui. 


5 IS a.m. 
n 31 &.m. 

5 25 i>.m. 
11 43 p.m. 


0-0 
6-6 
0-4 
71 


-0 2 
6 5 

6 11 


FtU 3, L.W. 
H.W. 
L.W. 


ft ■'X tLDl. 

3 p.m. 
6 4 p.m. 


5 66 a.m. 
9 p.m. 

6 6 p.m. 


0-2 
6-4 
0-7 


1 
6 3 

7 


feb. 4, H.W. 
L.W. 
H.W. 
L.W. 


14 a.m. 
6 31 a.m. 
40 p.m. 
6 42 p.m. 


20 a.m. 
6 33 am. 
48 p.m. 
e 44 p.m. 


6-7 
0-5 
61 
lU 


6 6 

6 
6 

1 


Feb. 5, H.W. . 
L.W. 
H.W. 
L.W. ■ . 


48A.m. 
7 5ft.m. 

1 18 p.m. 

7 20 p.m. 


S6am. 
7 am. 

1 28 p.m. 
7 25 p.m. 


61 
Ifl 

5-7 
1-7 


5 11 

10 

ft 7 

1 7 


Feb. 6, H.W. 

KW. . 

H.W. 

L.W. 


1 24 am. 

7 41 ».m. 

2 1 p-m. 

8 6 p.m. 


1 33 a.m. 

7 46 am. 

2 10 p.m. 

8 13 p.m. 


66 
1-5 

S-3 
2-2 


5 4 

1 4 
2 

2 1 


Feb. 7, H.W. 
L.W. 

H.W. . 
LW. 


2 4 a.m. 
8 S3 a.m. 
2 B3 p.m. 
8 7 p.m. 


S 13 am. 

8 26 am. 
2 57 p.m. 

9 8 p.m. 


4-9 
19 
4-9 
2-7 


4 9 

1 10 
4 10 

2 6 


Feb. 8, H.W. 

H.W. 
L.W. 


2 68 ft.m. 
9 ZOa-m. 
4 10 pm. 
10 42 p.m. 


3 Sam. 
9 24 am. 

4 14 p.m. 
10 40 p.m. 


4-4 
24 
4-7 
3-0 


4 3 
2 2 
4 7 
2 4 


«..,H.W. . 
H.W. 


4 29 a.m. 
10 46 ».m. 
6 47 p.m. 


4 40 am. 
10 67 a-m. 
6 48 p.m. 


4-0 
2-6 

4-7 


3 10 

2 6 

4 7 



In a table computed for Amherst the agreement is not quite so good as 
was to be hoped ; the error in heights amounts in two cases in fifteen days 
to nearly a foot, and in two other cases to three-quarteis of an hour in time. 
It may be remarked, however, that the tides are lai^ at Amherst, having a 
spring range of 20 ft. and a neap range of 6 ft., that the diurnal tide is con- 
siderable, and that the sum of the semi-ranges of the over-tides M„ Si (which 
D. I. 8 
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we neglect entirely) aioounts to 6 inches. It appears also that the tidal 
constants are somewhat ahnormal, for H" = j^gH, instead of H" = STg-H,, and 
further Hp = 5:5 H' instead of Hy = 5H', Under these circumstances it ia 
perhaps not surprising that the discrepancies are as great aa they are. 

Tables were also computed for Liverpool and West Hartlepool, but no 
correction was here applied for the diurnal tides. The results were compared 
with the Admiralty tide-tables for Liverpool and Sunderland, In the case 
of Liverpool there were four tides in a fortnight in which there was a dis- 
crepancy in the times amounting to 12 minutes, and four other tides in 
which there was a discrepancy of a foot, and one with a discrepancy of 
1 ft. 2 ins. It was obvious, however, that the agreement would have been 
better if the correction for the diurnal tides had been applied. The spring 
rise of tide at Liverpool is 26 ft. 

In the case of Sunderland there were in a fortnight two discrepancies 
of 15 m., two of 14 m., two of 13 m„ two of 12 m,, &c. in the times, and in 
the heights one discrepancy of 3 ins., and four of 2 ins., &c. The spring rise 
at West Hartlepool is 14 fl. 

These two tables are quite as satis^tory as could be expected considering 
the approximate nature of the methods employed. 

Finally, in order- to test the methods both of reduction and of prediction, 
Mr Allnutt took the harmonic constants derived from our analysis of a 
fortnight of hourly observation at Port Blair, from April 19 to May 2, 1880, 
and computed therefrom a tide-table for that same fortnight. He then, by 
interpolation in the observed hourly heights, determined the actual high 
waters and low waters during that period. 

The results of the comparison are exhibited in the table on next page. 

If our method had been perfect, of course, the errors should be every- 
where zero. 

It must be admitted that the ^reement is less perfect than might have 
been hoped. If, however, the- calculated and observed tide curves are 
plotted down graphically side by side, it will be seen that the errors are 
inconsiderable fractions of the whole intervals of time and heights under 
consideration. 



When we consider the extreme complication of tidal phenomena, together 
with meteorological perturbation, it is, perhaps, not reasonable to expect any 
better results from an admittedly approximate method, adapted for all ports, 
and making use of a very limited number of tidal constants. In devising 
these rules for reduction and prediction I could find no model to work from, 
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3 


o 
o 


*" 1 1 1 1 + +-f + + + +-»-+ + -f+ 1 1 1 1 1 1 1 1 I 1 


il 


^■|||||?|j||??8|???sm?2|j?? 


H 


ft. 

3-28 
3-71 
2-84 
3-31 
2-33 
274 
1-76 
2-27 
1-53 
1-71 
1-25 
1-50 
1-21 
1-37 
1-38 
148 
1-64 
1-90 
2-24 
2-43 
2-90 
2-88 
3-62 
316 
3-89 
3-23 
3-95 


o 
u 


■°i 1 1 1 1 i-i 1 1 i+ + + + + -f-H- + + + + + +l 1 1 


iJ 


4|plSppilisig|lppp||| 


II 


h. 
U-60 
23-92 
12-58 

1-13 
13-40 

1-82 
1412 

2-73 
14-77 

3-28 
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and it seems probable that advantageouB modifications may be introduced. 
I spared, however, no pains to reduce the labour of computation. Nearly 
half the work in forming a short tide-table is preparatory, and would serve 
for a systematic computation of tables for all time. 



III. An Attempt to Detectt the 19-Yeably Tide. 

If df, £ be the moon's and earth's masses ; a the earth's mean radius ; 
c the moon's mean distance ; a the obliquity of the ecliptic ; t the inclination 
of the lunar orbit ; e the eccentricity of the lunar orbit ; Q the longitude 
of the moon's node ; and X the latitude of the port of observation ; then the 
term in the equilibrium tidal theory which is independent of the moon's 
longitude (see Schedule B, iii.. Paper 1, p. 22) is 

j^ (-) £i(j — |Bin'X)(l + |e') sin i cos t sin ucosm 

[— COS a + J tan i tan w cos 2 q ] 
Since ^ tan i tan a = '00975, the second term is negligeable compared with 
the first. 

If we take 

f-STB' S-g^' a-21xlO-fee., i-5-8', ».23-28' 
the expression for this bide is, in British feet, 

- 00679 (i - 1 sin" \) cos a 
Thus, at the poles this tide gives an oscillation of sea-level of 0695 of an 
inch, or a total range of 1{ of an inch, and at the equator it is half as great. 

In the Mdcanique CMeste Laplace argues that all the tides of long 
period (such as the fortnightly tide) must conform nearly to the equilibrium 
law. I shall adduce arguments elsewhere* which seem to invalidate his 
conclusion, and to show that in these tides inertia still plays the principal 
part, so that the oscillations must take place nearly as though the sea were a 
frictionless fluid. 

With a tide, however, of as long a period as nineteen years Laplace's 
argument must hold good, and hence the equilibrium tide of which the 
above is the expression must represent an actual oscillation of sea-level, 
provided that the earth is absolutely rigid. The actual observation of the 
19-yearly tide would therefore be a result of the greatest interest for deter- 
mining the elasticity of the earth's mass. 

* Bee F»per 11 below " On the Tides of hong Feriod." 
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A reduction of the observed tides of long period at a number of ports 
was carried out in Thomson and Tait's Natural Philosophy, Part II., 1883 
[Paper 9 below], in the belief in the soundness of Laplace's argument with 
regard to those tides, and the conclusion was drawn that the earth must have 
an effective rigidity about as great as that of steel. The failure of Laplace's 
ai^iment, however, condemns this conclusion, and precludes ns from making 
any numerical conclusions with regard to the rigidity of the earth's mass, 
excepting by means of the 19-yearly tide. The results given in the 
Natural Philosophy merely remain, then, as generally confirmatory of 
Thomson's conclusion as to the great effective rigidity of the earth's mass. 

There are but few ports for which a sufficient mass of accurate tidal 
observations are accumulated to make the detection of the 19-yearly tide 
a possibility. 

Major Baird has, however, kindly supplied me with the values of the 
mean sea-level at Karachi for fifteen years. They are plotted out in the 
figure on the preceding page. The horizontal line represents the mean 
sea-level for the period from 1869-1883, and the sinuous curve gives the 
variations of mean sea-level during that period. The dotted sinuous curve 
gives the annual variations for a portion of the same period for Bombay- 
The full-line sweeping curve has ordinates proportional to — cos u, &nd shows 
the kind of curve which we ought to find if the alternations of sea-level were 
due to the 19-yearIy tide. 

It is obvious at a glance that the oscillations of sea-level are not due to 
astronomical causes. 

At Karachi (lat. 24" 47') the 19-yearly tide is 
-0*-0138co8 a 

The figure shows that the actual change of sea-level between 1870 and 
1873 was nearly 0*25 feet, and this is just about nine times the range of 
the 19-yearly tide, viz., 0028 feet. 

It is thus obvious that this tide must be entirely masked by changes 
of sea-level arising from meteorological causes. 

It seems unlikely that what is true of Karachi and Bombay is untrue 
at other ports, and therefore we must regard it as extremely improbable that 
the 19-yearly tide will ever be detected. 
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A GENERAL ARTICLE ON THE TIDES. 
[Article 'Tides,' Admiralty Sdeniific Manual (1886), pp. 63 — 91.] 

I. Introduction. 

The object of the present article is to show how the best use may be 
made, for scientific purposes, of a short visit to any port;. 

We refer to the article " Hydrography " [Admiralty Scientific Manuall 
for an account of the method of observing the tides, and shall here aseume 
that the height of the water above some zero mark may be measured, in feet 
and decimals of a foot, at aoy time, and that the zero of the tide gauge may 
be referred by ievelling to a bench-mark ashore. 

Something of the law of the tide might be discovered from hourly or 
half-hourly observations even through a single day and night, but to discover 
the law at all adequately it is necessary that the observations should embrace 
at least one spring tide and one neap tide. For the full use of the methods 
given below, the observations should be taken each hour for 360 hours, or 
720 hours. A longer series must be regarded as a new set of observations, 
and the means must be taken of the results of the several sets. 

It has been usual to recommend observations of the times and heights of 
high and low water, but hourly observations are far preferable, the hours 
being reckoned according to mean time of the port. 

We shall, however, begin by a sketch of the treatment of observations of 
high and low water, and shall then give more detailed instructions for hourly 
observations and the formation of a tide table. 

The height of the water is subject to considerable perturbation from the 
weather, and the most perfect tide table is one which gives the height of the 
water, when abstraction is made of the disturbing causes. Such a table can 
only be made from observations of such extent as to eliminate irregularities 
by averages. 
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No general rule can be given for wind disturbance, but it is often con- 
siderable in bays and estuaries. The water stands higher with low, and lower 
with high, barometer ; the amount of the eflfect appears to be very uncertain, 
the estimates varying from 7 inches to 20 inches rise of water for an inch fidl 
of the mercury. It appears probable that the rule differs in different ports, 
and even in the same port with different winds. To mahe the most, however, 
of a short series of observations, it might perhaps be best to reduce each 
hourly tide height to a standard height of barometer at the rate of a foot of 
water to an inch of mercury, before undertaking the tidal reductions. 

In order to discover the general run of the tide in any part of the world, 
observations should be taken at several stations separated by 50 to 100 miles; 
and this is the more important if some of the stations have to be chosen in 
estuaries, since the tide wave takes a considerable time to nin up from the 
open sea ajid changes its form in doing so. 

In estuaries and rivers it is important not to confuse flood and ebb with 
high and low water, for the water often still runs up-stream for long ntber 
the tide has turned and when the water-level is falling ; and the converse is 
true of ebb and low water. We refer to " Hydrography " for remarks on tidal 
currents and streams. 



II. Tidal Observations of Hmh and Low Water*. 

The immediate object is to connect the times and heights of high and 
low water (H.W. and L.W.) with the time of the moon's transit. About high 
and low tide the water oflen rises and falls irregularly, and the critical 
moment cannot be found from a single observation. Observations are, there- 
fore, to be taken every 5 or 10 minutes for half-an-hour or an hour about 
H.W. and L.W. The time and height of H.W. or LW. are then to be found 
by graphical interpolation, i.e., take a straight line to represent time, and at 
the points corresponding to the observations erect perpendiculars or ordinates 
corresponding to the observed heights, draw a sweeping curve nearly through 
the tops of the ordinates, so as to obliterate minor irregularities and measure 
the height of the maximum or minimum ordinate, and note its incidence in 
the time scalef. 

Dr Whewell recommends that the observation should begin with half- 
hourly observations during 24 hours, for if there should be found to be 
double H.W. or L.W,, or only a single tide in the 24 hours, this method will 
&il ; he also advises that tidal observations be referred to the moon's transit 

* Fonitded on Dr Wbevell'i artiole in ft former edition of the ddniralty SeiaUiJie Manual. 
^ A similar bat leas elaborate process would render hoarl; obserTatioDS more perlect. The 
leadiDgs might be everj 2^ miDutes, from fire miDutes before to five nuantes after (be hour. 
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during their course, in order to detect irregularities in " the interval " from 
transit to H.W,, which might cause the observations to prove useless. 

The object of the observations is to find " the establishment," or time of 
hi^ water, on days of full and change of moon, the heights of tide at spring 
and neap, and " the fortnightly or semi-mensual iiregularity " in the time 
and height. The reference of the tide to the " establishment " is not, how- 
ever, scientifically desirable, and it is better to determine the mean or 
corrected establishment, being the average interval from moon's transit to 
H.W. at spring tide, and " the ^e of the tide," being the average interval 
from full and change to spring tide. For these purposes the observations 
are conveniently treated graphically*. 

An equally divided horizontal scale is taken to represent the 12 hours of 
the clock of civil time, regulated to the time of the port — or more accurately 
arranged always to show apparent time by being bst or slow by the equation 
of time ; this time scale represents the time of the clock of the moon's transit, 
either upper or lower. The scale is perhaps most conveniently arranged in 
the order V, VI, ..., XII, I, ..., IIII. Then each "interval" of time from 
transit to H.W. is set off as an ordinate above the corresponding time-of- 
clock of moon's transit. A sweeping curve is then drawn so as to pass nearly 
through the tope of the ordinates, cutting off minor irregularities. Next 
along the same ordinates are set off lengths corresponding to the height of 
water at each H.W. 

A second similar figure may also be made for the interval and height 
at LW. 

In the curve of H.W, intervals the ordinate corresponding to XII is the 
vulgar "establishment," since it gives the time of H.W. at full and change of 
moon. That ordinate of H.W. intervals which is coincident with the greatest 
ordinate of H.W. heights gives the " mean establishment"^." 

Since the moon's transit falls about 50 minutes later on each day, in 
setting off a fortnight's observation there will be about five days for every 
four hours- of-clock of moon's upper transit. Hence in these figures we may 
regard each division of the time scale I to II, II to III, &C. as representing 
25 hours instead of one hour. Then the distance from the maximum ordinate 
of H.W. heights to XII, each division being estimated as 25 hours, is called 
" the age of the tide." 

From these two figures the times and heights of H.W. and L.W, may in 
general be predicted with fair approximation ; we find the time-of-clock of 
moon's upper or lower transit on the day, correct by the equation of time, 

* For numerical (raBtment, see Dlrationt for Ttdueittg Tidal Obtervaliom. Bf BtafI Com- 
tMDder John Bnrdwood, B.N. Londoo, 1876. J. D. Potter. Price 6d. 

i 8m Section IT. for the DDmerieal compntAtion ol meftD from yul|;ar establishment. 
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read oflf the corresponding heights of H,W. and L.W. from the figures ; and 
the intervals to H.W. and L.W. being also read off are added to the time of 
moon's transit, and give the times of H.W. and L.W. 

We shall show below how a tide table may be otherwise computed from 
establishment and spring rise and neap rise. 

At all ports, however, there is an irregularity of intervals and heights 
between successive tides, and in consequence of this our curves will present 
more or less of a zig-zag appearance. Where the zig-zag is perceptible to the 
eye, the curves must be smoothed by drawing them so as to bisect the 
zig-zags, because these "diumal inequalities" will not present themselves 
similarly in the future. When, as in many equatorial ports, the diumal tides 
are large, this method of tidal prediction fails, but we shall show below how 
the observations may then be treated scientifically. 



in. Insteuctions fob the Reduction of Hourly Tidal 
Observations, with an Example. 
We now suppose that the observations of the tides are taken at each hour. 
If the observations are only taken every two hours, or if there are gaps in the 
series, the hourly numbers must be filled in as indicated below. 

All the measurements should be positive, and if the zero of the tide gauge 
has been fixed too high it will be well to refer the measurement to an ideal 
zero 10 feet lower. The following instructions for reduction should be read 
along with the example. 

Computation Forms. 
Mark three large sheets of paper with the letters M, 0, S ; divide them 
into squares, with 24 columns; head the columns, 0^ l^ 2'".. .23" for the 
several hours. On the left margin write the numbers of the days, 0*, l^ 2^, 
&c. Each square may be specified by its day and hour. 

M Sheet. 
Place dots in the squares of each row, as follows : 0^, 14" ; l**, 18" ; 2*, 
23"; S^, none; 4^ 3"; 5* 8"; 6^ 12"; 7^ 17"; 8^ 21"; 9^, none; 10*, 2"; 
lld_ 7"; 12*, 11"; 13^, 16"; (13* is the last row required for a fortnight's 
observation); 14*, 20"; 16*, none; 16* 1"; 17*, 5"; 18* 10"; 19*, 14"; 20*, 
19"; 21* 23"; 22* none; 23*, 4"; 24* 8"; 25* 13"; 26*, 17"; 27* 22". (27* 
is the last row required for a month's observation.) 

Sheet. 
Place dots in the following squares : 0*, 6" and 19" ; 1*, 8" and 22" ; 2*, 
11" 8*. 0" and 13" ; 4* 2" and 16" ; 5* 5" and 18" ; 6*, 7" and 20" ; 7* 10" 



Digitized by L.tOO'JIC 



1886] INSTRUCTIONS FOB HARMONIC ANALYSIS. 128 

and 23*; 8^ 12^ 9*, 1" and 14*; 10*. 4* and 17"; ll^ 6" and 19^; 12*, 8" 
and 22'' (12* is the last row required for a fortnight's obeervation) ; 13*, ll* ; 
14*. 0* and 13" ; 15*, 2" and 15" ; 16", 5" and 18" ; 17*, 7" and 20" ; 18*. 9" 
and 23" ; 19*, 12" ; 20*, 1" and 14" ; 21*, 3" and 17" ; 22*, 6" and 19" ; 23*, 8" 
and 21"; 24*, 11". (24* is the last row required for a month's observation.) 

S Sheet. 

There are no dots. For a fortnight's observation, let row 13* be the last; 
then leave three rows blank, and add another row numbered 14*. 

For A month's observation, let row 26* be the last ; then leave three rows 
blank, and add three more rows numbered 27*, 28* 29*. 

The shorter series (13* or 26*) is for diurnal tides, the longer (14* or 29*) 
for Bemi-diumal tidea 

ErUry in S. 

The first hourly observation is supposed to be at noon or 0*, 0" ; enter it 
in that square ; enter the second in 0*. 1" ; the third in 0*, 2", and bo on. 

The 0"'8 of the rows are the noons of each day ; write the day of the 
month opposite each row. 

If any hourly observations are wanting or obviously vitiated through 
accident or weather, fill in the blanks thus. Consider a column in which a 
blank occure ; take a number of equidistant points along a line, and let each 
point correspond to one of the days before and after the blank ; then draw 
lines perpendicular to the first line proportional to the height of water on 
each of the days. Draw a sweeping curve through the extremities of the 
lines, and measure off the height of the curve where it passes above the 
blank. The resulting number is to be used for filling in the blank. 

If the observations at night are taken at rarer intervals, say every two or 
three hours, the same process of filling in blanks must be employed, by con- 
sidering the hourly observations before and after the blank. 

Every deficiency of data of course weakens the strength of the result. 

The entry of observations is to stop as indicated in the instructions for 
forming the S sheet. 

EiUry in M, 
Copy the numbers on the S sheet ; begin entering as in S, but when a 
dot is reached, enter two successive hourly values, the first above, the second 
below; then continue copying from S (the entries falling of course in a 
different hour column) until a second dot is reached, where again make a 
double entry ; and so on. 
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The entries atop as indicated in the instructions for forming the M sheet. 
For a fortnight's observation the last entry (which is in square 13* 23") is 

that which is copied from square 14* 11" of S. 

For a month's observation the last entry (which is in square 27^ 23'') is 

that which is copied from square 28* 23" of S. 

Entry in O. 

Follow the same rules for entry as in M. 

For a fortnight's observation the last entry (which is in square 12* 23'') is 
that which is copied from square 13* 23" of S. 

For a month's observation the last entry (which is in square 24* 23") is 
that which is copied from square 26* 20" of S. 

Rules of reduction on all three Slie^. 
Add up the numbers in each column (in S there will be two sums, one 
without rows 14* or 27*, 28*, 29*, as the case may be, and the other with 
those additional rows). Divide the sum in each column by the number of 
entries of which it is the sum. In S the divisors for each of the two sets of 
Bums are all the same, since there are not duplicate entries. 

The results are 24 hourly mean values, and there are four of them, viz. 
two from S, one from M, one from O. 

The set from M, and the second set (longer series) on S are to be har- 
monically analysed for semi-diurnal inequaUty ; the first set (shorter series) 
on S, and the set from O are to be harmonically analysed for diurnal 
inequality. 

Thus where it is known that the diurnal tides are small, the sheet and 
the shorter series on S may he omitted for rough results. 

The height of mean water with reference to the zero of the tide gauge 
has also to be determined from the second set on S. 

Harmonic Anali/»ia. 
If we have any quantity which is variable during the day and night, snch 
as temperature or the height of the barometer, it is often desirable to express 
it by the formula 

Ah, + A, cos 5 + B, sin (9 + A, cos 2^ + B» sin 25 + A, cos 35 + B, sin 3^ 

+ A.cos45+Bi8in4d 
where d is an angle which increases at the rate of 15° per hour, and is zero 
at nooD. 
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If we put 

lMif, = J, tanf,= ^', tan^r,= ^^ tan& = -^* 

and R, = A, 8ec^i = B,<»>sec^,, R, = A, aec j|^ = B, cosec ^t 

and so OD, the formula may be written 

A,+ R,coe(fl-£) + EiC08(2(9-£;) + B.co9(3^-&) + B.coB(4d-f,) 

The term in B, is diurnal, that in R, semi-diurnal, that in R, ter-diumal, 
that in B4 quater-dtumal ; that is to say, they go through their changes once, 
twice, thrice, and four times a day. 

The term Ag gives the mean value for the day. 

The A'b and B'b are the numbers which are derived from harmonic 
analysis, as explained below. 

The same process is applicable to the tides, but with the difference that 
there are several kinds of days, viz. : — first, the ordinary or mean solar or 
S day ; second, the moan lumo' or M day ; and a third kind — the day — for 
which there is no name. 

Thus in application to the tides there are to be four harmonic analyses, 
two performed on the means on the S sheet, one on the means on the 
M sheet, and one on the means on the O sheet. The matter is simplified, 
however, by the &ct that from the first means on S we only want A, , Bi ; 
from the second means on S we only want A,, B., and A,; from the means 
on M we only want A^, Bj; and &om the means on O we only want 
A„ B,. 

The following schedule gives Genera) [Sir Richard] Strachey's rules for 
harmonic analysis. Columns I. and II. contain the 24 hourly values to be 
analysed, and the headings to each successive column give the rules for its 
derivation fi-om the preceding ones. 

If we only want A,, B, the columns I. to VIII, inclusive are required ; if 
we only want A„ B, the columns I., II,, and IX, to XIV. inclusive are required, 
and for Aj we require also column XV. 

A comparison of this complete schedule with the numerical example 
below will render the process intelligible. 
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General Rule for the Determination of f and R from A and B. 

If A is + and B is +, f is less than 90°, or in Isb cjuadraat. 

If A is - and B is +, f lies between 90° and 180°, in 2nd quadrant. 

If A is - and B ie -, flies between 180° and 2Y0°, in 3rd quadrant. 

If A is + and B is — , f lies between 270° and 360°, in 4th quadrant. 

If tanff is numerically less than 1, compute from B = Asec jf; if greater 
than 1, compute from R = Bco8ecf. 

In certain cases mentioned below, we shall have also to augment the 
result R by a factor which is nearly equal to unity, as there explained. 

Oeneral Mule as to Angles. 

All angles are to be written as positive angles less than 360° ; if an angle 
is greater than 360°, subtract 360°. 

Certain small angles, however, determined below are to be estimated as 
either positive or negative (e.g., 355° will in this case be written as — 5°), and 
do not fall under this rule. The occurrence of the exception will always be 
noted at the time. 

It will often be convenient to write angles in degrees and decimals of 
a degree. 

Harmonic anaiym of M. 
Analyse the hourly means fur A,, B,. 

Find {^ from tan $*« = v~ . 

Find Rm from !!,» = A^sec fm x I'OllS or Bjcoseci^n x 10115, according 
as tan 1;^ is numerically less or greater than 1, 
N.B. Log 10115 =0050. 

Harmonic analysts of S. 
Analyse the second hourly means (the longer series) for A,, B,, and for A,. 

Find ^ from tanS, = ^. 

Find R, from B, = A,secgior B^cosecf,, according as tan {i is numerically 
less or greater than 1. 

Analyse the first hourly means (the shorter series) for A„ B,. 



Find B' from R'= A, sec f , or B, cosec ?', according as tan f is numerically 
less or greater than 1. 
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Harmonic analysis of O. 
Analyse tho hourly means for A,, B,, 

Find £■„ from tan fo = * ' . 

Find B„ from R„ = A, sec £;, x 10029 or Bi cosec f^ x 10029, according aa 
tan fo is numerically less or greater than 1. 

N.B. Log 1-0029 =0013. 



Angles and Factors for Reduction. 

N.A. stands for Naittical Alvtanac. 

Call local mean noon of day of the series of observations to be reduced, 
or of the tide table to be computed the Epoch. N.A., p. 1 : Find Q the 
mean longitude of the ascending node of Ji's orbit at epoch. Find sin 8, 
cos 8 , sin 2 Q , cos 2 B , and compute the following small angles (+ when a lies 
between 0° and 180", — when a lies between 180° and 360°), and numerical 
&ctors 

( v = 12''-9 sin a - 1''3 sin 2 a 
Angles to be determined J f = H^'S sin a - 1°-3 sin 2 a 



1.' 


- 8'-9sina 


-0--7 


Bin2a 




V' 


= 17"'7 .in a 


-0'-7 


siD2a 




('■ 


. 1 - -037 


coea 






r- 


= l-0O6 + -115 


cosa- 


--009oos2a 


]r. 


.1-024 +286 


CO8a + -008cos 


i2a 


k- 


.1-009 + -187 


cose- 


- -015 CO. 


|28 



In the N.A. find the O'b parx. at the middle of the fortnight or month of 
observation, subtract from it the O's mean parx. {see Pre&ce to N.A.). 
Multiply the result by 19J, and considering the product as degrees, look out 
the sine of the angle and add 1, the result is p^ ; e.g., if ©'s parx. be 8""85, 
and if the mean parx. be 8"-95*, we get 

diff. - 0"-10, and - 19* x 10 = - r-93 = - r 56' 

8in(-l''5U') = --034, v>, = 1 - 034 = -966 

This is a short way of finding the cube of the ratio of ©'a parx. to 
©'s mean parx. 

■ [The sun'B mean parallBi ia now taken as e"-bO, but the rnle remuus BuQioiently eisct.] 
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1886] iNSTBUcnoNs fob harmonic analysis. 129 

Arguments at Ejyock. 

From N.A., find 5, the moon's mean longitude at epoch. From N.A. 
find ©, the sun's mean longitude at epoch, by converting sidereal time to 
angle at 15° per hour. The diunml increase of J = 13° 11'. The corrections 
for longitude of port are subtracted for E. long, and added for W. long. The 
correction to J is 0°'549 for each hour of longitude, and 0°'041 to © for 
each hour of longitude. 

Find -2(5-f), Q-v, 2(©-i'), ©-i-', and compute the following 
"arguments at epoch," 
7=2(®-K)-2(j-f); K' = ©-i/'+2rO°; r, = © -i/-2(j) - f) + 90'' 

Find a mean value for © for the period under reduction, by adding to 
© seven days' motion for a fortnight's observation, or 15 days' motion for 
a month's observation. The motion for a day may be taken as 1°, and thus 
we add 7° or 15° ; with this mean © compute, 2© — v; V" »= 2© — 2v". 



Final Reduction. 
Principal Luitar Tide called Mj. 
Let mean semi-range ~ H„, and constant angle of retardation or lag = i 
The angle of retardation is hereafter called the lag. 
Then from M sheet take R,,. fm, and compute 

Principal Solar Tide called Sj, and Lunisolar Semi-diurnal Tide 
called K,«. 

For S}, let mean semi-range ~ H, , lag = x^. 
For K,, let mean semi-range = H", lag = «". 
Find ^, as a positive or negative angle, for a fortnight, from 

'^^= 3-71p,-hf'cosl^" 
Then fixim S sheet take R,, ^, and compute 

For a month replace the 3-71 in these formube by 384. 
* [An onor in the Manual has been oorreoted.] 
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so IXSTRUCTIONS FOR HABMONIC ANALTSIS. [ 

Lunisolar Diurnal Tide called K,, and Solar Diurnal Tide called P*. 

For Kj, let mean semi-range = H', lag=K'. 

For F, let mean semi-rango = Hp, lag = Kp. 

Find ^, as a positive or negative ai^Ie, from 

, , sin (20-1.') 

*^"* = 3r-"cos(2©-V') 

Then from S sheet take R', ^', and for a fortnight compute 
For a month replace 3-007 by 3027 and e'-d by 13°-3. 



Lunar Diurnal Tide called 0. 
For O, let mean semi-range = Hb , lag = ko . 
Then from O sheet take Eg, ^o, and compute 

H. = ^, «. = 5,+ V. 

For rough results all the diurnal tides may be omitted, unless the diurnal 
inequality is known to be large. 



Collect Resvlte. 

These constants express six of the most important tides, and Ag gives the 
height of mean water mark from the zero of the tide gauge. 

* [An enor in the Manaai haa been oorreoted.) 
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EXAMPLE OF REDUCTION. 
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EXAMPLE OF REDUCTION. 
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EXAMPLE OF REDUCTION. 
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EXAMPLE OF REDUCTION. 



Port Blair, Andaman Islands; lat. 11° 41' N., long. 92° 45' E. 

Observation commences at epoch, O"" mean time, April 19, 1880. Long. 
92° 45' E. = e'-lSS R 



N.A.p. 1 R=280°; 



sin a = - '986 ; sin 2 a = - 
COS a = + "174; cos2s = - 



Angles. 



Factors. 



V = 12°-9 sin a - l''-3 sin 2 a = - 12''-26 

f=ii'''8siTi a -i-'asinas =-ir-i8 

v = 8°-9 sin a - 0°-7 sin 2 8 = - 8'''46 
2p" = IT"? sin a - 0°-7 sin 2 a - - IT-M 



f= 1-000 -037 cos a =-994 
f- 1006 +115 cos a -009 008 28 =1-035 
r = 1-024 + -286 cos a + -008 coa 2a = 1066 
f„ = 1-009 + -187 cos a - 015 cos 2 a = 1-056 
The mean value of ©'s parx. for the fortnight commencing April 19 is 
©'s parx. OD April 25 = 8"-89 (N.A. 1880); mean parx. from Prefiice to 
N.A. = 8"-95 ; difference - - 0"-06 ; multiply by 19i = - 1"-16 ; change " to ' 
= -r 10'; sin (-l°10') = --020;p, = 1-020 = -980. 

Argummta at Epoch. 

J'a daily motion 13° 11'; hourly 0°-56 ; Jt's motion in 6''-18 =3°-40 
©'s hourly motion 0°O41 ; ©'s motion in 6*'-18 = 0°-25 
N.A. (Moon's Libration) — 

0^ a.M.T. Ap. 20 J = 159° 27' 
- one day's motion = — 13° 11' 
0^ G.M.T. Ap. 19 J = 146° 16' 
■27 
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EXAMPLE OF REDUCTION, 



»ie O" a.M.T. Ap, 19 - 


1«51"S1' 


0- 27°-7 


= 


l''51"-85 


- 1/ - 8-5 


= 


I'-se* 


270" - 270 


i aidi time = 
O 0» G.M.T. Ap. 19 - 


932 

27°-96 


Sum r'.3oe--2 


- 6*^18 E. long. = - 


■25 




0- 


27"-71 


e-v- 39"-97 


-!-= + 


12 -26 


-2(>-f)- 61-90 
+ 90'- 90 

Sum F. - lSl°-87 


2(0-..) = 


39-97 
79-94 


-2()-f). 


51 -90 





Sum V= 131 "-84 
Compute 2© — v' and V" with mean values of ®. The reduction ia to 
cover a fortnight, and therefore a week later than April 19 is the middle of 
the period, and © hae increased by seven days' motion or 7°, 

April 19, © = 28° 2© = 70"^ 2© = 70° 

a week's increase =7" - n' = + 8^ - 2v" = IV 

mean © ="35° 2Q-v'= 78° Sum V" = 87° 

Reductions, 
M,, Principal Lunar Semi-diurtud. 
From harmon, anal. f„ = 147°93 
+ V=1 31 82 
Sum «„ - 280° 

K,, Lanitolar Semi-diurnal, and S, Principal Solar Semi-diurnal. 

r = 1-066; p, = -980; K, = -731; f.= 297°-9; F"=-87° 

3-71 COS ^ 



Compute — 



"• 3np,+r«xV'"- 

logr- -0278 

log cos V" =. 8-7188 

log t"oo« V - 8-7466 


roo«("'.+ 
3-71y,- + 
3-71y, + f"cosF"- 
log3 692- 


0-056 
3-63C 
3-692 
-5673 



Digitized by L.tOO'JIC 



Bo EXAMPLE OF BEDUCTION. 

lQgf"« 0278 log COS +-9-9827 

log lin F" - 9-9994 log 3-71. -5894 

colog 3-692 - 9-4327 log R,- 9-8639 

— - colog 3-692 - 9-4327 

log tan + = 9-4599 

sin V" is +. therefore + is +, and log H, = 9-8487 

V---He'5' = -H6°-1 H,- -706 

f,. 297-9 H"-^---192 
Sum K, = 314^ =k" 



K,, Lwiisolar Diurnal, and P Solar Diitnial. 

2©-i.'.78°; cos (20 -»') = + -208; sin (20 ->•') = + 978 
r- 1-035; K'--4«8; f'.2"-2; r'-30«--2 
3-007cos» 
3f-oo.(20-»') 

Compute— 3r = 3-105 

-cos(20-»')-- j208 
3f'-cos(20-i/)= 2897 
. . sin (20-1.') -978 

^"*- 3f-co,(20-/) -^f81)7--^-^'"' 
^i8+.and^ = + 18°40'= 18°7 
r = 306-2 
{' - 2-2 
6°-9 - 6-9 
Sum «' = 334° = K, 
log cos = 9-9766 
log 3-007- -4781 
colog 2-897 - 9-5381 
log K'- 9-6702 

log H' - 9-6629 

H'- -460 ; H,-4H' = -153 

O, Lunar Diurnal. 
r.-18r-9i (.-1-056; R,--146; f..ll6°-8 
Compute — 

V, - 181 ••9 

H -??_Jlf?_.iQR 

Sum«,.299" • f. 1-056""° 
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1886] EXAMPLE OF REDUCTION. 1 

Results of Harmonic Analysis of 15 days' hourly observations 
at Port Blair, commeDcing 0^, April 19, 1880. 

Mean of Three Teus' 
Hoorl; Obaemtion. 

Ao = 4-74 ft 4-740 ft. 

„ fH„=2-19ft 2-022 ft. 



o jH. =0-71 ft 0-968 ft. 

^[k. =314° 316° 

[H" = 019 ft 0-282 ft. 

'V' =314° 311° 

„ fH' = 0-46 ft 0-397 ft. 

' \k' = 334° 327° 

pfHp=0-15ft 0134 ft. 

(«p =334° 326° 

„ (H„=014ft 0160 ft. 

\ko =299" 302° 

The second column is inserted for the sake of comparison, and gives the 
results of three years of continuous hourly observation by the Tidal Depart- 
ment of the Survey of India. The cont^rdance between the two afibrdB 
evidence of the utility of even so short a series of observations as a fortnight. 



IV. The Constants to be used m computing 
A Tide Table. 

The possibility of computing a tide table depends on the knowledge of 
certain tidal constants appropriate to the port. In the preceding example 
we bave shown how these constants are derivable from a short series of 
observations. The constants are there presented in what is called the 
harmonic method, and an example is worked nut below for* Port Blair, with 
such constants aa have been derived above &om a fortnight of observation. 
The values used, however, are taken from the extended series of observations 
made by the Indian Survey*. 

The harmonic notation is, however, rather recent, and is not adopted 
in the tide tables of the Admiralty. We must, therefore, show how the 
principal constants of the harmonic method are derivable from the other 

* The ineompletenefli of the datk, with whioh ne are Bnpponed to be working, nsoesBitatea 
the me of oertain approximations whioh woold not have been useJ if " the elliptie tides " had 
been endoated. 
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140 TIDAL CONSTANTS FOB TIDE-TABLE. [4 

notation, and thus the present method of computation will be made available, 
wherever anything is known of the tides. 

In the Admiralty tide tables the tides are specified by giving the time 
of high water at full and change of moon, and the rise at spring and neap. 
The semidiurnal constants of the harmonic method are derivable from these 
very easily. Spring rise is the average height between low and high water 
marks at spring tide ; neap rise the average height between high water-mark 
at neap tide and low water-mark at spring tide ; neap range is the average 
height between high and low water marks at neap tide. The average should 
be taken from a great many springs and neaps. 

Then Hn, -I- H, = J spring rise 

H„ — H, = ^ neap range 
Hm = ^ neap rise 

If a the age of the tide be known, it may be expreaaed in hours. Then 
reading the hoars as degrees a may be treated as an angle ; and if i) be the 
ratio of the neap rise to the excess of spring rise above neap rise, we have 

If r be the time of H.W. at full and change expressed in hours. 

Km (in degrees) = 29°Z' - tan~' c; , and «• = «„ + o 

If the age be unknown, we may take a as 36°, and 

tan~' 

For example, at Dungeness, Straits of M^ellan (Adm. Tide Table) H.W. 
at full and change is 8h. 30m. = 8'''5; spring rise is 36 ft. to 44 ft., or say, 
40 ft., neap rise is 30 ft 

Hence H„ + H, = 20; H„=X5; therefore H, = 5, and i)=^ =3. 

tit 

The age of the tide being unknown, we assume 36 h. as a likely value, 

so that a = 36°, and 

Again multiplying the time of H.W. at full and change by 29", we have 
8-5 X 29° = 247°, so that «„ = 247" - 8° = 239°, and k, = 239° -I- 36° = 275°. 

The diurnal inequality is complex, and it seems unnecessary to enter into 
details excepting in the harmonic notation. 

Where it is stated that the tides are " affected by diurnal inequality," 
it is not possible to predict the tides from the information contained in the 
so-called tide table. 



sma 
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1886] COHPCTATION OF A TIDE-TABLE. 141 

A tide table is first computed with reference to mean water-miu'k, but it 
is usual in navigational works to refer to " the mean level of low water of 
ordinaiy spring tides." The datum level may be taken as H^ + H, + H' + Hj 
below mean water-mark, and hence to refer to the datum level we must add 
B„-\-M, + B' + U, to both H.W. and L.W. heights. 

This datum has been defined for the finit time in the prefaces to the 
Indian Tide Tables for 1887, and is called " Indian spring low-water mark." 
It has been chosen so as to agree as a general rule with " Low water of 
ordinary spring tides." Accurate agreement was out of the question, since 
the Admiralty datum does not appear susceptible of an exact scientific 
definition. 

In many estuaries and rivers the water rises much more rapidly than 
it falls, and we sometimes find a double H.W. To take account of these 
phenomena we should have to include, according to the schedule for Harmonic 
Analysis, the terms A*, B*. both from the M sheet and S sheet. It is not 
possible, without devoting too much space to the subject, to show how these 
"over-tides" are to be included in the computation of the table. It is proper 
to remark that in such an estuary either the H.W. or L.W., as computed by 
the method below, may be found considerably in error. 



V. The Computation of a Tide Table, 

The method of computation will be explained most easily by an actual 
numerical example*. The computation is divided into & number of sections 
and schedules, each line of each schedule is independent of all the others, 
and thus a single tide may be computed as easily as a complete table. The* 
numerical value of any quantity required in the computation of any column 
of a schedule is written at the top of the column, but outside the boundary 
line of the schedule. In several cases explanatory headings are also put 
outside the boundary line, but the process of derivation of each column from 
what goes before is accurately stated inside the boundary line. It will be 
stated below in § VI. how the computations may be abridged where accuracy 
is not desired. 



Tide Table for Port Blair E. long. 6''183, commencii 


Tidal Constanta serving as basis of table — 




H„. 20221 H,- 0-9681 
«, - 278" 1 «. - 315° ) 


H"-0 282) 
«"-310») 


H' = 0-3971 H,- 0-134) 
«' = 327" I „, - 326" ) 


H.. 0-160) 
«-.-302-} 



' The rMioDinit on which the foUoiciag prooeaiieB Kce based is given in a report U 
Aasooiktion, 1S86. [The preoeding paper in this volume ] 
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142 COMPUTATION OF A TIDE-TABLE. [4 

A. CompataHon of Conatantt for a Fortaigkt, commencing Feb. I, 1885. 
N.A. a = 187°; sin a = --122; sin 2a = + -24 
cob8 = --993; co82a = +-97 
Compute from the formula 

A = 16°-51 +3'^-44co8a-0''19eo8 2a 
Therefore 

A = le'-Sl - S^-iie -0''184 = 12''-91 ; 2A = 25°-82 = 25° 49' 
log COS 2A = 99543 
By the fbrmulse in reduction § III. with above value of a > we find 
i.= -l°-89; f = -r-75; f=1037; r=-882; £, = -807 
i'' = -l°-22 
Find mean value of ©'3 parx. and decl. for a fortnight, beginning Feb. 1. 
Parx. on Feb. 10 is (N.A.) 8"-96; mean parx. (Pref N.A.) 8"-85; 
difiF. + 0"ll; multiply by 19J, and read as degrees = +2°I3 = 2° 8'; 
sin 2° 8' =037; j), = 1-037. 
Decl. on Feb. 8 :— 
8,= 14' 50'; 2S, = 29'^40'; cos'«, = i(l + coa 26,) = i x 1-8689 = '935 

1 086^,008' a, = 970; H, = 0-968; 1086p,coa'S,H, = l'^-020 = S 
Note that the 1086 which occurs here is an absolute constant for all 
times and places. 

Compute " age of declinatioual inequality " as below ; — 

* Age ' = 52'-2 tan («"-«„), and k"-«„ = 310°-278' = 32° 
Therefore ' Age ' = 52''-2 tan 32° = 32''-6 

The 52'''2 which occurs here is an absolute constant for all ports. 
With constants, absolute for all ports, C,, G^ (whose logarithms are given 
below) compute a = 0,H" cos («"—«„); A = aco62A; /9 = C,=j- sin («"-««); 
B 3 ^ cos 2A, as follows : — 

logC,= -6344 

log cos («" - jt„) = 9-9284 

log H" = 9-4502 

logfl- -0130 
log cos 2A = 9-9543 
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COMPUTATION OP A TIDE-TABLE. 



CompuiaiioH of Angles determining the Position of © and ^ at (f' Feb, 1, 
1886, PoH Blair M.T. 



N.A. (Moon's Libration)* — 



) Jan. 31 . 138°fi 


E. long. 6''-18 


1 day's motion = +13-2 


Honriy i„.j 




crease of )) 


J Feb. 1 - 161-8 




Oorf for E. long. 3-4 


Corr" tor E. long. - 3'-399 


> - 148-4 




-f- +V8 




J - f - 150--2 




2(>-f)-300'-4 




-2(>-f). 59-6 




N,A. Sid' time at 0»| _ ^^^^ 
G.M.T. Feb. 1 -1 


At epoch 0= 312- 
-»' = + 1 


J aid' time = 10-4 


+ 270' — 90 


Sum, O 0' Feb. 1 = 312- 


v. 223- 


-«. +2 




0-1.. 314 




-2(>-f). 60 




+ 90°= 90 





F,- 104'= 

20 — ir' is to be computed with the mean vahie of © for a fortnight ; 
add therefore 7° to © at epoch: — 

© at epoch = 312° mean 2© = 278° 

motion for 1 week = + 7 — i'' = + l 

mean © = 319° 2© - / = 279° 

* [The moon's mean lOQBitoda is do longer to be Itmai ondet the be»diiig of ' Moon's 
LibntioD ' but is on p. 1 of the IfaMical almanac.] 



dbjGoogle 



b4 COHPUTATION OF A TIDE-TABLE. 

Compute as foUowa : — 

cos (20 -»')-+ 1561 3r = 2-646; Sf - cos (20 - r') - 24 
sin (20 -I.) ---988 

»in(2e- »') -988 

"3r- cos (20 -I.') 2-490 " 



tan^ = 



■-397 



^is-, and ^ = -2r40'- -2r-7 



JIr|ifi|jliL>H'; H'.0 397 



.' - 327" 




logaec./.= -0318 


-*- -f22 




colog 3 -9-6229 
log 2-490- -3962 


«' - ^ - 349 




log H'- 9-5988 


-r.-223 











log R'- 9-5497 


.--^-K'-r- 126' 




R' - 0-355 


K. = f.H,= 


-807 X -160 = 


.129 


«, - 302" 




logf- -0158 


-V,^ — 104 




logH„. -3058 


Sum & - 198" 


logK„ 


-logfH,. -3216 
logs- -4771 

lo£r3R-= -7987 



R„ - 2-097 



Collecting constants. 

R,-2»-097; S-l''-020 

log 3 R„- -7987; ■ Age' -.32''-6 

A = 0"-927; log a =0130; R'-0»-355; R,-0"-129 

B = 16'-42; log;8. 1-2611; f'-126'; C-198' 

impute also — 

the mean interval i = ah = ^^^ '• '^^ 7 = *i - no «nt = 27°-4 



29 



29" 
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S, K', ^' muBb be recomputed for each month, the remaining constants 
would serve for six months, or perhaps a year of continuous tidal com- 
putation. The value of R, would serve for six months, hut care muat be 
taken in computing each mouth that ^ be computed hy reference to the 
first noon of the month as a new epoch. 

B. Parallactic Correction of Lunar Semi-diurnal Tide. 

The semi-range of the lunar semi-diurnal tide is Rni(= 2^^)97) and it has 
to be corrected for the D's parx. The pardlactic correction is found by multi- 
plying Rh by the factor p, where 

j» = (j)'8 parx.)'-r(j's meanparx.)" 

The I'b mean parx. is 57' 2", but the D's pars, in question must be taken 
at a time anterior to H.W. by the " age " (— 32'"6). 

To find p (approximately) subtract 67' 2" from the J's pars., substitute 
" ' fur ' ", look out the sine of the angle, multiply it by 3, and add 1 
to the result; then p is less than 1 if the I'b parx. is belov its mean value, 
because the sine of a — angle is — , and vice versd. 

We begin by making a table of £iBm (the parallactic corrections to R,.) 
for each 0''5 of pars, above or below the mean, to be applied + when the parx. 
is greater than 57', and — when it is below. 

Tables B and C serve for all time, so long as the same tidal constants 
are used. 

B. Auxiliary Table for Parallactic Corrections, denoted by 



I. 


U. 


lU. 


IV. 


HiDotes of Pui. 

iD ezoeu oi 

detect >boTe or 

below 67' 3" 


Bead DegreM 

for Minate. in I.. 

Md enter 

log«n(l.) 


lL-Mog8B, 


Natural Number 
of lU. 


0-6 


7-9408 


87396 


•06 


1 


8-2419 


9-0406 


■11 


1-5 


8-4179 


9-2166 


■16 


S 


8'M28 


9-3416 


•22 


2S 


8-6397 


9-4384 


■87 


3 


8-7188 


9-6176 


■33 


3-6 


8-78B7 


9-5844 


■38 


4 


8-8436 


9-6423 


■44 


4-5 


8-8946 


9-6933 


■49 


5 


8-9403 


9-7390 


•66 
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C. Declinational Correction to Lumar Sevti-diunuU Tide. 
A declinational correction has also to be applied to R„, say ^Rm! to k^, 
say ^)Km; to i, say B^i; to y, say 8,7. 

If S be the J's decl. at a time anterior to H.W. by the ' age '; 
SaR™ =: a cos 2S - A ; 8,«r„ = ;8 cob 28 - B ; B^i = i + -j^ S,«„ ; 8,7 = 7 - 8,«« 
We begin by forming a table of declinational corrections for each degree 
of decl. either N. or S. 



^B 






d d 

>■ £: 

-IS 



+ +11 

II II I U II I II a II H II ■ H H I U II I D H 



H- + + + + + + + + + + ++ 1 I I I I 



|g^ 



£i^ 



.??????; 



m--(ji!p?'^S-ii>^i 



§ ? ; 



I I I I I I I i i 



!3 



+ I 



P^^p^99P$$(;>^^S$$^cp^^ 



) 90 ^ 9^ I 
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D. ParailaUic and DecliTiatvmal Corrections to Lunar 
Semi-divmal Tide. 

Eiach H.W. follows a It's tmnsit at the port, approximately, by the interval 
i (9'"6), and we require the })'3 parx. and decl. at a moment anterior to H.W. 
by age of tide. Times are to be reduced to G.M.T. and round numbers used. 
To reduce to G.M.T. subtract E. long., - 6*'-2 for Port Blair. (Add for W. 
long.) The local time of J's transit is G.M.T. of tmnsit less 2° for each hour 
of E. long. ; for Port Blair less 12"' = 0^-2 (for W. long, add this corm.) 

G.M.T. at which we want f = ^f^.fl^!''^'^'^ ' )°°^!^T '""' '™'^' 
H'a narx. and decl 1 ^^'^^ " ^- '°°«- "^ *™'' <^ ^^^ + "^ '"■ 
Ja parx. and decl. | terva! i (S'-e) - age of tide (32^-6) 

= G.M.T. of S's transit - 29^4 

In the following table we determine roughly this moment of time, in 
correspondence with each transit of Jj, look out parx. and decl. and find 
corrected R,„ from auxiliary tables B and C. These corrected values we 
shall call m^, M*; m,, M,, &c, large letters being associated with upper, and 
small with lower transits and the subscript numbers being the numben of 
the days Of the tide table, the first day being numbered zero. 

The corrected intervals, also from tables B and C, .we call t*, /,; t,, 
A; &c, and the corrected values of «, — ijKm (or 7) we call 7,, T,; 7,, 
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E. DeterminaHon of Local Mean and apparent Times of Moon's Transit, 
(Mid of AngUsfar CompuUng the Fortnightly IneqwUity. 
It is coDvenient to treat the upper and lower transits separately in 
schedules of similar forms. The angle x^, X„ Xi, X,, &c., on which the 
fortnightly inequality of time and height depends, is twice the apparent 
time of transit converted to angle at 15° per hour, and with the corresponding 
angles y., r«, 7,, P,, &c. subtracted. 

The corrections for long, of port are — for E., + for W. long. 
K Lower Transits. 



Dal« 


G.M.T. 

of B-B 

transit 


pec boor 

ot 
E. long. 


in.- 


IV. ID 

decimftU 


T.X80 


fiom 

xu. or 

D 


VI. -vn. 


laes 


b. m. 


h. m. 


h. m. 


h. 








Feb.1 


I 60 


1 38 


1 24 


1-40 


42-0 


26-9 


I,- 151 


.. 2 


S 41 


2 29 


8 10 


2-26 


67-6 


26-1 


I,- 41-4 


„ 3 


3 30 


3 18 


3 4 


3-07 


Ml 


25-6 




.. 4 


4 17 


4 6 


3 51 


3-85 


116-5 


25-6 


X,- 89-9 


„ 6 


G 4 


4 M 


4 38 


4-63 


138-9 


2B-0 


1,-112-9 


» « 


b 60 


a 3B 


G S4 


0-40 


1620 




jj = 136-3 


» "^ 


6 36 


6 34 


e 10 


6-17 


1861 


27-4 


Jt,- 167-7 


» 8 


7 23 


7 11 


6 67 


e-96 


208-6 


88-2 


X,- 180-3 



E. Upper Transite. 









Port Biwr 










NMttod 


Pcwl Blair 
M.T. of 

truiait 


appfc time 
of^tnoBit 




Twioe 
•ppt. time 




Beqnired 








OODTSlMd 










ot time 




UiMgle 












= +14- 






VU. 




I. 


U. 


III. 


IV. 


V. 


VI. 


VIII. 


Date 


Q.M.T. 
tnniit 


II. -2» 
per hour 

ot 
E. long. 


in.- 


IV. in 
decimaU 


V.xM 


Enter I< 

from 

XU. of 

D 


VI. -vn. 

-860" 


1886 


h. m. 


h. m. 


h. m. 


h. 








Fekl 


14 16 


14 3 


13 49 


13-82 


414-6 


26-6 


X,-. 28°-l 




15 6 


14 63 


14 39 


U-fi6 


439-6 


26-8 


X,- 63-7 




16 53 


15 41 


16 27 


16-45 


463-6 


26-6 


X,- 77-9 




16 40 


16 28 


16 14 


16-23 


486« 


26-7 


Xj= 101-2 




17 27 


17 15 


17 1 


17-02 


510-6 


26-3 


X,= 124-3 




18 13 


18 1 


17 47 


1778 


533-4 


270 


Xj= 146-4 : 




18 69 


18 47 


18 33 


18-65 


666-6 


27-8 


X,= 168-7 1 




19 46 


19 34 


19 20 


19-33 


579-9 


28-6 


X,- 191-3 1 
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F. Figure for Times and Heights of Semi-divmal Tide. 

The next step is to find the resultant of the lunar and aolar tides. Draw 
the straight line OA. Produce AO to S, and take OS = S (for Port Blair 
S 3 1*^020) on any convenient scale. With OA as initial liae set o£F the 
angles »», X,,, x,, X,, found in VIII. of E, for a fortnight; a new figure is 
desirable for the next fortnight. On Omj, OM,, Onii, CM,, &c. set off to 
adopted scale the heights mo, Mg, m,, M,, &c. found in X. of D. 



Fbb.8.L ^ 

Join m,S, M,S, niiS, MiS, &c., and measure all the lengths m«S, M^, m,S, 
M,S, &c. on adopted scale. These are the successive heights of H.W. 

Measure all the angles Om,3. OM,S, &c. and count them as + in the 
upper half of the figure, and — in the lower half. Each height and each 
angle is associated with one upper or lower transit of ]). 



Q. Formation of Tide Table far Seini-diurnal Tides. 
The successive heights Om*, OM,, Onii, OM,, &c., of H.W. have been 
found graphically in F. The angles Om^, OM^, Om,S, OM,S, &c. found in 
the figure F must be reduced to time at the rate of 29° per hour, and 
subtracted from the mean time of J's transit found in III, of E, to these have 
to be added the corrected intervals i,, /,, t'l, /,, &c. from XI. of D. Next a 
time half-way between consecutive H.W.'s is taken as the time of L.W. ; and 
the height of L,W. is taken as the mean of the H,W. before and after with a 
— prefixed. 
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These proceaaes are carried out in the following schedule. If the time 
comes out greater than 24", the tide in question really belongs to the 
next day, 

G. H.W. L.W. H.w. L.W. 

tlmea times heights heights 



I. 


n. 


m. 


IV. 


V. 


VI. 


VII. 


VIII. 


IX. 


X. 








Hmh 














Daj. M>d 


from 

fignw 




time of 
Iraosit 


in. 


Cot- 
M«ted 




Inter- 


Hts. 


Inter- 


transit 


ii.-=-a8 


from 
III. ot 
£. in 


1 from 
XI. 
of D 


V. + VI. 


polftte 
in VU. 


from 

figure 


«. 








deoimftU 














1886 




h. 


h. 


h. 


h. 


b. 


b. 


ft 


ft. 


Fab. 1. L 


+ 4-4 


+016 


1-63 


1-48 


9-6L 


1109 


17-24 


3-45 


-3-41 


U 


8-2 


0-S8 


14-06 


1377 


9-62 


23-39 


6-65 


3-36 


-3-31 


., S- L 


12-0 


0-41 


2-48 


2-07 


9-63 


11-70 


17-86 


3-25 


-3-17 


U 


15-4 


0-03 


14-88 


14-35 


9-64 


24-00 


6-16 


3-09 


-3-00 


„ a L 


18-7 


0-64 


3-30 


2-66 


9-66 


12-31 


18-46 


2-91 


-2-81 


u 


21 < 


074 


16-69 


1495 


9.-65 


24-60 


6-76 


271 


-2-69 


„ 4 L 


24 -4 


0'S4 


4-08 


3-24 


9-66 


12-89 


19-05 


2-47 


-2-36 


U 


26-7 


0-92 


16-47 


16-56 


9-65 


25-20 


7-36 


2-23 


-8-10 


» 6. L 


28-3 


0-98 


4-86 


3-88 


9-64 


1362 


19-70 


1-98 


-1-86 


u 


29-4 


1-01 


17-25 


16-24 


6-63 


26-87 


8-06 


172 


-1-69 


>, e. L 


Z»'2 


I-Ol 


6-63 


4-62 


9-62 


14-24 


20-47 


1-47 


-1-35 


u 


27-2 


0-94 


18-02 


17-03 


9-61 


26-69 


8-96 


1-24 


-1-13 


„ 7. L 


22-3 


0-77 


6-40 


6-63 


9-09 


10-22 


21-66 


1-02 


- -94 


U 


+ 13-5 


+0-47 


8-78 


18-31 


9-68 


27-89 


10-33 


-86 


- -81 


„ 8. L 


- 04 


-0-01 


7-19 


7-20 


9-67 


16-77 


23-20 


-77 


- 77 


U 


-14-& 


-0-61 


19-67 


20-08 


9-66 , 


89-63 




-78 





H, Oorrection/or Diurnal Ijiequality. 

We first enter the tide table as found in the final columns of 0, bringing, 
however, the times greater than 24'' into the succeeding day. 

The BUGcesBive processes are then adequately explained in the following 
schedule. 

Columns Vn., VIII., and XIII., XIV. are conveniently taken fi^m a 
traveise table, for disregarding the decimal points, R' or Bg may be considered 
as distances run, the angle in VI. or XI., as the " course," and B' cos YI, or 
R, COB XI. is the " Diff. lat.," whilst R' sin VI. or B,, sin XI. is the " Dep." 
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Tide Table withoDt diunul 
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V, 
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Dajr, Date, 
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H.W. or L.W. 




do 
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,1 



irtiM^ Mooni 

dianul tide 

depends 



sis. 



Total 
heights 



BednotioD 

Spring Low 
Wetsr." 



+ ■27 
-18 



h. 
11-05 
17-35 



5-46 
11-65 
17-94 
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K. Final Tide TcAle. 



It remains to reduce the decimals of an hour to minutes, and to change 
from the astronomical to the civil date at the port. It will be found more 
convenient to keep the heights in decimals of a foot, and not reduce to inches. 
The times and heights are given in XIX. and XVII. of table H. 



Tide Table for Port Blair, the Heights being referred to " Indian 
Spring Low Water Mark." 



Civil Dftte 


Times of 

B.W. Mtd 

L.W. 


Heights ot 

H.W. and 

L.W. 


OiWl Date 


Timea of 

H.W. and 

L.W. 


Heighta of 

H.W. and 

L.W. 


1886 
Fftb. 1. p,m. 


h. m. 
II 3 


ft. 
H.W. 7-4 


1885 
Feb. & a.m. 


h. m. 

I 24 


ft 
H.W. 6-5 


„ 8. ELm. 


6 21 


L.W. -0 


a.m. 


7 41 


L.W. 1-6 


a.m. 


11 26 


H.W. 6fl 


p.m. 


2 1 


H.W. 6-3 


P.D1. 


28 


L.W. -4 


p.m. 


8 6 


L.W. 2-2 


p.m. 


11 39 


H.W. 7-1 


„ 7. a.m. 


2 4 


H.W. 4-9 


„ 3. a.111. 


&e 


L.W. -2 


a.nL 


8 S3 


L.W. 1-9 


p.m. 


3 


H.W. 8-4 


p.m. 


2 53 


H.W. 4-9 


p.tn. 


6 4 


L.W. -7 


p.iu. 


9 7 


L.W. 2-7 


„ 4. a.m. 


14 


H.W. 6-7 


„ a a.m. 


2 68 


H.W. 4-4 


a-m. 


6 31 


L.W. -6 


a.111. 


9 20 


L.W. »-4 


p.m. 


40 


H.W. 81 


p... 


4 10 


H.W. 4-7 


p.ra. 


6 42 


L.W. 1-2 


p.m. 


10 42 


L.W. 3-0 


„ 6. a-m. 


48 


H.W. 6-1 


„ 9. a.m. 


4 29 


H.W. 4-0 


a-m. 


7 B 


L.W. I-O 


a,iii. 


10 46 


L.W. 2-6 


p.m. 


1 18 


H.W. 6-7 


p.m. 


6 47 


H.W. 4-7 


p.ni. 


7 20 


L.W. 1-7 









In the official Indian Tide Tables the tides of Fort Blair are referred to a 
datum 3'13 ft. below mean water, that is to say 0'42 ft. higher than the 
datum here used. To effect a compariBon then subtract 042 ft. from all 
these heights, and the concordance will be found fairly satisbctory. 

The Indian Tide Tables are formed by the tide-predicting inatmmeat, by 
which the approximations here used are avoided, and are based on much 
wider data than those supposed to be here available. 
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YI. On Abbidobments which ha¥ be adopted in Cohpdtino 

A Tide Table. 
For naTigational purposee a very rough tide table will often suffice. Such 
a table may be computed as follows : 

H„, H,, Ka,, K„ aad mean establishment may be derived from spring and 
neap rise, age, and establishment as shown in § IV. If the " s^ " be unknown 
it may be assumed as 3*6 h., and k,— ic^ may be taken as 36°. 

Then let A be 4.he apparent time of any D's transit reduced to angle at 30° 
per hour, and we have for the height of H.W. from spring L.W. mark 

2H„ + H, [1 + COS (A - «, + «„)] 
and for the height of L.W. from same level 

H,[l- cos (A -«, + «„)] 
The time of H.W. is 

M.T. of J's tr. + mean estab. — 2'' y|-^ bid (A — ic, + «„) 

And the time of L.W, is 6h. 12 m, later, or half-way between two con- 
secutive H.W,'fl computed by above rule. 

For eaximple : 

At Port Blair H„= 20 ft., H,= 10 ft., «,-«„-= 37°, mean establishment 
= 9*'6 ; and we found 'M-T. of D's lower transit on Feb. 6, 1885 = 4 h. 52 m. 
^4^-9, and appt. time of transit reduced to angle at 30° per hour is 139°, so 
that A = 139°. 

Then A -«, + «„ = 102° ; cos 102° =-02; sin 102° - -f 1-0 

H, [1+008 102°] = 0-8; 2H„ = 4-0 

H. [1 - cos 102°] = 1-2 ; 2" ^sin 102° = 2x^x1= l^O 

Time of H.W. = 4^9 + 9^6 - l"* = ISi-S 
Time of L.W. = 13'^5 + S'-Z = 19^-7 
Hence H.W., Feb. 6, at 1 h. 30 m. a.m., height 48 ft. 

L.W., Feb. 6, at 7 h. 42 m. a.m., height 12 tt. 
It must be noticed that we are here supposed to know nothing of the 
diurnal tides, and the datum level being Hn, + H, or 3*0 ft. below mean water 
is considerably higher than that used above. 

The results are more nearly in accordance with the complete value as 
found in the preceding section than would usually be the case. 

A graphical method of using the same data would be more accurate. The 
figure would be the same as that of the last section, but the m's and M's 
would be determined by sweeping a circle with radius H„ about O as centre, 
and OS would be taken as equal to H, 
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The iiirther step in accuracy would be to proceed aa in computatdon of 
§ v., but to compute auxiliary tables B. and C. for each minute of pan. and 
each 2° of decl. only. Table D. may be abridged by computing corrections 
for parx. and decl. for upper transits only, and columns XT., XII. may be 
omitted entirely. Table E. for lower transit may be omitted. Figure F. may 
be drawn for upper transits only, and the entries in G. for lower transits may 
be filled in by interpolation. In Table H. for diucnal tides only the first 
entry for each day in VI. (2) and XI. (2) need be made, and only the first two 
entries for each day of VII., VIII., XIL, XIII., XIV., -XVIII. computed. 
The third and fourth entries for each day of XV. and XIX. may be taken as 
respectively numericalty equal to the first and second ones, but with the 
opposite signs. These abridgements would reduce the computation by nearly 
a half Other abridgements will doubtless occur to the computer, but they 
will all involve loss of accuracy. 

VII. Works of Reference. 

A general account of the theory of tides will be found in most Popular 
Astronomies, but we are not aware of any book which gives a complete 
exposition of tidal theory and practice. Airy's well known article on " Tides 
and Waves " in the Encyclop<Bdia Metropolitana may be referred te, but as 
great advances have been made since the time of itis publication, it would 
seem preferable to refer to the article by the present writer, which is about to 
be contributed to the Encyclopedia Britannica*. 

A complete list of all papers on the tides published since the time of 
Newton will be found in the Bibliographie Aatronomique, Houzeau and 
I^ncaster, Brussels, 1882. For an account of the harmonic method and its 
connexion with the method of hour angles, &c, see the Reports to the British 
Association for 1883 and 1885, and 1886, for an explanation of the methods 
here used [Papers 1, 2, 3 above]. 

Tables of the harmonic tidal constants at a considerable number of ports 
are given in a paper by A. W. Baird and Q. H. Darwin in the Proceedinffs of 
the Royal Society, 1885. 

Computation forms for the reduction of a long series of tidal observations, 
and copies of the British AsaociaHon Report, 1883, may be purchased of the 
Cambridge Scientific Instrument Company. 

A manual of practical tidal observation by Major A. W, Baird, R.E., will 
shortly be on sale by Messrs Taylor and Francis, Red Lion Court, Fleet 
Street, 

' [Sinee this time mj own Tidf and Kindred Ptunonuna in tke SohiT Syitem (Hnmy) has 
been pablished.] 
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ON THE HARMONIC ANALYSIS OF TIDAL OBSERVATIONS 
OF HIGH AND LOW WATER. 

[Proceedings of the Royai Society, XLViii. (1890), pp. 278—340.] 

§ 1. Introduction. 

Extensive use of the tide-gauge has only been made in recent years, and 
by fitr the largest number of tidal records consist only of abserratione of high 
and low water (H. and L.W.). Such obserTations have usually been reduced 
by detennining the law governing the relationship between the times and 
heights of H. and LW. and the positions of the moon and sun. This method 
is satisiactoty so long as the diurnal inequalities are small, but it becomes 
both complex and unsatisiactory when the diurnal inequality is large. In 
such cases the harmonic notation for the tide is advantageous, and as, except 
in the North Atlantic Ocean, the diumal inequality is generally considerable, 
a proper method of evaluating the harmonic constants from H. and L.W. 
observations is desirable. 

The essential difference between the method here proposed and that 
followed by Laplace and his successors is that they introduced astronomical 
considerations from the first and applied them to each H, and L.W., whereas 
the positions of the sun and moon will only be required here at a single 
instant of time. In their method, the time of moon's transit, and hence the 
interval, was found for each tide ; the age of the moon, and the moon's and 
sun's parallaxes and declinations were also required. An extensive table 
from the astronomical ephemeris was thus necessaiy, and there still remained 
the classification of heights and intei'vals according to the age of moon, and 
two parallaxes, and two declinations. The classification could hardly be less 
laborious, and was probably less mechanical, than the sorting processes 
employed below. There is probably, therefore, a considerable saving of labour 
in the present method, and, besides, I conceive that the results are more 
satiB&ctoiy when expressed in the harmonic notation. 
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My object has been to make the whole process a purely raechaoical one, 
and, although nothing can render the reduction of tidal observations a light 
piece of work, I believe that it is here presented in a form which ta nearly 
as short as possible. 

The analytical difficulties to be encountered in such a task are small, but 
the arrangement of a heavy mass of arithmetic, so as to involve a minimum 
of labour and therefore of expense, is by no means easy. How far I have 
succeeded must he left to the decision of those who will, I hope, use the 
methods here devised. 

When a question of this kind is attacked, the solution cannot be deemed 
complete unless the investigation is left in such a state that an ordinary 
trained computer is able to use it as a code of instructions by which to reduce 
a series of observations, without any knowledge of tidal theoiy. 

An actual numerical example is thus essential, both to test the method 
and to serve as instructions to a computer. The Appendix contains so much 
of the reduction of three months of observation at Bombay as will serve as 
such a code. If the series be longer than three months, or in such cases as 
the proper treatment of gaps in the series, it is necessary to refer back to the 
body of the paper for instructions. 

I now pass to the theoretical reasons for the rules for reduction. 

§ 2. NotaHon, 

The notation of the Beport to the British Association for 1883 [Paper 1], 
and in use in the Indian tidal work and elsewhere, is here followed. 

The earth's angular velocity is denoted by y; the hourly mean motions of 
the moon, sun, and lunar perigee by a, ij, v (yrj, aeXijinj, ^Xiov) ; the mean 
longitudes of moon, sun, and lunar perigee by s, h, p, and the mean solar 
hour angle by t. The R.A. and longitude in the lunar orbit of the inter- 
section of the equator with the lunar orbit are c, f ; and N is the longitude 
of the moon's node. 

The several harmonic tides are denoted by arbitrarily chosen initial letteiB. 
Those with which we shall principally have to deal are — 



Principal lunar . 
solar . 


Initial 
. M, 

. s, 

. K, 

. N 
. L 


Sffmi-dtamal. 

2(7-0-) 2l+2(4-^)-2(.-f) 
2(7-,) 2t 
27 2t + 2 (*-„") 
27-3« + . 2t + 2(4-.)-2(,-f)-(.-y) 
2,-^-- 2l + 2(i-r)-2(.-f) + (.-y) + 


lAiger elliptic . 
Smaller „ . 
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Diurnal. 
Nome laitisl Speed EquUibiimn ugomeot 

Luni'Solar K, 7 t + (k — v')~^w 

Lunar y-Ztr t + (A - v) - 2 (« -f) + iir 

Solar P y-2rt t-k + ^w 

The symbol H denotes the mean semi-range of any one of the tides, and 
K its retardation of phase behind what it would be according to the equi- 
librium theory ; f denotes a certain iactor of augmentation of the lunar and 
luui-solar tides depending on the value of N. 

The particular tide to which H, k, f refer will in general be indicated by 
a subscript small letter, the same as the letter constituting the initial of the 
tide. Thus, for example, the M, tide is expressed by 

f„H„ cos f2t + 2 (A - v) - 2 (fi - f ) - k„] 
I have allowed a departure iiom this notation in the case of the tides 
K, and K,, where I write H", *", f" for the first, and H', «', f for the second. 
The angles 2v" and v (which, like v and f, are functions of N) are also 
involved in the arguments* (or angle under the cosine in the expression for 
the height of the particular tide) of these two tides. 

It is obviously necessary to suppose the reader to have some acquaintance 
with the harmonic notation, or it would be necessary to repeat the Report on 
Tides above referred to. 

§ a The General Method of Treating H. and L.W. Observations. 

Noon of the day on which the observations begin is to be taken ^s the 
epoch, and the mean solar time elapsed since epoch is denoted by (, V with 
the proper subscript letter denotes the increase of argument since epoch ; 
for example, F„ -» 2 (7 — <r) t 

Then the height of the water A, estimated from mean sea-level, is 
expressed by a number of terms of the form AcoaV + BBmV, or, in an 
alternative form, Rcob(V— f). 

In order to explain the principle of the method proposed, let us take two 
typical terms involving Vp and Vq , and let the rates of increase of Vp be p. 
Bad of 7, be 5. 

Then we have 

K = AptxBVp + BpBmVp + AgCosV,+Bg^aVg (1) 

Since at H. or L.W, A is a maximum or a minimum, we must have 

= Ap^Vp-BpCOBVf + ^A,miVg-S.BqCOBVg (2) 

* It IB well to eipUin that I have eometuiteB elaevhere UEed atgnment to denote the uga- 
meat Moording to the equilibrium theoT7, that U to sBj, vith i eqnal to zero. In tbii paper 
1 oall the latter the eqciUbrinin argoment. 
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Let US write ^^9 ■ (3) 

Then multiply (1) by cos F^ and (2) by sin F^, and add; and again 
multiply (1) by sin Vp and (2) by cos Vp, and subtract, and we have 
hiioaVp=Ap + Ag(rMs V^ cos Fj + fc, sin Vy sin F,) ) 
+ jB,(oosF',sinF,-l,8inr,oo8F,) I 

*sinF,.B, + J,(sinF,co«F,-t,ooeF,sinF,) [ 

+ B,(sinF,sinF, + t,COBF,coeF,) I 

Let S-icos(F,-F,)+lcos(F,+ F,)- cosF,coeF,l 

A-Jcoa(F,-F,)-icoB(F,+ F,)- sinF^sinF,! 

» = iBin(F,- F,) + isin(Fj+ F,)- sin F,cos F, | 

8-iain(F,-F,)-i8in<F,+ F,) — coBF,sinF,) 

Alsolet P- S+*,4, f-» + i^ ) 

G S-V. g-A + t,Sl ■ '*' 

Then our equations at« 

kamV^ = Bp + iAy + gB^ J ^^ 

A Bimilar pair of equations will result from each H. and L.W. When a 

series of tides is considered, we may take the mean of the equations and 

Buhstitube a mean F, Q, f, g. 

The general principle here adopted is to take the means over such periods 

that the mean F, Q, f, g become very small. In &ct, we shall, in several 

cases, he able to reduce them so far that these terms are negligible, and get 

simply — — - Ih . Vb= _''; but in other cases, where what is tvpiSed as 

the p tide is a small one, whilst one or more of the tides typified as g is large, 
it will be necessary to find F, Q, f, g. The finding of these coefficients is 

clearly reducible to the finding of the mean values of . {Vp± Vq). 

Another useful principle may be illustrated thus : if the q tide does not 
differ much in speed fium the p tide, we may put V^^ ^p + "^i where y is a 
small speed. Then we write 

A = ilp cos ( Fp - Ji,) + Bj cos (Fj, + 1^ - ?,) 
= cos Fp (iip cos fy + B, cos (rf - t,)] 
+ sin Fp {Rp sin fp - R, sin (vt - i:,)} 
If we neglect v/p, the condition for maximum and minimum in conjunction 
with this gives 

hem Vp=Rp COS ^p + RqCoa{vt— ^q) 
A sin F, = Bp sin fp - JZ, sin (rf - ?■,) 
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Then taking the mean of these equations over a period beginning 
with i-0 and ending when t^-n-jv, we have (writing 4p = Rj,co8fp, 
itp = IV8inS,) 

^-^ SA cos Vp = Ap + \R^<M8{a- ?,) 

—j^ 2A sin F, = Bp - \fi, ain (a - f,) 

where X and <z are certain constants, depending on the suin of a tngonometrical 
series. 

Again, if we take means from t = w/c to ( = 2w/v, the second terms have 
their signs changed. 

Hence the difference between these two suocesBive sums will give 
Xfi,cos(a-£'j) and Xfl, sin (a — f ,). There will be usually two terms such 
as those typified by q, and we shall then have to take two other means, viz., 
one beginning at ir/2n and ending at 3ir/2i', and the other beginning at 
Sir/2v and ending at 67r/2n. From the difference of these sums we get 
-Xii,8in(a — J^) and \RgCm{a~^g). From these four equations the two 
Mg's and the two tf^'s are found. The solution is a little complicated in 
r^ity by the &ct that it is not possible to take t^O exactly at the begiuniug 
of the series, because the first tide does not occur exactly at noon, but this is 
a detail which will become clear below. 

When all the .^'s and ^s or IVa and ^s have been found, the position 
of the sun and moon at the epoch, found from the Nautical Almanac, and 
certain constants found from the Auxiliary Tables in Baird's ManmU of Tidal 
Obeervations*, are required to complete the evaluation of the H's and it's. 

The details of the processes will become clear when we consider the various 
tides. 

It may be worth mentioning that I have almost completely evaluated 
the F's and Q's, which give the perturbation of one tide on another, in the 
case considered in the Appendix. Without giving any of the details of the 
laborious arithmetic involved, it may suffice to say that the conclusion fully 
justifies the omission of all those terms, which are neglected in the computation 
as presented below. 

% i. The tides N and lu 
These are the two lunar elliptic tides. 

For the sake of brevity all the tides excepting M„ N, L are omitted from 
the analytical expressions. 

Since V„=r„-(«r-«)(, V'i=V^+(<r-w)t 

* Tayloi uid Francia, Fleet Streat, 18SA. 
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the ezpression becomes 

A = ^„coBF„+5„amF"„ + ft,co8[V«-(ff-iir)i-fJ 

+ ii,C08[K„ + (<7--«)(-?,] 

= cos F„ {^„ + ii„ cos [(<r - «r) ( + f.] + fl, COB [(<r - w) ( - ^Jl 
+ 9in K„lB„ + iJ,8in[(,T-«r)i + i;„]-it,ain[(<7-tir)(-Ji]} 

Hence, taking into account the equation which expresses that & is & 
masimum or minimum, and neglecting the variation of s —p compared with 
that of F„, we have 

A cos r„ = il„ + ii„ cofl [(<r - w) ( + r„] + il, cos [(<r - w) ( - ?j] 1 
hBinV„ = B„ + B„ sin [(o- -«)( + ?,]- R, sin [(<r - «) * - f,] ( " * '^^^ 

The mean interval between each tide and the next ia 6*210 hours. Then 
if tf be the increment of «-p in that period (so that with o- — «■ equal to 
0^'54437 per hour, « ia equal to 3°-3807), and if a, 6 be the values of 
(o- — w) < + fti and (o- — w) ( - f j at the time of the first tide under considera- 
tion, the equations corresponding to the (r + 1)* tide are approximately 

A coa K„ " A„ + iin COS (o + re) + iJj cofl (6 + re) I 

A8inr„=jB„ + ie„8in(o + re)-B,Bin(6 + r9)) * 

If we take the mean of n -|- 1 auccesaive tidea, the two latter terms on the 
right of (9) will be multiplied by ^ — ^^ . — j- , and the r in the argumenta 

a+re,b + re, viU be equal to Jn. If the (n + 2)* tide foils exactly a semi- 
lunar-anomalistic period later than the first, (?i + l)e = Tr. On account of 
the incommensurability of the angultu* velocity <r — v this condition cannot 
be rigorously satisfied, but if the whole series of observations be broken up 
into such aemi-periods, then on the average of many such summations it may 
be taken ns true. 

Then, since ^ is a small angle, 

(n + I) eia ^e = ^TT, and sini(n + l)e = 1 ; 
hence the foctor is i/ir. 

Agaia ^ne ■■ Jt - ^ ; thus, if n + 1 is the mean number of tidea in a semi- 
anomalistic period, our mean equations are 

2^-j- [2A cos r„ - .4„1 = - iC sin (a - ie) - B, sin (6 - ifl) ] 

' \ -(10) 

2(„^lj{2AainF„-B„l= R„coa(a-^)~ R,coB(b- ^)j 

where the summations X are carried out over the first semi-lunar-anomaliatic 
period, which may be designated as 1. 
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Id applying these equations to the next semi-period 2, the result is got 
by writing o + (n + 1) 6 or o + tt for a, and 6 + tt for b. 

Thus the equations are simply the same as (10), with the signs on the 
left changed. 

The equations for semi-periods 3, 4, &c, will be all identical on the right, 
with alternately + and - signs on the left. 

Let the observations nm over m semi-lunar-anomalistic periods; then 
double the equalaons appertaining to periods 2, 3, ... (m — 1), and add all the 
m equations together, and divide by 2 (m - 1), and we have 



4(»-»-l)(m-l) 



2A COS F„ = - ii, sin (o - ie) - JI| sin (fc - ie) 
-r 2A sin F„ " ii„ cos (a — Je) - ilj cos (6 - Je) 



"(11) 



4(n-H)(m-l)' 
where £ now denotes summation of the following kind : 

(S(l)-2(2)l + (S(3)-S(2)) + {2(3)-S(4)i + {2(5)-2(4)j+&c 
the numbers (1), (2), &n., indicating the number of the semi-lunar-anomalistic 
periods over which the partial sums ^e taken. 

Suppose the whole series of observations to be reduced covers 2m + 1 
fuarter-lunar-aDomalistic periods, which we denote by i, ii, iii, &c. 

First suppose that the semi-period denoted previously by 1 consists of 
i -h ii, that 2 consists of iii + iv, and so on. 

Let tn be the time of the first tide of the series, and since we take noon 
of the first day as epoch, t^ cannot be more than a few hours. 

Let j = Je - (cr - w) (, s= VG90S - (o- - «r) („, a small angle 

Then a-ie = (ff-w)i,-(-r„-ifl= ^„-j ) 

6-ie = (<r-^)*„-r,-ifi = -(?,+j-)) ^ ^ 

Then denoting the operation ., ,■■■./ — ZTi^ ^^ ^^ ^^^^ mark " 
indicating that the fiiBt tide included is nearly at epoch, when (o- — or) £ => 0), 
we have fiT>m (11) and (12) 

S-A cos F„ R^ sin (f„ -j) -i- it, sin (?, +j) \ 

S-'k^mV„- iJ„co8(?„-j)-71,co8(5i-|-j)t ^ ' 

Secondly, suppose the semi-lunar-anomalistic period indicated by 1 consists 
of ii + iii, that 2 consists of iv + v, and so on. 

Obviously the result is got by writing t^ + ^Hir — w) for *,, or, what 
amounts to the same thing, by putting ; — ^ in place otj ; but we must also 

11—2 
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write S'' for S°, so as to show that the Bumtnation begins when (<r — w) 1 is 
nearly equal to Jtt. Then 

Si-h eos r„ . - Ji. COS (f. -j) -R,CM (?, + j) 1 

Sl-4sinI'„.-fi„8in(f„-j)-Ji|»in(6+j)t 

Hence Jl.sin(f.-;)- -SVicos F„-SWuin F„| 

if. cos (f„ -j) . S°* sin r„ - SK cos F„ I 

K, sin (S + j) . S** cos r» - S>-4 sin 7, [ 

B, cos (f, + J) - - S"* sin r„ - SI-* 006 F„ ) 

These four equations give the four unknowns Rn, ^, Rt, ^i, and j is equal 

to r-69-(i -•>)(.. 

Then if u„, Ui denote the equilibrium argumente of the tides N and L at 
epoch, we have 

«, = 2(A„-..)-2K-f)-(*„-f„) 
u, = 2 (A„ - v) - 2 (8„ - f) + («„ - i)„) + IT 
where hg, s^, p^ are the mean longitudes of moon, sun, and lunar perigee at 
epoch, and v and { are small angles, functions of the longitude of the moon's 
node (tabulated in Baird's Manual)*. 

Then if f„ is the factor of reduction (also tabulated by Baird) for the 
tides M„ N, L. 

«» = <;.+ "», «i - £i + "I 

In this investigation the interferences of the solar and diurnal tides are 
neglected, on the assumption that they are completely eliminated. 

The difference between a lunar period and an anomalistic period is so 
small that the elimination of the diurnal tides will be satisfactory, but the 
effect of the solar tide will probably be sensible, unless we have under 
reduction 13 quarter-lunar-anomalistic periods, which only exceed 6 semi- 
lunations by about 25 hours. 

The evaluation of the elliptic tides N and L from a series of observations 
shorter than a quarter year would be very unsatisfactory, and it ia not likely 
that such an evaluation will be attempted. But if such a case is undertaken, 
the solar disturbance may be found by a plan strictly analogous to that 
pursued below in the case of the tides K,, O, P. The reader may be left to 
deduce the requisite fonuube from the theory in § 3. 

Id the case of a long series of observations, each quarter year should be 
reduced independently, and the mean values of H„ cos «„ and H„ sin «„ should 

* [aiv«D ftlBO in kl^brtuo totm at the end of the flnt pKpw in tbil volnnw.] 
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be adopted as the values of the functions; whence H, and «« are easily found. 
The L tide is, of course, to be treated similarly. 



§ 5. The Tide M,. 

This is the principal lunar tide. 

If we take the mean of n + 1 successive tides, the equations (9) give us 
approximately 

-~ Xh cos r^ = A^, ^^SAsin V„ = B„ (16) 

We here assume that in taking this mean over an exact number of semi- 
lunations, the lunar elliptic tides, the solar tides, and the diurnal tides are 
eliminated. 

With respect to the elliptic tides, this condition can only be approximately 
satisfied, because no small number of semi-lunations is equal to a number of 
anomalistic periods, and the Uke is true of the diurnal tides. In the example 
given below the diurnal tides are much laiger than the elliptic tides, and 
I have found by actual computation (the details of which are not, however, 
given) that the disturbance in the value of the M, tide arising from the 
diurnal tides is quite insensible, and it may be safely accepted that the same 
is true of the disturbance from the elliptic tides. 

With respect to the disturbance arising from the principal solar tide 8«, 
I find that it is adequately, although not completely, eliminated by making 
the number n + 1 of tides under summation S cover an exact number of 
semi-lunations. 

If the whole series of observations be short, it would be pedantic to 
attempt a close accuracy in results, and we may accept these formulae ; if the 
series be long, the residual errors will be gradually completely eliminated. 

We have then 

R„co8^„^A„. B„smU = B^ 

If Um be the equilibrium argument at epoch, we have 
u„=.2(A„-.)-2(«„-f) 
Whence «».= ?« + "», and Hm = ^ 

The meanings of k„, Sg, p, f, t„, have been explained in the last section. 
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§ 6. Ths Tides S, and K,. 
These are the principal solar and luni-solar serai-diumal tides. 
If the tide S, is in the same phase as Ei at any time, three months later 
they are in opposite phases. Hence, for a short series of observations, the 
two tides cannot be separated, and both must be considered together. It is 
proposed to treat a long series of observations as made up of a succession of 
short series J hence I begin with a short series. 

For the sake of brevity all the tides excepting 8« and K* are omitted 
from the analytical expressions. 
Since r"=F, + 2iji 

A=iJ,cos(r,-t.) + it"cos(F.+ 2.jt-n 
= cosF.{fi.co8& + fi"cos(2»;(-n) 
+ sin V, [R, sin ?, - R" sin (2r)t - f')} 
Hence, taking into account the equation which expresses that A is a 
maximum or minimum, and neglecting the variation of 2A or 2t}t compared 
with that of V„ we have 

Acos V, = fl,co8f, + fi"cos(2iji-n 

A sin F. = R.ein ?. - Rfmi(2jit - D 

The mean interval between each tide and the next is 6'''210. Then if g 

be the increment of 2h in that period (bo that with 2i; equal to O'DSS per 

hour, g is equal to ©"'SIO), the equations corresponding to the (r + 1)* tide 

are approximately 

hcoBV, = R,coa^, + R"cM(rg-n\ n^j 

A sin V, = R, sin f, — Bf' sin (rg — f") I 
Now, if P be the cube of the ratio of the sun's parallax to its mean 
parallax, the expression for S,, together with its parallactic inequality (the 
tides T, R of harmonic notation), is PR, cos (2t — k,). 

Since t is the mean solar hour angle, 2t is the same thing as V,. 
Hence R, = PH., ?, = k. 

Also if Pg be the value of P at epoch, then for a period of two or three 
months we may take P= Pa(l +pt), where Pgp is equal to dPjdt. 

Again, if we put y ™ ^ , we have 

ii"=rH"=f"7H, 
Alao since the argument of the K, tide is 2t + 2A — 211" — k", where 2v" is 
a certain function of the longitude of the moon's node (tabulated by Baird), 
and since t= 0, k = h„a.t epoch, it follows that 

-^' = ^-2v"-k" 
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Now, when the means of the equations (17) are taken for n + 1 saocessive 
tides, the latter terms become — R" . (Jn^ — ^'), where 

'^"'■in+Dsinfg *^«> 

Also, if we write 

o> = 2Ao - Zv" + ^jf 
n=.P,(l+Jnpx6'"21) I 

J, = ^-^^2AcoflF. } (19) 



^-^-XAsinF. 
n+ 1 



r equations become 



A, - nH, cos «. + f XH, COS (» - k") ) 

S. = nH, sin K,-rXnH. sin (•-«")) 

It may be observed that [I is the mean value of P during the interval 
embraced by the n + 1 tides. 

In reducing a short series of observations we have to assume what is 
usually nearly true, viz., that k" == k, and 7 = 0*272, as would be the case in 
the equilibrium theory of tides. 

With this hypothesis, put 

Ccoa ^ - n + \„f" cos a 
Csin ^ = \nf" sin w 
from which to find U and ^. Then 

il, = H,I^cos(«.-^) 
B, = 'a,Uein{ic,-<f>) 
from which to find H, and x,. 
Lastly, k" = k„ H" = 7H, = 0-272 H, 

In order to minimise the disturbance due to the lunar tide M„ we have 
to make the n + 1 tides cover an exact number of semi-lunations, namely, 
the same period as that involved in the evaluation of Mi. The elimination 
of the Ml tide is adequate, although not so complete as the elimination 
of the effect of the S, tide on Mi, because Mi is nearly three times as large 
as S,. 

A Long Series of Obeervationa. Suppose that there is a half year of 
obaervation, or two periods of six semi-lunations, each of which periods 
contains exactly the same number of tides. 
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Then each of these periods is to be reduced independently with the 
assumption that y = 0*272 and k, = k". If this assumption is found sub- 
sequently to be very incorrect, it might be necessary to amend these reduc- 
tions by multiplying X„ by H"-f- 0"272H„ and by adding «, — «" to w ; but 
such repetition will not usually be necessary. From the.se reductions we 
get independent values of H^cosk,, H,sinii:, from each quarter year, and 
the mean of these is to be adopted, from which to compute H, and x,. It 
remains to evaluate H" and k". 

The &ctor f" and the angle 2p" vary so slowly that the change may be 
neglected from one quarter to the next, although each quarter is supposed to 
have been reduced with its proper values. 

Let ha and V be the sun's mean longitude at the two epochs ; they will 
clearly differ by nearly 90°, and we put 2Ao' = 2A„+ ir + 2SA. Hence it ie 
clear that the value of u in the second quarter is u + 2Bh + tr. 

Thus the four equations, such as (20), appertaining to the two quarters, 
may be written 

^ = nH.coB«.+ ^.f"H"coa(«-«") 

B, = nH, sin «, - ^ . f "H" sin (« - k") 

A;= n'H. cos K, - ?^ . f "H" cos (w + 2SA - «") 
7 

B; = II'H, sin «, + ^ . f'H" sin (« + 2SA - «") 

where the accented symbols apply to the second quarter, and where 

>-, sinA(M + l)o „„_„ 

— = , \ ■ . = 0-656, a constant. 

y (n + l)smi(? 

From (21), 

4,_^;_(n-n')H.co8K. = 2^.f"H"cosMco8{M + SA-0 

-B.+ .B,' + (n-n')H,sin«, = 2^.f"H"cosSA8in{w + SA-K") 

From these two equations, H" and «" may be computed, and since II — IT' 
is very small, approximate values of H, cosx*, H,sin x, suffice. 

§ 7. The Diurnal Tides K„ O, P. 

Amongst the diurnal tides I shall only consider Ki the luni-solar diurnal, 
O the principal lunar diurnal, and P the principal solar diurnal tides. 

There is the same difficulty in separating P from K, as in the case of E, 
and Sg, and therefore in a short series of observations P and E, have to 
be treated together. It is proposed to treat a long series of observations as 
made up of a succession of short series ; hence I begin with a short series. 



..(21) 
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For the aake of brevity all the tides excepting Ki, O, P are omitted from 
the analytical expressions. 

If ^Vm denotes (7 — o-) (, we have 

r-ir„+(rf, r„=ir„-< r,=ir„+(ff-2ij)(, and 

k = R'cos (ir„ + <rt - f ) + -B, cos (i F« - crt - ?„) 

+ flp COS 1 J F« + (tf - 2,) ( - SVI 

= coe i F"„ }ir cos (<r/ - f ) + -Bo COS (<rf + f.) + ■% «» [(<r - 2ij) * - fpll 

+ sin ir„ j- R' sin (<Tt - ?') + jB» sin (erf + f^) - ii^p sin [(<r -2rt)t- y} 

Hence, taking account of the equation which expresses that A is a 

maximum or minimum, and neglecting the variation of ai compared with 

that of jy„*, we have 

Acosir„= fl'co8(<rf-n + -fi»oos(<rf+j;) + flpcosi(<'-2ij)(-fp! 

A sin i r„ = - il' sin (<t( - f ) + ^ sin (<rf + ?.) - ^P «in l(«r - 2ij) i - fp) 

The mean interval between each tide and the next is 6'''210. 

Then if e be the increment of s, and t the increment of s — 2A in that 

period (so that with o- equal to 0°'6490 per hour and <t — 2^ equal to 

O'-ieeg per hour, e is equal to 3°-4096 and z equal to 2°-8994); and if o, b, c 

denote the values of a-i — f , trt + ^g, (<r — 2fj) ( — fp at the time of the first 

tide under consideration, the equations corresponding to the (r + l)th tide 

are approximately 

AcoeiF„= fl' cos (a + re) + ito cos (t + re) +iZp COB (c+ra) ) .„-. 

Asin JF«--i2'sin(a4 r8)+ RoS\a(b + re)- Rpan(c +rti) ) '" 

If we take the mean of n + 1 succeaaive tides, the first pair of terms will 

be multiplied by , ,r— — r- and the last terra by the similar function with 
^ (n + I) sm ie ■' 

s in place of e; also the r in the arguments must be put equal to ^n. 

If the (n + 2)tb tide falls exactly a semi-lunar period later than the first, 
(n + 1) e K TT. On account of the incommensurability of the angular velocity 
cr, this condition cannot be rigorously satisfied, but if the whole series of 
observations be broken up into such semi-periods, then, on the average of 
many such summations, it may be taken as true. 

Since ^e is a small angle, (n-|- l)sin^e = ^ir, and sin^(n + l)e = l ; 
hence the first &ctor is equal to 2/w. 

Again, 

Hn + l)z = i{n+l)e.- = ^v.^^^ = 76''S2' in degrees 

and (n-HDsini^-jTT.?^ 

* I have utuGed myMlt by ftnalysii, which I do not reproduM, (hat cm taking meani this 
•not beoomes veij small. 
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Therefore 

«int(« + l)»_j J, ,i„,8.a2'. 2^ 1.1436 -?xi, suppose 
(n + l)smii TT ff-2i; v tt 

Agnin iii«-iir-i«-J»-l"-7048 

iiu = J» - 13-ie4r - 1-'4497 - iir- 14°'91« 
Now let a = <.- l"-7048 | 

/8.6- r-7018 \ (23) 

7 = c-14°-9144 ) 
and we have a + Jn« = ijr + a | 

i + Jn«-J,r + ;8l (24) 

Thus, if n + 1 is the mean number of tides in a semi-lunar period, the 
means of equations (22) become 



g^— — yr 2A cos i 7. = - J? sin « - Jio sin y3 - Xflp sin 7 

^ jT 2Asin^Vi, = -fl'cosa + ii«cos/3— XjipC0S7 

2 (n + 1) 



...(26) 



where the Bummations are carried out over the first Bemi-lunar period, which 
may be designated as 1. 

In applying these equations to the next semi-period 2, the result is 
obtained by writing n + (n + l)« for a, 6 + (b-|-1)8 for h, and c + (n+l)z 
for c; that is to say, a + w for a, 6 + x for 6, and c + lfiS'-OTOe or 
c + 7r-26°-9294 for c. 

If, therefore, we put t - 26'''9294, we obtain the result from (25) by 
changing the signs on the left and writing 7 — e for 7. 

The equations for semi-periods 3, 4, 5, &c., will be alternately + and - on 
the left, and identical as regards the terms in a and j8, but with 7 — 2e, 7 — 3e, 
7 — 4«, &C., successively in place of 7. 

Let the observations run over m semi-lunar periods; then double the 
equations appertaining to periods 2, S...(m — 1), add all the m, equations 
together, and divide by 2(m— 1), 

The terras in R^ will involve the series 

S7 + 2^(7-.)4-2™(7-2,)+... + 2(7-(»-l).l 

Thisisequalto 2™li^'^l7-4(».-l).) 

Then if we put 

\ sin i (m — 1) « , , , , .nB 

u. = ^, s,\ - — ~ , where X- 11436 

'^ (m-l)tanie 
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our eqoatioDB (26) become 

= - R ana- Rf sin ff-fiRpBm{'Y—^{m-l)e] 

4(n + l)(m-l) " " 

= — ^coBa + iZoCos^ — ^iipCoei7- J(m— l)el J 
where % dow denotes summation of the following kind : 

1S(1)-S(2>1 + 12(3>-S(2)H-1S<3)-S(4)) + ... 

Suppose the whole serieB of observations to be reduced covers exactly 
2m + 1 quarter-lunar periods, which we denote by I, U, III, &c 

First suppose that the semi-period denoted previously by 1 consists of 
I + 11, that 2 consists of III -H IV, and so on. 

Let tg denote the time of the first tide of the series, and since noon of the 
first day is epoch, ta cannot be more than a few hours. 

Let t = ie-crt„ = l''-7048-(rt„ ) 

and i = i«-(«r-2ij)(„ = l°-4497-(cr-2ij)(,) 

i and k are clearly small anglea 

Since e - 26°-9294, ^ + 1°-449V - W-QIU ; and from (; 
a - (rt„ - f - 1°'7048 = - (f + 
/3-«rt„ + r,-l°-7048- (?,-i) 

7-(<i-2,)«,-i;,-14"-9144 &-A-i<J 

If the same notation be adopted as that explained in § 4 (the only 
difference being that we now deal with quarter-lunar instead of quarter- 
anomalistic periods), we have 

S°AcoelF„= iJ'sin(f + t)-ii,8in(?,-i)+/*flp8in(f,-|-ifc-l-ime)l 
S°AsinJF'„=-fi'cos(f'+V) + ^cos(fo-i)-^^cos(£", + i + ime)J ' 

Secondly, aupposc the semi-lunar period indicated by 1 consists of 
II + III, that 2 consists of IV + V, and so on. Then, obviously, the result 
is got by writing (o + ^tt/o- for (, ; that is to say, write * — ^tt for i tmd 
fe — i (<r — 2ti) trjo; or A — Jir + *}v/<r for k. But »jw/o- is equal to Je, and we 
write k- ^TT + ^e for k. Therefore, following the notation used in § 4 for 
N and L, 

S*'A cos i F"™ = - fl' co8,(f -1- - ii, cos (?„ - 1) 

-/tiipC08l5i,-)-Ar-hi('n + l)el [ 
S*'Aaini7„ = -B'8in{f + i)-B„sin(?o-t) 

- /ifip sin 1 £-p -H i + J C" + 1 ) «! 



..(28) 
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These four S's require correction for the disturbance due to the semi- 
diurnal terms M, and Si, and I shall return to this point later. In the 
meantime wnte 

W) „,, cos , „ Y) _. , COB , -, ,_., 

^> = Sh . iF„ + corr., _l = S*'A . ir„ + corr. (31) 

A J sin Zi J sin 

and we have 

1(W + Z) iJ.Bm({i-.)-,,ii,8iiii<coa(f, + t + }(2m + l)«|l 

l(X-Y). Jt,<x»(,^-,-)-^li,noi,iinl;, + k + i(i<n + l)€]]" 
l(W-Z). S'.mCf + + ;'-RrCos}«8iiil5, + t + J(2m+l)«)) ^g, 

J(X + Y) R'am((' + <)-iiR,cosicmi% + k+i(pn + l)t]]"' 

If we put L . H (X + Y) + B' eos (^+i)] ton J. 1 ,^^ 

M - !1(W - Z) - Ji' >m(f ' + .■)] tan i«) 

the equations (33) may be written 

i(W + Z)-L = -ii„ain(f.-i)l ,35^ 

J(X-Y) + M- iioCOs(£,-i)) 

The four equations (32), (33) involve six unknown quantities, Rf, f, 
-Ro> ?o> Rp, tp, and are insufficient for their determination. 

In reducing a short series of observations it is necessary to assume what 
is usually nearly true, viz., that Kp = «', and Hp/H' = 0-3309, as would be the 
case in the equilibrium theory of tides. 

Then, writing q for 0'3309, we have approximately ^ = H, = qW. The 
argument of the K, tide a t + {h - v) - ^ir - k\ where v is a certain function 
of the longitude of the moon's node (tabulated by Baird); and the argument 
of the P tide is t — A + ^ — Kp. 

At the noon which is taken as epoch t = 0, A = A„, and the two arguments 
are equal to — ^ and — fp. 
Hence - ^= K — v — ^ir — k 

- fp = - A, + Jir - Kp 
Therefore 5i, = f + 2A„-i''-T + («p - *') 

Putting Kf^K as explained above, 

tp + fc = ?' + » + 2A„-'''-T + i 
where i = fc - 1 = [l''-450 - (<r - 2^)) (J - [l°-705 - at^ 

= - 0°-255 + 2i;(„ a small angle (36) 

Then, if l? = 2^^-!-' + i + J(2m + l)el .g^, 

p„ = 5/tco8|e J 

we have 

J(W-Z)= f H' sin (f+t)-p».H'ain (?' + » + ^)1 ^ggj 

i(X + Y) = -rH'cos(f + + p-.H'cos(r+i+«)l 
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Let Ti!08t = r-p.co8e) 

TBin^- p.8in«( ' ' 

whence T and ^ may be computed ; sod 

i(W-Z)= H'T8in(f + i-^)) (40) 

4(X + Y)=-H'Tco8(r + «-^)l 
From these we compute H' and f and f + ». 
Then if u'^hg — v'— ^w, the equilibrinm ai^ument at epoch of K, , 

^'^r + tt' 
We have also Hp = gH' = 0-3309H', «, = k. 
Returning to equations (34) and (35), we compute M' ~ fH', and hence 

fi- *^ (f + 1). and then L and M. 
am " ' 

Having these, we compute R, and ^ from (35). 

Then, if «o = Ao-i' — 2(8^ — f) + iT, the equihbrium argument at epoch 

ofO, 

*„ = f. + Wo. and iio-5? 

where f, is a certain function of the longitude of the moon's node, tabulated 
in Baird's ManuaX. 

A Lot^ Series of ObservaHons. Suppose that there is a half year of 
observation, or two periods of thirteen quarter-lunar periods, each of which 
contains exactly the same number of tides. 

Then each of these periods is to be reduced independently with the 
assumption that q == 03309 and k^ ^ k'. If this assumption be found 
subsequently to be very incorrect, it might be necessary to amend these 
reductions by adding Kp — «' to the value of &, and by multiplying p„ by 
Hj, -f- 03309H', but such repetition will not usually be necessary. 

From these reductions we get independent values of H' cos*', H'sin*', 
Hg cos Ka, H^ sin Kg from each quarter year, and the means of these are to be 
adopted from which to compute H', «', Ho, k^. 

It remains to evaluate H, and Kp. 

The factor f ' and the angle v' vary bo slowly that the change from one 
quarter to the next may be neglected, although each quarter is supposed to 
have been reduced with its proper values. 

Let kg, kg be the values of the sun's mean longitude at the two epochs ; 
then since the second epoch is nearly a quarter year later than the first, 
kg will exceed kg by about 90°. 

Let kg' = kg + ^ + 8h, so that &h is small. 
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If r + ^r. ?p + 8£l, be the values of ?', ?p at the second epoch, we 
have ^ + S^' = ~ h/ + v + ^ + K, ^ = -k^ + v ■\-^ + k', and therefore 
«r = - 4^ - «A. 

Again, tp + Sfy^ V-i^^ + tp. ?y = A„ - ^b- + «j, 

and therefore 5i^ = jtt + 5& 

Let i + Bi,k+Sk be the values of i and & corresponding to the second 
epoch, and let W, X', Y', Z' be the values of those quantities in the second 
quarter. Then, replacing J(2m+l)e by 87''5, since thai is its value when 
2m + 1 is 13, we have from (33) 

i(W'-Z') = -Ji'co8(f' + t + 5i-M) 

+ fiBf cos it cos (^^ + k + Bk + Bh + 87°-5) 
i (X' +Y')-=-R sin (f + *■ + «i - Sh) 

+ /ti^ coe Je sin (?, + A + &fc + «A + 87°-5) 
4 (W - Z) = fl' sin (f ' + *) + /*iip COS i€ sin (?p + fc + ST^-S) 
i(X + Y) iJ'cos(r + t'>-M^coBieco8(?, + & + 87°-6) 



■■(«) 



i(W'-Z')-l(S + Y)= iJ'8inH^'-«A)ain{f + » + 4(&'-SA)} 

+ fiItpCoaiecos\(&k + Sh)cos{^P + k + \{Sk + Sk) + ST'-S\ 

J(W-Z) + i(X' + Y') = -ii'sini(«t-«A)cos{f + »+4(8*-SA)} 

+ ^ COB J« cos J (5* + SA) sin [f, + jfc + i (&fc + 8A) + 87°-5] 

In these equations R is equal to f'H' and Rp is equal to Sp. 

The terms involving R' are clearly small, and approximate values of R^ 
and ^, as derived from the first quarter, will be sufBcient to compute theoL 
Afterwards we can compute iip or H^ and fp; then if Up denotes —hg + ^, 
the equilibrium argument of P at the first epoch, Kp = ^p + Up. 

The values of Hp, «p thus deduced ought not to differ very largely from 
those assumed in the two independent reductions. 

The same investigation serves for the evaluation of the F tide fixim any 
two sets of observations, each consisting of thirteen qufui>er-lunar periods, 
and with & small change in the analysis we need not suppose each to consist 
of thirteen such periods. But the two epochs must be such that sinSA is 
small and cos Sk is large, or the formulse, although analytically correct, will 
ful in their object. 
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§ 8. 7%6 Diaturbanee of E„ O, F dm to tA, and S,. 

It has been remarked ia § 7 that the diamal tides are perturbed by the 
semi-diurnal. The general method has been given in § 3, by which to 
ccdculate the effect on any one tide, whose increment of argument since 
epoch ie Vp and speed is p, due to a tide whose increment is F, and speed q. 

Since in the present instance all the diurnal tides have been consolidated 
into one of speed 7 - »■, we have to calculate the effect of the tides whose 
speeds are 2(7 — 0-) and 2(7 — t;) on the tide whose speed is 7 — a*. It 
follows, therefore, that the factor q/p or kg of (3) is in the first case equal to 
2 (7 - ff-)/(7 - ff) or 2, and in the second case is 2 (7 — rj)/{y — v) or 2'07O ; or 
*. = 2,ii-2070. 

The coefficients F, Q, f, g, as due to the tide M, of speed 2 (7 — cr), will be 
written with suffix m, and as due to the tide S, of speed 2 (7 - ij), with 
suffix B. The sums and means have also to be taken in the two ways 
denoted by S° and S^. Hence we have altogether to compute sixteen 
coefficients, which by an easily intelligible notation may be written 

Fo,'°', Gm"', ... t,'^\ g,'*'' 

In order to compute the sixteen coefficients, it is necessary to find the 
mean cosines and sines of the four following angles, viz.: 

^Fa, ± 7a,> i^m ± V„ and the mewiB have to be taken in the two ways 
denoted S" and S*". 

These means are exactly the same in form as what the means of k cos and 
A sin (which had to be evaluated in S" and S*") would be if all the heights 
were regarded as positive unity, irrespective of whether they are H.W. or 
L.W. Hence the same plan of computation serves here as elsewhere ; the 
plan is explained in the following section. 

By comparison of equation (7) and the definitions (31) of W, X, Y, Z in 
the last section, we have 

W-S^Acosiy^-M^F^i-^ +5™G„"" +A,F,^> +B,0.""] 
X = S''Asin47„ -1.4„fJ« +Bmg„"" +A.i.<'> +5.g.""} 
Y = Si-A coe i7„ - {.4„F„*" +B„a„*" + .4.F;*^ + 5.0.'*"} 
Z = S*'Asin47„-{^„^'*" +B„g„'i'> +A,f,ii» +B,g.<i'>] 

The four quantities A„, B„, A„ B, are known from the evaluations of the 
tides M, and S, ; whence the corrections referred to in § 7 are calculable. 



..(12) 
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§ 9. On the Summaiions. 
It wUl be seen &om the preceding sections that sums have to be found of 
the following functions : 

aTf„, h^V„ a'^IF"™ 
sin Bin sin ' 

and also of 

8in* Bin' sin^* " ' 

It is necessary to calculate the five angles ^V„, V„ i[V„ ± V„ and V^, 
for each tide, and the reader will easily see, by the example in the Appendix, 
how they may be computed with considerable rapidity, by aid of an auxiliary 
table A. 

The computation of sines and cosines and multiplication by heights, may, 
with sufficient accuracy, be abridged, by regarding the cosine or sine of any 
angle lying within a given 5° of the circumference as equal to the cosine or 
sine of the middle of that 5°. 

The process then consists in the grouping of the heights according to the 
values of their V's {V„, V,, ^V„, as the case may be). The heights in each 
group are then summed. Since the L.W. heights are all negative, they are 
treated in a separate table, and are considered as positive until their combi- 
nation with the H.W. at a later stage. We shall, for the present, only speak 
of one of these groupings, taking it as a type of both. 

Since . (a +180°) = — . «, the eighteen groups forming the 3"" quadrant 

may be thrown in with the 1** quadrant by a mere change of sign ; and the 
like is true of the 4*" and 2°'' quadrants. 

Since cos (180° - o) = — cos a and sin (180" — a) = sin a, it follows that we 
have to go through the 2"* quadnuit ia reversed order, in order to fall in with 
the succession which holds in the 1" quadrant, and, moreover, the cosine 
changes its sign, whilst the sine does not do so. Hence the following 
schemes will give us the eighteen groups which all have the same cosines 
and sines: 

for cosines (1" - 3*^) - (2"^ - 4'") reversed 

for sines (1" - 3"*) + (2-^ - 4"") revereed 

Thus, one grouping of the heights serves for both cosines and sines, and, 
save for the last step, the additions are the same. 

The combination of the H.W. and L.W. results is best made at the stage 
where !•* - 8^ and 2"^ - 4"" have been formed. 
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The negative signa for the L.W. resnlts are introduced before addition to 
the H.W. results, and total l" - 3^* and 2°'' - it*" are thus formed. 

After the eighteen cosine and sine total numbers are thus formed, they 
are to be multiplied by the cosines otaines of 2° 30', 7° 30', 12°30', ... 87° 30'. 

The products are then summed so aa to give %k . , 

It was noted at the beginning of this section that we also have sums of 

the form S . . These sums are obviously made by entering unity in place 

of each height, and, of courae, not treating the L.W. as negative. Thus, 
where the H.W. and L.W. are combined it is not necessary to change the 
sign of the L.W., as was done in the combination of H.W. and L.W. for 

'SJi . . These summations are considerably less laborious than the others. 

In the case of the tides M, and S,, the division of the sums £A . by the 

total number of entries gives the required results. But for N, L, and 
similarly for the diurnal tides K,, O, P, the grouping and summations have 
to be broken into a number of subordinate periods, which are to be operated 
on to form 8° and S^. The multiplication by the eighteen mean cosines and 
sines is best deferred to a late stage in the computation. 

Thus, for example for N and L, the quarter-lunar-anomalistic periods, 
i, ii, iii, &c, are treated independently, and we find (1»*— 3'^) ± (2°''-4''' 
reveraed) for each. There are thus eighteen cosine numbers and eighteen 
sine numbers for each of i, ii, iii, &c 

We next form the sums two and two, i + ii, iii + iv, &c. ; next find the 
differences (i + ii) - {iii + iv), (v + vi) — (iii + iv), &c. ; add the differences 
together ; then multiply by the eighteen cosines or sines of 2)°, 7^°, &c., and 

finally multiply by r7 T^n rt . and so find S°A . . 

•' ^■' •' 4(n+l)(wi-]) sin 

We next go through exactly the same process, but beginning with 

ii instead of i, and so find S*'A . . 
sm 

The same process applies, mataiis mutajidis, for finding 8° and 8^ . . 

There are two cases which merit attention ui particular. The sorting of 
heights in quarter-lunar-anomalistic periods, according to values of V„, 
serves, in the first instance, for the evaluation of N and L, but it serves, 
secondly, to evaluate M,, for we then simply neglect the subdivision into 
quarter periods and treat the whole as one series, but stop at the end of a 
semi-lunation. 

D. 1. 13 
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The sorting of heights in quarter-lunar periods, according to the values 
of \Vm> also serves several purposes. 

We first find fix;m it S" and 8**^ . ^V„, and secondly, by merely 

counting the entries in each group for each quarter period, instead of adding 
up the heights, we arrive at S° and S^co6^T^„. (It may be noted iu 
passing that what is wanted, according to preceding analysis, is the sum 

of ■ (i Pm — y^Bt), so that there will be a change of sign in the sine sum to 

get the desired result.) 

But, besides these, 8° and S*" . (iV„+ VJ) can be obtained with 
sufBcient accuracy fi-om the same sorting. 

The angles ^V„ were sorted in four times eighteen groups, for each 
quarter-lunar period. IF each angle were multiplied by three, the eighteen 
entries of the 1" quadrant would be converted into three groups of six, lying 
in three quadrants, viz., I"*, 11"^, III'^ ; the 2°^ quadrant is changed to IV"", 
I", II"»; the S"! to III'^, IV">, I"*; and the 4*^ to II"", III">, IV*. Hence 
eighteen entries of !•* — S"^ are converted into three sixes, I"* — III"", 
IP^-IV"", -(I^-III""!; and eighteen entries of 2"'" -4"- are converted 
into three sixes. - {n-" - IV*"}, I^-III"", 11"" -IV^. 

Hence a new I** - III'" of six entries is made up thus: 
first six of former !•* — 3'" 
+ second six of former 2"* — 4"" 

- third six of former 1" - 3"" 
And a new 11°" — IV"' of six entries is made up of 

- first six of former 2"" - 4^ 
+ second six of former l* — y" 
+ third six of former 2°" - 4*^ 

These I" — III"' and II'"' -IV"" may now be treated just like the other 
ones. Thus, without calculating |F",», we have from the former l** — S*" and 
2°" — 4*" the results of a fi^sh grouping according to values of |Fi,. 

It is true that there is a considerable loss of accuracy, because all angles 
within 13° are now treated as having the same sine and cosine. 
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§ 10. Rules /or the Partition of the ObBervations into Groups. 

It appears from the preceding investigations that it is required to divide 
up the observations into groupe. This may be done, with all necessary 
accuracy, and with great convenience, by dividing the tides Just as they 
would be divided if every H.W. followed L.W., and viae versd, at the mean 
interval of 6''-2103. 

Now a quarter-lanar-anomalistic period is 16fi'"3272, a quarter-lunar 
period is 163''-9295, and semi-lunation is 354^ 36?0. Hence, dividing these 
numbers by B'^'SIOS, we find that there are 26*62145 tides in a quarter- 
anomalistic period, 26'3964 in a quarter period, and 570612 in a semi- 
lunation. 

It may be remarked in passing that these results show that the n + 1 of 
(10), § 4, is 63-243, and the n -H of (25), § 7, is 52-793. 

It is, of course, impossible to have a fractional number of tides, and, 
therefore, we make a small multiplication table of these numbers, and take 
the nearest integer in each case. For example, in the case of the semi- 
lunations, we have 

1. 570612 57 4. 2282448 228 

2. 114-1224 114 5. 2853060 285 

3. 171-1836 171 6. 342-3672 342 

These have to be divided between H. »)d L.W. For the sake of con- 
venience, I suppose that we always begin the seriea with a H.W., then when 
the integer is odd we put in one more H.W. than L.W., and thus have the 
following rule : 

No. of semi-lunation ... 12 3 4 5 6 

No. of last H.W. in the 

semi-lunation 29 57 86 114 143 171 

No. of last L.W. in the 

semi-lunation 28 57 85 114 142 171 

The H.W. and L.W. are here supposed to be numbered consecutively from 
1 onwards in separate tables. 

The other rules of partition given in Appendix E are found in the same 
way. 

§ 11. On the Over-Tides. 

Observations of H. and L.W. are very inappropriate for the determination 

of these tides (of which the most important are M*, M,, S*. S,), because they 

express the departure of the wave firom the simple harmonic shape, and we 

are supposed to have no information as to what occurs between two tides. 

12—2 
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These tides make the interval from H. to LW. longer than from L. to H,W^ 
and there is do doubt that, aasumiDg the existecce in the expression for h 
of a term of the form Af„coa2Vm + B,„Bin2V„, we shall get an appFOxima- 
tion to Asm And B,„ by finding the mean of h cos 2 V„ and & sin 2 V^. But 
the computation of the F, G, f, g, coefficients for the perturbation of M« by M« 
would he essential, and thus the amount of additional computation would be 
very great, whereas in the analysis of continuous observation the over-tides 
are found almost without any additional work. I am inclined to think that 
it would he best to obtain hourly observations for several days at several 
parts of a lunation, and by some methods of interpolation to construct a 
typical semi-diurnal tide-wave, from which, by the ordinary methods of 
harmonic analysis, we could find the ratio of the heights of the over-tides to 
the fundamental, and the relationship of their phases. 

I make no attempt at such an investigation in this place. 

§ 12. On the Annual and Semi-annual Tides, 
These tides are frequently of much importance, so that they ought not 
to be neglected from a navigational point of view. It is obviously impossible 
to obtain any results from a series of observations of less than a year's 
duration. 

Rules for the partition of tides into months or 12'*' parts of a year are 
given in the Appendix E. The mean of all the H. and L.W. observations 
for each month may be taken as the height of mean water at the middle of 
the month, and the 12 values for the year may be submitted to the ordinary 
processes of harmonic analysis for the evaluation of these two tides. 

We have supposed in the previous investigation that the tide heights are 
measured from mean sea-level, and although it is not necessary that this 
condition should be rigorously satisfied, it might be well, where there is a 
large annual tide, to refer the Heights to different datum levels in the different 
quarters of the year. 

§ 13. On Oaps in the Series of Observations. 

It oflen happens in actual observations that a few tides are missing 
through some accident, or are obviously vitiated by heavy weather. Now 
the present method depends for its applicability on the evanescence of terms 
in the averages. It is true that it is rigorously applicable even for scattered 
observations, but if applied to such a case all the F, G, f, g coefficients have 
to be calculated, and, as every tide reacts on every other, the computation 
would be so extensive as to make the method almost impracticable. Thus, 
where there is a gap, observations must be fabricated (of course noting that 
they are fabrications) by some sort of interpolation, and even values which 
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are very incorrect are better bbao none*. If the interpolation is extensive, 
it might be well to test its correctness in a few places when the reduction 
is done. If a whole week or fortnight be missing, and if the computer 
cannob find a plausible method of interpolation, I can only suggest a pre- 
liminaiy reduction from the continuous parts, and the computation of a tide 
table for the hiatus. Each such case must be treated on its merits, and it is 
hardly possible to formulate general rules. 



APPENDIX. 

Tables and Rtdea of Oeneral Applicainlity. 

A. To find \V„. 

The following table is for finding what would be the mean moon's hour- 
angle, if the moon had been on the meridian at the epoch. This angle is 
denoted by ^ V„ or (7 — a) t, and is equal to the angle through which the 
earth has turned relatively to the mean moon (at 14°'4920521 per mean solar 
hour) since epoch. 

It would be advantageous to extend the table up to 90 days, bat it can 
be used as it is for periods greater than 30 days by the division of the time 
into seta of 30 days. In the second period of 30 days B'-l must be suhtracted 
from the tabular entry, for the third period 11°'4, and so onf. 

For example: Find JV„ for 78J'' ll*" 23". The day is 18^ of the third 
30, and the tabular entry for 18J'' ll"" is llS-^g, and subtracting 11°'4 we 
have 102''-5; 23" gives 5°-6, so that iV„=108°l. The correct result is 
107°'99, and it is obvious that an error of 0°'l may easily be incurred by the 
use of the table. 

The row for day — ^ is given because it may be necessary to use one tide 
before epoch ; this row is used in the example below. 

* Fabiionted timea uid bdghta wonld veiy likely be no wone than real obisrv&tioiiB daring 
a taw dafs of rough weather. A perfeet tide table 0DI7 olainu to predict the tide apart from the 
influenoe of wind and atmoapheria preeetuie ; aud, oonvenel;, tidal obearvatioDB must be 
antbrnenOj nnmeronB to diminate these iaflneDoea by average*. 

t Obeerre that the decimals ran thoi, -0, -S, -0, Ac., then -4, -9, -t, «c., then -8, -S, -8, dbj,, 
and M on. The firet entty in which the seqaenee alten I call a " change." The incidenee of 
>■ ohangee " nui7 be found tbna: 7-r ia U^- -00796; take Crelle'a mnltiplioation table for 795, 
and note whera the last digit but three, having been 4, becomea 6; I aay that this is a "change." 
For example, 669 x 79S ^ 414105, and 600 x 7BS = 146200 ; then a obange ooonra at the 660»> hoar^ 
orat the(lS>i46-f8)'^houT, orat38'i8». If the table be oontinned to 60 and 90 days, Ac., b; 
■abtraoting S°-7, ll'-l, Ac., the ehangea will fall a little wrong, but they ma; eaaily be ooireeted 
by nieana nf Orelle'e table, aa here ahown. 
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To find V,. 
No table ie necessaiy for the converaion of time ioto angle at 30° per 
hour to find V„ or 2{y-Ti)t, since we multiply the houra by 30, and add 
half the uumber of minutes. This rule is the same for every day, 

B. The tides S, and K,. 
It is required to compute U and from 

(7" COB ^ = n + X,r' cos u 
(7 sin ^ = Xnf" sin m 
where « = 2A„ - 2v" + a^ 

„d n- 1 + 3 ( ■""'' r'"-°'"°P^ l 

V mean pars. / 

the sun's parallax referred to being its value at the middle of the period 
under reduction. 

If, for example, February 14 is the middle of the period, IT is found 
thus: 

Sun's parx. Feb. 14 = 8"-95, mean parx. = 8"-85, difif. = + 0"-10 

Then n-1 +^-4^ = 1034 

885 

The period under reduction consists in this case of an exact number of 
semi-lunations. The following table gives X^ and a„, according to the number 
of semi-lunations : 



No. ol iemj. 
















1. 


3. 


8. 


4. 


fi. 


8. 


logX. 


91300 


9«59 


93920 


9-3675 


93113 


9-2617 


«» 


14--28 


28--82 


43'-36 


57°-90 


72"-43 


86'-97 



kg is the sun's mean longitude at epoch, found from Nautical Alnumac ; 
and 21*", f" are found from Baird's Manual in the tables applicable to the 
tide K, [or from the fonnulte at the end of Paper 1], 

C. The Fides N and L. 
Summations are carried out over quarter-lunar- anomalistic periods, 
numbered i, ii, iii, &c. Grand totals are then made in two different ways, 
viz. 

[S (i + ii) - 2 (iii + iv)] + [S (v + vi) - £ (iii + iv)] 
+ [2 (v + vi) - 2 (vii + viii)] + &c., to find S° 
and [2 (ii + iii) - 2 (iv + v)] + [2 (vi + vii) - 2 (iv + v)] 

+ [2 (vi + vii) - 2 <viii + ix)] + &c., to find S*- 
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where, for example, £ (i -I- ii) denotea summation carried over the half period 
made up of i and ii. These totals are mnltiplied by certain mean cosines 
and sines (whose values are given in F), and are summed. The next procoss 
is multiplication by a factor <i» (w/4{n + l)(m — 1) of § 4), of which the value 
depends on the number of quarter- lunar-anomaliBtic periods under treatment. 
The following table gives the value of this factor : 



* 002950 0-01475 0O0738 000492 000369 0O0295 

The angle j is also required ; it depends on the time of the first tide 
ander reduction. If tc be the time in hours since epoch to the first tide, 

j = l°-690-0°-5444(„ 

For instance, in the example below the first tide is at 3** 14™ of day — ^ ; 
this is 8'' 46"', or &-T!, be/<yre epoch, so that t„ = - 8'"77 ; then 

j = VQQO + 0°-5444 x 877 = + 6°-46 



D. The Tides K„ 0, P. 

Summations are carried out over quarter-lunar periods numbered I, II, III, 
&c, and totals are formed like those mentioned in C, and a factor ^ (which 
differs slightly from 4>) is required in the formation of S" and SK This 
&ctor depends on the number of quarter-lunar periods under treatment, and 
the following table gives its value : 
No. of i-Inoftr 

periodB... ra. V. vn. IX. XI. xm 

^ 002976 0-01488 0-00744 0-00496 0-00372 0-00298 
The angles i and I are required ; they depend on the time of the first tide 
under reduction. If tg be the time in hours of the first tide since epoch, 
i= l°-705-0°-549(„ 
i = -0°-255 + 0°-082(. 
For instance, in the example below we have, as shown in C, (o= -*3''-77, 
and 

i = + 6''-62 

/ = -0'-97 

It is required to compute T and -^ from 

T cos ■^ ™ f ' — />„ cos fl 

T sin -^ = pn sin 

where ^ = 2A„ - w' + / + y3„ 
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The period under reduction consistB in thia case of an exact number of 
quarter-lunar periods, and the following table givea tbe values of p„ and /3n, 
according to the number of quarter-lunar periods: 



No. of J-IuMr 


m. 


V. 


vn. 


a. 


XL 


xiir. 


log()„ 


9-6»49 


9-5628 


9-6608 


9-5303 


9-6009 


9-4618 


ff. 


20*-20 


33'-66 


«*13 


60--59 


74--00 


87--52 



hg is the aun's mean longitude at epoch, the formula for I is given above, 
and y', f ' are found from Baird's Manual in the tables applicable to the tide 
K, [or from the formuUe at the end of Paper 1]. 



E. Rides for the Pai-tUion of the Obaemaiuma into Oroupt. 

If the first event after epoch is a L.W., either omit it from the reductions, 
or let the first tide be the H.W. which precedes epoch. Thus we are to begin 
with a H.W * 

The H.W. and L.W, are treated apart in septate tables. 

Each tide (H.W. or L.W., as the case may be) is numbered consecutively, 
fix>m 1 onwards. 

The following are rules for partitions : 

* This is not neoesau?, but It makeg tbe stateioenta oT the inbieqiient rolM simptw, m titej 
bftve not to be given in an altern&tlTe form. 



Digitized by L.tOO'JIC 



RULES FOR SEDUCTION. 



;=S8 



.5 8 8 
3SS 



111 1 



3:11 II 

■s's-s ,i 

o i 6 I H 

Iz; K sz; ^ 



S -8 



3SS 



£'8S 



1^ ^ 
S.1 I 

9«a * 



|M J 



II 



Digitized by L.tOO'JIC 



BULKS FOB REDUCTION. 

For M, and S,. 

Semi-IunationB numbered 1, 2, 3, Stc 



No. of semi -lunation 

No. of last H.W. in the aemi- 

lunation 

No. of last L.W. in the aemi- 

lunation 



For Annual and Semi-annual Tides. 
Months, or ■^*'' parts of a year, numbered 1, 2, 3. 









in month 


. of last L.W. 


in month 



Total No. of tidea up to the end of each month 118 S35 3S2 

No. of tidM in each month 118 117 117 

The epoch for the second quarter year should be 91 days after first epoch, 
that for the third 92 days after the second, for the fourth 91 days after the 
third, except in leap year, when the last should also be 92 daya 

There are six tides (or about thirty-seven hours) more in a quarter year 
than in xiii quarter-lunar-anomalistic periods ; the times of these six tides 
(or ten tides in one of the qimrters) are to be omitted from the reduction, 
and their heights are only required when the annual or semi-annual tides are 
to be found. 

F, Cosine and Sine Factors for all the Tides. 
These ore the cosines and sines of 2° 30", 7° 30', 12° 30', &c They are 
as follows : 

Cosine and Sine Factors. 
Read downwards for cosines, upwards for sines. 

1. 0-999 10. 0-676 

2. 0-991 • 

3. 0-976 

4. 0-954 
6. 0-924* 

6. 0-887 

7. 0-843 

8. 0-793* 

9. 0-737 

In the evaluation of S° . iV- and &* . |F., onlv the factors marked 
Bin' Sin" " •' 

• are required. 



11. 


0-609* 


12. 


0-637 


13. 


0-462 


14. 


0-383* 


15. 


O301 


16. 


0-216 


It. 


0-1.30* 


18. 


0-044 
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G. Increments of Arguments in Various Times. 

The following table gives the increments of ar^ments of the several 
tides in variouB periods, multiples of 360° being subtracted. This table 
&cilitate8 verification of the calculation of the harmonic oonstanta. 



1 hour 

I (fay 

10 days 

100 days 


28°-984104 
- 24-3815 
+ 116 186 
+ 81 -86 


8, 

so^-ooooo 






K, 

ao'-oeau 

+ 1 -9713 
+ 19-713 
-162-87 


N 
28''-43973 

- 37 -Meo 

- 14-465 
-144-66 


1 hour 

1 day 

10 days 

100 days 


L 
89°-68S4fl 
- 11 -3165 
-113 166 
-61-66 


16°-(M107 
+ 0-8866 
+ 9-866 
+98-66 



13°-94304 

- 36-3671 
+106-329 

- 16-71 


P 
14''-96893 

- 0-9866 

- 9-856 

- 98-56 



Example. 

(a.) Place, Time, Datum Levd, and Unit of Length, 

The case chosen is three months of observation (in reality the tidal 
predictions of the Indian Qoverament) at Bombay, and the epoch is C', 
January 1,.1887. 

A datum at or very near mean water-mark is taken, so that all the H.W. 
are positive and the L.W. negative. This datum is found by taking the 
mean of all the H.W. and L.W. of the original observations. In this case 
99 inches was subtracted from all the tide heights. I might more advantage- 
ously have subtracted 102 or 103 inches, but 99 inches wa6 chosen from 
coDfiiderations applicable to my earlier attempts, but which do not apply to 
the computation in its present form. 

At places where there is a Urge annual inequaUty in the height of water, 
it would be advisable to use a different datum for each quarter of a year. 
It is not, however, important that the datum should conform rigorously to 
mean water-mark, for even the discrepancy of 3i inches, which occurs in ray 
example, does not materially affect the result. 

In recording the heights, a convenient unit of length is to be used, and 
it is advantageous that the H.W. and the L.W. should be expressible by two 
figures, so that the larger H.W. and L.W, shall fall into the eighties and 
nineties. The unit of length is here the inch. 
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(b.) Times and Angles. 

The times of H.W., numbered consecatively, are entered in a table, as 
shown on p. 191. Since O** astronomical time is the epoch, the P.M. tides will 
come in the half days which are numbered with integrals, and the A.M. tides 
in the half days which tall between the integral numbers. 

From time to time there will be a half day with no H.W. ; this row in 
the table should be left blank, but there happens to be no such row in the 
sample shown. A computation form for timee and angles might be printed, 
for, although the exigencies of the printer have not allowed the entries to be 
equally spaced in the sample below, yet the computation form might be 
printed with equal spaces, and the dividing lines are to be filled in by band. 

The L.W. table is similar. 

Both H. and L.W. are to be divided into quarter-lunar-anomalistic and 
quarter-lunar periods, and semi-lunations, according to the rules given in E. 
These partitions and the numbering of the entries could not be printed, 
because of the occasional blank rows. 

The formation of }[V„ and of V,, by means of Table A and the rule 
following it, is obvious. In the subtractions and additions under the headings 
iV„-V, and i[V„+ V,, 360" is added or subtracted where necessary. F^ is 
found by doubling J V„. 

(c.) The Heights. 

The H.W. heights are written in columns, as shown in the column of 
figures on the margin of the table on the next page (with the same blanks as 
in the table of times and angles), and are so arranged, either on strips of 
paper, or by aiding the paper, that the heights may be pinned to the times, 
bringing each height opposite to an angle on the same row with the time 
corresponding to that height. The heights will on one occasion have to be 
pinned opposite the F"„ column, on a second occasion opposite the V, column, 
and on a third occasion opposite the ^V^ column. 

The L.W. heights are written in similar columns, but the minus aigna 
should be omitted. 

It is well to divide the columns, or to put fiducial marks in the table 
for easy verification of the proper allocation of the heights with the times. 
Any marks suffice, but the division into quarter-anomalistic periods, as shown 
in the colunm of heights printed at the margin of the table on the next page, 
seems to be as good as any other. 

If it is proposed to evaluate the annual and semi-annual tides, it is 
necessary to carry on the heights beyond the times by 3 (or 5) H.W. and 

{Continued on p. 195) 
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3 (or 5) L.W., and to partition them into months. The mean for each month 
is evaluated, and if the Buccessive quarters of the year are referred to different 
data, the mean monthly heights must all be referred to a common datum. 
This process is not carried out in my eiuunple, because it is useless to 
attempt the evaluation of these tides of long period from three months of 
observation. 

The sum of all the H.W. entries to the end of xiii is 9791. The sum of 
all the L.W. entries to the end of xiii is 8577. There are 173 H.W. and 
173 L.W. Hence mean sea-level is yjj (9791 - 8577), which is equal to 
+ 3'51. It would have been better, therefore, to have subtracted 103 inches 
instead of 99 inches from all the heights. This would have given mean sea- 
level at — 0*49 from the datum adopted. 



(d.) Sorting the Eights acoordi-ag to the Values of the Angles. 

In the tables on pp. 192, 193, 194 the column 0° belongs to all angles 
between 0° and 5° ; 5° belongs to 5° to 10° ; and so on, 

Wbere an angle falls exactly on a multiple of 5°, an arbitrary rule of 
classification is required, and it is easiest to deem it to belong to the next 
succeeding 5°, rather than to the preceding 5°. 



(e.) Sorting according to Values of V„. (See pp. 192, 193, 194.) 

The H. and L,W. are treated in separate tables, similar in form save that 
the - signs of the L.W. heights are omitted. 

The sheets of heights (c) are pinned opposite to the V„'s on the tables 
of angles (b), and the heights are then entered successively into the columns 
corresponding to their V^'s in a table like that on pp. 192, 193, 194. 

The division into quarter-lunar-anomalistic periods is maintained, but as 
this sorting is to serve a double purpose, it is necessary to mark the end of 
the last semi-lunation. In these tables there are two H.W, and two L.W., 
which fall after the end of 6 semi-lunations, and before the end of xiii quarter- 
lunar-anomalistic periods. 

Nearly all the entries fall into one quadrant for H.W., and into another 
for L.W. Thus there are no H.W. entries in the 4"" quadrant, and no L.W. 
entries in the 2°* quadrant ; there arc altogether only 10 H.W. entries in 
1" quacbant, and 3 in 3"" quadrant ; and there are only 4 L,W. entries in the 
1" quadrant, and 17 in 3"^ quadrant. Something like this would hold true 
at all ports. 
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(f.) Table of Sums for N and L. (See p. 197.) 

Maintaining the divisions i, ii, iii, &c., it is now necessary to sum each 
of the four times 18 vertical columns in each of the xiii divisions, to subtract 
the 18 columns of the 3"" quadrant from the 18 columns of the 1", and to 
subtract the 18 columns of the 4"" quadrant from the 18 of the 2°'', The 
2Dd _ 4,th columns have then to be reversed. 

Since in this case nearly all the H.W. fall in the 2""* quadrant, and nearly 
all the L.W. fait in the 3"" quadrant, it is easy to write down at once 2"*' — 4"', 
and 1" — 3"^, as shown on the next page. 

In this the — signs of the L.W, entries have to be reintroduced, but as 
the L.W. lie mostly in 3"" quadrant, which enters with negative sign, they 
become positive again. It thus happens that nearly all the columns come 
out + ; there are, however, a few - in xii. 



(g.) Table of Sums /<»• M,. (See p. 198.) 

We now disregard the sub-divisions i, ii, iii, &a, and sum the 4 times 
18 columns into grand totals, stopping the summations, however, at the end 
of 6 semi-lunations {i.e. at 171 H.W. and l7l L.W.). 

It would hardly be wise to attempt in this case the subtractions 1" — S"', 
2"'' - 4"", without the intermediate steps. 

The following table (p. 198) gives the results. 

(h.) General Ru!,e for CoHne aiid Sine Summations. 

For 'cosines' the 18 numbers required are derived from (l** — 3*^) 
_ (2-^ - 4"^, reversed). 

For 'sines' the 18 numbers required are derived from (l"'-3"')+(2"^-4"', 

id). 



(i.) Evaluations of N and L (continued). (See p. 199.) 

Cosines. From Table (f) of Sums enter the 18 'cosine' numbers, in 
accordance with (h) in xiii vertical columns, and perform the operations 
indicated in the example on page 199. 

The column of ' cosine factors ' are those given in P, and $ is given in C 
for xiii ^-lunar-anomalistic periods. 
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Cosines (continued). Form columDs ii + iii, iv + v, vi + vii, viii + ix, 
X + xi, xii + xiii. Form difference columns (ii + iii) — (iv + v), (vi + vii) 
— (iv + v), (vi + vii) - (viii + ix), (x + xi) - (viii.+ ix), (x + xi) — (xii + xiii) ; 
add the 5 difference columns together ; multiply by cosine factors ; sum and 
multiply by 4» or 000295. 

The result is S^'A cos r„ = - 8-38 

Sines, From Table (f) of Suras, enter 18 "sine" numbers, in accordance 
with (h) in xiii vertical columns. 

Perform all the same operations as those on "cosine" numbers, save that 
we use sine factors, which are the same as cosine factors in inverse order, viz., 
beginning with 0044 and ending with 0-999. 

The two results are 

S°A sin r„ = + 5-94, S*-A sin V^= + 10-06 

Collecting results, proceed thus : 

S°A cos F„ = + 11-38. S*-A cos 7„ = - 8-38 

Si'A sin y™ = + 10-06. S°Asin7„=+ 5-94 

Sum = + 21-44. Sum =- 2-44 

Diff. =+ 1-32. Diff. =-14-32 

P=^8um = + 10-72. R=Jsum =- \%2 

Q = idiff. =+ 0-66. S=idiff- =- 7'16 



(j.) Evaluation of M, (continued). 
From the Table (g) of Sums for M, enter in one vertical column 18 cosine 
numbers, in accordance with (h); multiply them by cosine factors; add up 
and divide by the total number of entries for 6 semi-lunations, viz., 342. 

The result is A„ = sk^A cos r„= - 30-58 

Then enter in vertical column 18 sine numbers, in accordance with (h); 
multiply them by sine factora, add up, and divide by 342. 
The result is B„ = ^\^tk sin F„ = + 38-47 

(It.) Sorting according to Values of V„ and Evaluation of Sj, K,. 

The H. and L.W. are treated in separate tables, similar in form save that 
the - signs of the L.W. heights are omitted. 

The sheets of heights (c) are pinned opposite to the V,'a on the Tables 
of Angles (b), and the heights are entered successively into the columns 
corresponding to their V,'a in a table like (e), which was used for sorting 
according to values of V„. The sorting is carried as far as the end of 
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an exact multiple of a semi-lunation, — in this case to the end of 6 semi- 
lunations. No eiib-division is necessary, but for the purpose of verification 
it is useful to break the entries into groups of about 40. This is conveniently 
done by a division after each third j-lunar-anomalistic period, ao that i, ii, iii 
would be the first group; iv, v, vi the second; vii, viii, ix the third; and 
X, xi, xii, and all but the end of xiii, the last. . 

In this case the entries fall into all the four quadrants with about equal 
frequency. 

We next sum the four times 18 columns, just aa with M, in (g), and form 
1"' - 3"* and 2°* - 4'^ reversed, in the same way. 

Next we write the 18 cosine numbers, (l'* — 3"')- (2™* — 4"", reversed) in 
vertical column, multiply by cosine factors, add, and divide by the total 
number of entries, which is 342. Afterwards write the sine-numbers 
(1" - S"^) + (2"* — 4"', reversed), multiply by sine factors, add, and divide by 
342. 

The results are 

A, = aJjS/t cos F, = + 21-08. B, - ^th sin V. = -|- 3-62 

(1.) Sorting according to Vuliieg of ^V^. 
The whole process is precisely parallel to the sorting according to values 
of V„ in (e) ; the thirteen divisions are, however, given by the quarter-lunar- 
periods I, II,... XIIL The only difference lies in the snlstitution of the 
factor ■*■ (for XIII equal to 000298) for 4>. It is unnecessary to give an 
example. 

The results arc ' 

S''AcosiK;, =-10-50, S^siniT. =-l-804 

Si'hcosiV^ = + 0-40, S*'A sin iy„ = + 3-74 

(m.) SortiT^ of i7„. 
It is required to find what the sums in (1) would be if every H.W. height 
had been unity, and every L.W. the same both in magnitude and sign ; in 
fact to find S''cosiF„, S*»cos jr„, &c. 

This is done by counting the entries in the preceding sorting in (1) 
without regard to magnitude, taking the L.W. entries as actually positive, 
instead of being (as they are) negative quantities with the negative sign 
suppressed. 

Siiice in this case we have simply to count entries which are all treated 
as positive, the table of sums of H. and L.W. may be written together. The 
following example gives part of the work : 
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We next proceed to form XIH columna of cosine numbers, and generally 
to operate exactly as though these numbers were heights ; and then proceed 
with Xin columns of sine numbers in the same way. 

The results are 



S'cos^r, =-0-0522, 
S*- cos 1F„ = - 0-0168, 



S°8inir„ = + 0-0117 
S*- sin ir„ = - 0-0129 



(n.) Formaiion of the Mean Swma of cos \V„ and sin %V^. 
These may be found with sufficient accuracy from the last Table (m) of 
Sums, part of which is given. In that table lines are drawn dividing the 
columns into three divisions of six each. These are treated in the way shown 
in the following example : 







H. and L.W. 
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&C. 



We have now only 6 instead of 18 sub-divisions of the quadrant, bub the 
cosine and sine numbers are found in exactly the same way as before. 

The following example shows part of the treatment, and the cosine factors 
are those maiked • in F. 
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The remaining process is exactly like that pursued before, and the four 
results are 

S°coejr„ = + 00347, S^ainfK. =-0-lS30 

S*- cos fV"„ = - 00479, S»' Bin |K„=!- 0-0173 



(o.) The Sorting of ^V^+V, and of ^V„- v.. 

These angles have to be sorted without reference to the heights, or just 
as though alt the heights were unity. Every entry is to be regarded as 
unity. The following example shows port of the sorting of ^K„4- V„ and 
1 denotes a H.W., f a L.W.; by this device H. and L.W, may be sorted on 
the same paper. 

We may also, if it is found convenient, put on it the sorting of ^V^— V, 
by adopting, say 0, to denote a H.W. and * a L.W., each one of these four 
signs denoting simply unity. 
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We then proceed to count these I's nnd f's just as was done with the 
number of entries in the sorting of JK„, and to operate on them in the same 
way. 

The results are 

S° cos (i F„ - r,) = - -0078, S" sin (i V„ - F.) = - -0060 

S*-coB(iF„- r.)=. + -0280, St'sin{ir„- F'.) = +0078 

S° co8(ir„+r.) = + -1244, S° sin (J7„+F,) = + -0094 

St-coe(iF,+ V,)=+0147, S*-Bin(iy,+ F.) = + -0834 



(p.) Evalvatim of Fj^, GJ», i^'">. g„"", F^'»-', G„'l"', f„i*'>, gji'>. 

These 16 coefficients are required to correct the four sums S^h . ^V„, 

S'"A . i V-, for the influence of the tides M, and S,, 

I call S°AcoeiF„+ tMim., W, S^Aain^V^+oorm., X, and the other two 
YandZ. 

The correction to be applied to S'AcosJF^ to get W is 

- [F^wA, + G.«'iB^+ F.WA. + G/»iB,] 

and the correction to be applied to S°A sin ^ K^ to get X is 

- iWls^ + g«'"B„ + ^"'K + g.'-'B,] 

and the two other corrections are given by symmetrical formulse with (Jw) 
in place of (o). 

These coefficients are computed from S" and Si* of . (^Fnl K„) and 

of ■ (jF^i K,), as given in (m) (n) (o). It must be especially noticed that 

we have above in (m) computed S° and S*' of sin jK„; but JF^— K„=-JK'„, 
so that the signs of our previous results must be changed in these two cases. 

If we remark that k^ and k, are constants found by theoretical con- 
siderations, that A^, Bn, A„ Bf, are already found, and that in the first 
column we are compelled to omit the affixes to the letters S, k, and the F's 
and G's, because they indicate various sorts of S's and A's and F's and O's 
in the different columns, the computations in the following table are easily 
followed : 
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W-- 15-99 X = + 12-76 

Z = + 7-53 Y=+ 016 

W + Z = - 8-46 X + Y=. + 1291 

W - Z = - 23-52 X - Y = + 12-59 

i(W+Z) = - 4-23 i(X + Y) = + 6-46 

i(W-Z) = - 11-76 HX-Y) = + 6-30 

(q.) Computation of Astronomical and other Constants. 
Find Sg, the moon's mean longitude (see Nautical Almanac), and k^ the 
sun's mean longitude (sidereal time reduced to angle) &om the Nautical 
Almanac, and p„ the longitude of moon's perigee, from Baird's Manual*, 
Appendix Table XII (there called tt), at the epoch 0^, January 1, 1887, 
Bombay mean time, in E. Longitude 4''-855. 

From Baird, Tables XIV, XV, XVIII, find N the longitude of Moon's 
node, and /, v, f at mid-period, February 14, 1887-f- [or see the NavHcal 
Almanac and the formulse at end of Paper 1]. 

With the value of / find ^ from XIX (1) for the tides M,, N, L; from 
XIX (3) find t for the tide ; from XIX (8) find f ' for the tide K, ; from 
XIX (9) find f " for the tide E, ; fi>)m XX find i/ for the tide E, \ and from 
XXI find 2i'" for the tide E,; [or use the formulte at the end of Paper 1]. 
The results are 

«,= 359°-43, A,= 280=-63, p<.= 165°-36 

i'-9''-60, f = 9''-00 

1/C = 0-9709, 1/^ = 1161, f = 0-915, f " = 0-802 

v' =■ 6°-30, 2v" = ll°-75 

Then compute initial equilibrium arguments, in the symbol for which 
the subscript letters indicate the tides referred to, 

w^=2(A„-i.>-2(a,-f), «„ = (A^_.,)_2(«„-f) + iir, «. = 0° 
- 201°-20. = 20°-l7 

for K,, u'='h,-j/-iw, for E,, w" = 2A. - 2v" 

= 184°-33. = ISg^-Sl 

"« = «--(«<,- P^), ll( = u, + (»„ - p,) + w 

= r-lS, =215°-27 

Up = _ A^ + jTT = 169°-37 
We have already shown in B the way of computing 11, and 11 = 1-034*. 

* Manual for Tidal ObieTvaHimt, b; Uajor Bsird. Taylor and FnmciB, Fleet Street, 1866. 
f In mkking these TednotioDi I have Teolly need the vilae ot N for July 1, 1887, beoatue 
I am operating on tidal fredictitmi made for the whale feai 1B87, vliioh were doabtless made 
with meao N for that yeai. The diflerenoe ii almoat inseiiBible, 

t Aa the Indian tide-prediating instrament takes no aooonnt of eolar panUax, I sfaonld in 
nality have done better to take n as unity. But ot eoniM tbia oonaideraUon does not apply to 
leal obaerrationB. 

D. I. 14 
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In C and D we have ahown how to compute j, i, I, and j = + 6'*'46, 
»= + 6°-52, i = -0°-97. 

By the formula in B, with a„ — 86'''97 for 6 semi-luoations, 
w = 2Ao - 21*" + ct„ = a" + On 
= 276°-48 

= - sa^oS 

By the formula in D, with &„ = 87°"52 for XIII quarter-lunar periods, 

= 281°-51 = -78°49 
By the formula in B, viz. : 

1/ cos ^ = n + \^" cos o> 
t/'8in^= X»f"sin a 

With 1(^ X„ = 9*2517 for 6 semi-lunatioQs, and with the above values of 
n, f",o»: 

=. - 7°-72, (+) log V = 0-0251 

By the formula in D, viz. : 

T cos ^ "> f — />„ cos ^ 
T sin f- = f)„ sin ^ 

with log pB = 9'4618 for XIII quarter-lunar periods, and with the above 
values of f and 6: 

^ = - 18''-32, (+) log T = 9-9557 

(r.) Final Evaluation of Mj. 



From{j) B„ = + 38'47, A_ = -30-58, tanf„^ 



1= 

B„ is + and A„ is — , so that £^ lies in second quadrant ; whence 

f„ = ir-51''-51 = 128''-49 
Then H„ = j^ . B„ coaec f„ 

whence, on reducing from inches to feet, 

H« = 3-98ft. 
Also «»=?« + Mm = 128''-49 + 201''-20 = 329°-69 

where the value of u„ is taken from (q). 
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(b.) Final Evaiuation of N aiid L. 

Taking the values of P, Q, R. S from (i), 

CH„ Bin (?„ - j) = - P = - 10-72. CH, sin (f, + j) _ + Q = 4 0-66 

CH,co9(r»-j)--S = + 716. f.H,co8lJl+j)— E-+1-22 

iTn -7 lies in 4f^ quad., f| +j lies in l"* quad. 

whence f»-j = -56°-27 

Then Hn = ^ coeec (j; - j) x (- P) 

whence, on reducing from inches to feet. 

H„ = 1-04 ft. 
Again, since from (q) j = + B'S*, we have ft, = -49''-73-=310°-27. and 
«» = 5'»4 w« = 310°-27 + 7''13 = 317°-40, where the value of «, is taken 
from (q). 

Turning to the second pair of equations, 

f,+j = 28=-4 

Then H, = ^8ec(&+7)x(-R) 

whence, on reducing from inches to feet, 

H, = Oil a. 
Again, since j= + 6°"5, we have Ji = 21''*9. and 

«i= ?i + Mi = Sl-'S + 215''-3 = 237°-2 
where the value of Uj is taken from (q). 

(t.) Final Evaluation of S, and K,, 
From (k) B.=. + 3-62, A, = + 21-08; tan K.'=^ 
Bf and A, are +, so that ^, lies in 1" quadrant ; 
whence C. = T-^1 

Then H, = ^y^ 

whence, with log U already found in (q) as 0*0251, and, reducing inches to 

feet, 

H, - 1-68 ft. 

Again K, = f, + ^=9°-71-7°-72 = r-99 

where the value of ^ is taken from (q). 

Lastly. H" = 0-272H, = 0-46 ft., and k" = «, - 2° 

The factor 0-272 is an absolute constant. 
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(u.) Final Evaluatitm of K„ O, P. 
Taking the values of J (W - Z), } (X + Y) fiom (p), 

TH'.in(f + <-+)- J(W-Z)-_ 11-76 
TH'cos(f + i-f).-}(X + Y)--6'« 
1^' + i~t^ lies in tbird quadrant, and 

C + i-f .» + 61*-2 = 2«"-2 
Then since, from (q), ^ = - 18°32, we have f + » = 222°-9 ; and since from (q) 
i = 6°"52, therefore f = 216°'4 ; whence 

«• = !;• + »'- 216-'4 + 184- 3 - W-1 
where the value of u is taken from (q). 

Then H'-ii^p5-*c<»oc(!: +i-V) 

whence, with log T already found in (q) as 9*9557, and reducing from inches 
to feet, 

H'- 1-24 ft. 
Also H,-0-331H'-0-41, and «,-«'-41° 

The &ctor 0'331 is an absolute constant. 
We now have to compute 

L - J (X + Y) tan J< + rH' COS (f + ten Je 
M-J(W-Z)tanie-rH'sin(f + 0'«ni« 
where Iogtanles9'0677, an absolute constant for all times and places. 
With the values of f and ^ (X + Y) and J (W - Z) given ahove in (q) and (p), 
and with the values of H' and f + i just found, there results 
L--0-410 M = --281 

Now {,H,Bin(f.-0 — 1(W+Z) + L 

f,H.cos(£,-0- J(X-Y) + M 
We have found in (p) 

4(W + Z)--4-23 J(X-Y)- + 6'30 

so that 4H, sin (f. - 1) = + 8-82 ^H, coB (Si - •) - + 6-02 

Whence ^ - 1 lies in the first quadrant, and 
f,-i-32*-40 

Then H,-1[J(X- Y) + M]Beo(f.-.) 

whence, reducing from inches to feet, 

H, - 0-69 ft. 
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Again, 

«.=■ C + "b = (C -»■) + » + "o = 32°-40 + 6°-52 + 20"-17 = 59°-09 
where the vatae of u^ is taken from (q). 

(v.) FimU Reduction of Mean Water Mark. 
We sabtracted 99 inches from all the heights before using them, and the 
mean of the heights was then + 3'51 inches. Hence mean water is 102'51 
inches, or 8'64 feet above the datum of the original tidal observations. 

(w.) Sesulta of Bedudiion. 



an water. 8-54 ft. 


Hmu of 9 yn. obs. 
8-223 


Eimr of present o»lo. 

in inobM bad 

minoteB 

4 in. 


„ (H - 3-98 ft. 
"'1. -330- 


4043 
330- 


j in. too small 
nil 


„ JH- 1-68 ft 


1-625 
3- 


J in. too large 
2"' too alow 


IH-016ft. 
^U -2- 


0-405 
352" 


1 in. too large 
20" too fast 


„ (H- 1-01 ft 
'^ t« .317- 


0-997 
313- 


i in. too large 
8" too feat 


, (H . Oil ft. 
^ \. .237- 


0088. 
308- 


J in. too large 
2' 21» too slow 


_ IH- 1-24 ft 
^■1. -41- 


1-396 

45" 


1| in too small 
16- too slow 


„ JH- 0-69 ft. 
" t. -69' 


0-658 
48- 


J in. too large 
44» too last 


p (H . 0-41 ft. 
" \. =41- 


0-404 
43" 


^ in. too large 
S- too slow 



The second column is given because, if the calculation had been con- 
ducted by rigorous methods Instead of approximately, my results should have 
agreed very nearly* with these. The causes of several of the discrepancies 
are explicable. The error of mean water mark is due to the necessity for 
neglecting the annual and semi-annual tides in a short series of observations. 
The error in phase in K, is a necessary incident of the shortness of the aeries 
of observations. The tide L is only about an inch in height, and accuracy 
of result could not be expected. 

* I do not know the exMt valnet of the oonBtants used in the Bomlw; Tide Tbble, whieb hu 
bMD nwd u npwantiiig obwrvation. 
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The magnitude of the error in time in -the diurnal tides is rather dis- 
appointing, but it is clear that the length of observation has not been 
sufficient to disentangle the tide from the K, tide. It may be remarked 
also that an error of 1° ia phase makes twice as much difference in time with 
the diurnal tides as with the semi-diurnal. 

Lastly it is probable that all these errors would have been sensibly 
diminished if I had subtracted 103 inches from the heights all through 
instead of 99, and I know that this is to some extent the case. 



(x.) Verification. 

In a calculation of this kind some gross error of principle may have been 
committed, such, for example, as imputing to some of the k'b a wrong sign ; 
and this is the kind of mistake which is easily overlooked in a mere verification 
of arithmetical processes. It is well, therefore, to test whether the tide 
heights and times are actually given by the computed constants. This is 
conveniently done by selecting some three or four tides from amongst those 
frtim which the reductions have been made, and it makes the calculation 
much shorter if we pick out cases in which it is H. or L.W. within a few 
minutes of noon. 

For example, in the present case it was L.W. on February 16 (day 46) 
at 0* 7" P.M., and the height was 4 ft. in. 

Now, if U denotes the value of any equilibrium argument whose value 
at the epoch, O"", January 1, was denoted in (q) by u, and if A, denotes the 
height of mean sea-level above datum, the expression for the height of 
water is 

& = A, + CH„ cos ( tr„ - «„) + H. cos ( f^, - *,) -I- r H" cos ( i/" - *") 
-h f;„H„ cos ( (7^, - O + i;,H, cos ( P^^ - «,) + fH' cos (I/' - «') 
+ tHo cos ( E^o - «„) + Hp COB (Up- «p) 

The time of H.W. depends on a formula involving the sines of the same 
anglee in place of cosines. 

Since we have chosen caees where it is H. or L.W. at noon, the U's exceed 
the u's by an exact number of days' motion. 

The evaluation of the separate terms may be conveniently made by means 
of an ordinary nautical traverse table, where (neglecting the decimal point) 
f H is represented by the " Distance," and f H cos ((/—«) is given by 
"Latitude," and fHBin(P'— jk) by "Departure." 

If we know the time of H. or LW. within 20° or so, the following 
calculation will give the true time and height. In this case we know that 
there should be a L.W. at about 0** of day 46. The increments of argument 
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are computed from the Table Q, and the k'b are subtracted either by actual 
subtraction or by addition of 2ir — «. 

M, S, K, N L K, P 

Increment in 40* 464°7 78-9 - &7'-9 -462-7 39'4 426-3 

Ditto 6* -146-3 11-8 -224-7 - 67-9 6-9 -162-2 (see K,) 

Ditto 46* 318-4 90-7 -282-6 -020-6 463 8731 - 46-3 

w= 201-2 ■ 189-5 7-1 216-3 196-9 34 169-4 

(/= 819-6 280-2 -270-6 -306-3 2422 276-0 1241 

-«= -329-7 -2-0 - 2-0 + 426 +122-8 - 407 - 691 - 40-7 

U-K= 189-9 -2-0 278-2 -232-9 -1820 201-6 2174 834 

U-K= ff + 10 -2 - 82 n--63 w-2 »r+22 w + SJ 83 

f H fH U-K fHco8(P-«) fH8in(y-«) 

„ + - + - 

"I (lit 1-03 3-98 4-10 ir + 10° 4-04 071 

g S, 1-0 1-68 1-68 -2 1-68 0-06 

J { K, 0-80 0-44 0-37 - 82 OflO 37 

■a N 1-03 1-04 1-07 ir-63 0-64 086 

J [h 1-03 on 0-11 ir-2 Oil OOO 

+ 1-73 -4-79 +0-86 -1-14 

+ 1-73 +0-86 

A,- -3-06 B,= -0-28 

■i (Kj 0-916 1-24 1-14 ir + 22 1-06 0-43 

§ ^ Oee 0-69 0-59 it+31 0-47 0-36 

g IP 1-00 0-41 0-41 83 0-05 0-41 

+0-06 -1-03 +0-41 -079 
+ 008 +0-41 

A,= -l-48 Bi--0-38 

Ml- -0-37 iB,--019 

Aj + |a,= -3-43 B, + 4Bi = -0-47 

Time=-120- ( ^vt^) --120"x ^ = -16"'=11>' 44" a.m. 

Tabular titiie=0^ 7'~ p.m. 
ErTOr= -23" 

Aj+Ai--4-54 
Mean water +854 

Height >= 4-00 

Height;L.W 4 ft. in. 

Tabular height 4 

Error 

This result is as good as might be expected, and, considered as a prediction, 
would be amply snfficient for navigational purposes. 
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ON AN APPARATUS FOR FACILITATINQ THE REDUCTION 
OF TIDAL OBSERVATIONS. 

IProceediTigB of the Royal Society, Lll. (1892), pp. 345—389.] 

§ 1. IntrodueHon. 

The tidal oacillation of the ocean may be represented as the sum of a 
number of simple harmonic waves which go through their periods approxi- 
mately once, twice, thrice, four times iu a mean solar day. But these simple 
harmonic waves may be regarded as being rigorously diurnal, semi-diurnal, 
ter-diumal, and so forth, if the length of the day referred to be adapted to 
suit the particular wave under consideration. The idea of a series of special 
scales of time is thus introduced, each time-scale being appropriate to a 
special tide. For example, the mean interval between Buccessive culminations 
of the moon is S*"" 50°, and this interval may be described as the meati lunar 
day. Now there is a series of tides, bearing the initials M,, M„ M„ Mj, &c, 
which go through their periods rigorously once, twice, thrice, four times, &c., 
in a mean lunar day. The sotar tides, S, proceed according to mean solar 
time ; but, besides mean lunar and mean solar times, there are special time 
scales appropriate to the larger (N) and smaller (L) lunar elliptic tides, to 
the evectional (v), to the diurnal (Ki) and semi-diurnal (K,) luni-solar tides, 
to the lunar diurnal (0), &c. 

The process of reduction consists of the determination of the mean height 
of the water at each of 24 special hours, and subsequent hannonic analysis. 
The means are taken over such periods of time that the influence of all the 
tides governed by other special times is eliminated. 

The process by which the special houriy heights have hitherto been 
obtained is the entry of the heights observed at the mean solar hours in a 
schedule so arranged that each entry falls into a column appropriate to the 
nearest special hour. Schedules of this kind were prepared by Mr Roberts 
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for the Indian Government*. The successive rearrangements for each sort 
of special time were made by recopying the whole of the observations time 
after time into a series of appropriate schedules. The mere clerical labour 
of this work is enormous, and great care is required to avoid mistakes. 

All this copying might be avoided if the observed heights were written 
on movable pieces. But a year of observation gives 8,760 hourly heights, and 
the orderly sorting and re-sorting of nearly 9,000 pieces of paper or tablets 
might prove more laborious and more treacherous than recopying the figures. 

It occurred to me, however, that the marshalling of movable pieces might 
'be reduced to manageable limits if all the 24 observations pertaining to a 
single mean solar day were moved together, for the movable pieces would be at 
once reduced to 365, and each piece might be of a size convenient to handle. 

The realisation of this plan affords the subject of this paper, and it will 
appear that not only is all desirable accuracy attainable, but that the other 
requisite of such a scheme is satisfied, namely, that the whole computing 
apparatus shall serve any number of times and for any number of places. 

The first idea which naturally occurred was to have narrow sliding tablets 
which should be thrown into their places by a number of templates. It is 
unnecessary to recount all my trials and failures, but it will suffice to say 
that the slides and templates require the precision of a mathematical 
instrument if they are to work satisfactorily, and that the manufacture would 
be so expensive as to make the price of the instrument prohibitive. 

The idea of making the tablets or strips to slide into their places was 
then abandoned, and the strips are now made with short pins on their under 
sides, so Jhat they can be stuck on to a drawing board in any desired position. 
The templates, which were also troublesome to make, are replaced by large 
sheets of paper with numbered marks on them to show how the strips are to 
be set. The guide sheet is laid on a drawing board, and the pins on the 
strips pierce the paper and fix them in their proper positions. 

The shifting of the strips from one arrangement to the next is certainly 
slower than when they slid into their places automatically, but I find that 
even without practice it only takes about 7 or 8 minutes to shift 74 of them 
from any one arrangement to a new one. 

* An «dilion of theae oomputation forms ^ae reprinled b; aid of A grant ^m the Boyal - 
8ooiet7, anil ia sold b; the Cambridge Soientiflo laatcameat Comptn;, but onl; abont a doEen 
oopiM DOW ramain. In the conrBe of the preparation of the "gaide sheets " of the method 
piopoBed in this paper, I (onnd that there ore many email mistakes in these Indian feraiH, bnt 
tbej are fortanately not of snob a kind as to prodnce a sensible vitiation of reanlta. I learn that 
the mi stakaa aroee from a miannderBtanding on the part of a oompnter employed to draw np 
the forms. [The whole of this edition of computation forms has, now in 1907, been sold.] 

The aocnrMy of my guide sheets was oontiotled by aid of tit Roberta's forms, and it was the 
oeaadoiial disorepaDey between my results and the forms whioh led to the detection of the errors 
Miened to. 
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The strip belonging to each mean solar day ia divided by black lines into 
24 equal spaces, intended for the entry of the hourly heights of water. The 
strip is 9 in, long by { in. wide and the divisions (| by are of conv^ent 
size for the entries. There was much difficulty in discovering a good material, 
but after various trials artificial ivory, or xylonite, was found to serve the 
purpose. Xylonite is white, will take writing with Indian ink or pencil, and 
can easily be cleaned with a damp cloth. It is just as easy to write with 
liquid Indian ink as with ordinary ink, which must not be used, because it 
stains the surface. 

The strips have a great tendency to warp, and I have two methods of . 
overcoming this. A veneer of xylonite on hard wood serves well, or solid 
xylonite may be stiffened by sheet brass let into a slot on the under side. 
In the first plan the pins are fixed in the wood, and in the second the brass 
is filed to a spike at each end*. Whichever plan is adopted, the strips are 
expensive, costing about £7 for a set, and I do not at present see any way of 
making them cheaper. 

The observations are to be ti'eated in groups of two and a half lunations 
or 74 days. A set of strips, therefore, consists of 74, numbered from to 73 
in small figures on their fi^t ends. 

If a set be pinned horizontally on a drawing board in vertical column, 
we have a form consisting of rows for each mean solar day and columns for 
each hour. The observed heights of the water are then written on the strips. 

When the 24 columns are summed and divided by the nuipher of entries 
we obtain the mean solar hourly mean heights. The harmonic analysis of 
these means gives the mean solar tides. But for evaluating the other tides • 
the strips must be rearranged, and to this point we turn our attention. 

Let us consider a special case, that of mean lunar time. A mean lunar 
hour is about l*" 2" m.s. time ; hence the 12'' of each m,s, day must lie within 
31" m.s. time of a mean lunar hour. The following sample gives the incidence 
to the nearest lunar hour of the first few days in a year : 



* |;The flnt of these two plane « 
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G. H. Darwin's Scientific Papers. 



Abacus for the harmonic analysis of tidal observations. 
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The successive 12^ of meoD solar time wilt march retrogressively through 
all the 24 hours of mean lunar time. 

Now, if starting from strip 0, we push strip 1 one division to the left, 
strip 2 two divisions to the left, and so on, the entries on the strips will be 
arranged in columns of approximately lunar time. 

The rule for this arrangement is given by marks on a. sheet of paper 
18 in. broad; these marks consist of parallel numbered steps or zigzags 
showing where the ends of each strip are to be placed so as to bring the 
hourly values into tbeir proper places. 

At the end of a lunation mean solar time has gained a whole day over 
mean lunar time and the 12'' solar again agrees with the 12'' lunar. On the 
guide sheet we see that the zigzag which takes its origin at the left end of 
strip has descended di^onally from right to left until it has reached the 
left margin of the paper, and a new zigzag then begins on the right margin. 

When the strips are pinned out following the zigzags on the sheet marked 
M, the entries are arranged in 48 columns, but the number of entries in each 
column is different. The 48 columns are to be regarded as appertaining to 
0*. l^ .... 22^ 23^ 0^ l^ ..., 22''. 23^ Thus, the number of entries in the 
left-hand column of any hour added to the number of entries in the right- 
hand column of the same hours is, in each case, 74. The 48 incomplete 
columns may, in fact, be regarded as 24 complete ones. 

The 24 complete columns are then summed; the 24 sums would, if 
divided by the total number of strips, give the 24 mean lunar hourly heights. 
The harmonic analysis of these sums gives certain constants, which, when 
divided by the number of strips, are the required tidal constants. It must 
be remarked, however, that, as the incidence of the entries is not exact in 
lunar time, investigation must be made of the corrections arising out of this 
inexactness. 

The explanation ol the guide sheet for lunar time will serve, mutatis 
mutandis, for all the others. 

The zigzags have to be placed so as to bring the columns into exact 
alignment, and printers' types provide all the accuracy requisite. Accordingly, 
the computing strips are made to suit a chosen t3^. The standard length 
for one of the 24 divisions on the strips was chosen as that of a "2-em English 
quadrate"; 24 of these come to 9 inches, which is the length of a strip. 
I found the English quadrate a little too narrow, and accordingly between 
each line of quadrates there is a "blind rule," of 42 to the inch. The depth 
of the guide sheet is that of 74 quadrates and 74 rules, making 15^ in. The 
computing strips are | in. broad, and 74 of them occupy 14^ in. The excess 
of 16J above 14J, or -^ in., ia necessary to permit the easy arrangement of 
the strips. 
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[The plate opposite p. 219* showa portion of one of the guide-aheets 
(that applicable to 222^ to 295'') for M or mean-lunar time. Thirty-seven of 
the strips are shown in position, and the lower part of the sheet is still bare.] 

To guard against the risk of the computer accidentally using the wrong 
sheet, the sheets are printed on coloured paper, the 8e<juence of colours being 
that of the rainbow. The sheets for days to 73 are all red ; those for days 
74 to 74 + 73, or 147, are all yellow ; those for days 148 to 148 + 73, or 221, 
are green ; those for days 222 to 222 + 73, or 295, are blue ; and those for 
days 296 to 296 + 73, or 369, are violet. 

Thus, when the observations for the first 74 days of the year are written 
on the strips all the sheets will be red ; the strips will then be cleaned, and 
the observations for the second 74 days written in, when all the guide sheets 
will be yellow, and so on. 

I must now refer to another considerable abridgment of the process of har- 
monic analysis. It is independent of the method of arrangement just sketched. 

In the Indian computation forms the mean solar hourly heights have 
been found for the whole year, and the observations have been rearranged 
for the evaluation of certain other tides governed by a time scale which 
differs but little from the mean solar scale. I now propose to break the 
mean solar heights into sets of 30 days, and to analyse them, and ne!ct to 
harmonically analjrse the 12 sets of harmonic constituents for annual and 
semi-annual inequalities. By this plan the harmonic constants for 11 different 
tides are obtained by one set of additions. In fact, we now get the annual, 
semi-annual, and solar elliptic tides, which formerly demanded much trouble- 
some extra computation. A great saving is secured by this alone, and the 
results are in close agreement with those derived from the old method. 

The guide sheets marked S and the computation forms are arranged so 
that the observations are broken up into the proper groups of 30 days, and 
they show the computer how to make the subsequent calculations. 

I have also devised an abridged method of evaluating the tides of long 
period MSf, Mf, Mm. The method is less accurate than that followed hitherto, 
but it appears to give fairly good results, and reduces the work to very small 
dimensions. 

Before entering on the details of my plan it is proper to mention that 
Dr BSrgen has devised and used a method for attaining the same end. He 
has prepared sheets of tracing paper with diagonal lines on them, so arranged 
that when any sheet is laid on the copy of the observations written in daily 
rows and hourly columns, the numbers to be summed are fouad written between 
a pair of lines. This plan is excellent, but I fear that the difficulty of adding 
correctly in diagonal lines is considerable, and the comparative feintness of 
figures seen through tracing paper may be fatiguing to the eyes. Dr BSrgen's 
* [From my Tida and Kindred Phtmnatna in the Solar Syitem.'] 
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plan* is Bimple and inexpensive, and had I not thought that the plan now 
proposed has considerable advantages I should not have brought it forward. 

Id the investigations which follow the notation of the Report of 1883 
to the British Association on Harmonic Analysis [Paper 1, above] is used 
without further explanation. 



§ 2. Evaluation of A„, Sa, Ssa, S,, S,, S,, S,, T, B, K,, K,, P. 

The 24 mean solar hourly heights of water are entered in a schedule of 
24 columns, with one row for each day, eztending to n days ; the 24 columns 
are summed, and the sums divided by n; the 24 means are harmonically 
analysed ; it is required to find from the results the values of the harmonic 
constituents. 

The speed of any one of the tides differs from a multiple of 15° per hour 
by a small angle ; thus, any one of the tides is expressible in the form 
H COB [(15°} - (8) « - C where 5 is 0, 1, 2, 3, &o., and ;8 is small 

When t lies between O"* and 24'' this formula expresses the oscillation of 
level due to this tide on the day of the series of days. 

If multiples of 24*" from 1 to » — 1 be added to (, the expression gives the 
height at the same hour, t, of mean solar time on each of the succession of 
days. 

Then if J) denotes the mean height of water, as due to this tide alone, at 
the hour t, we have 

i=li5cos[(15''ff-/3)*~f+(15V-y9)24(«-l)] 



..(1) 



sin 12/9 

When t is put successively equal to O**, 1**, ..., 23'' we get the 24 values of {) 
which are to be submitted to harmonic analysis. 

The mean value of ]|, say A^ (not to be confused with A^ as written at the 
head of this section, where is denoted the mean sea level above datum) is 
found by taking the mean of the 24 values of ^. 

By the formula for the summation of a series of cosines it is easy to 
prove that 



24ft Bin (iyS-V?) 
We will now find the p"" harmonic constitnente Ap, Bj,. By the ordinary 

i^-^^^Z'"''* w 



rules 



* AiuidUn der Hydragraphie and Marittmen Utteor^ogit. JniM, Jul;, Aug., 1694. 
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Now 2°°'l5*y<C0«[(l5j-/9)!-f-12/3(n-l)] 

-™[fl5*te + p)-;8)«-f-12;8(»-l)] 

*^tli5-<?-p)-,8l(-!;-i2^(«-i)] 

and ^ of the 8um of the 24 values corresponding to ( = 0, 1, ..., 23 is 

± the same with sign of p changed. 

This expression admits of simplification, because 12 x 15° — 180' ; making 
this simplification, and introducing the result into (3), we obtain 

4"a^""'""'l si.[r(}trt-ii3] 



_^K+(i2«-i)^+r(?-p>]i 

In the particular case where p = y, we have 

+ COS p, 



..(4) 



"[?+(12n-J)y9]l 



..(5) 



'sin Jy8 

If the number of days n be large, Ap', Bp will be small unless the de- 
nominator of one of the two terms in (4) be very small This last case can 
only occur when p = q and when ^ is small. Hence, in the analysis of a term 
of the form under consideration, we may neglect all the harmonics except 
the J** one. Accordingly (2) and (5) are the only formulffi required. 

A case, however, which there will be occasion to use hereafter is when 
n * 30, 5 = 2, when (4) becomes 

if,r*^"°'*"^l asp ■in(30--i)9) ) 

For the present we have to apply (5) in the two cases j = 1, j8 = 0°*0410686 
and3 = 2, j8«0''-0821372; now the ratios of cosec i/9 to cosec (15''9-iy9) in 
these two cases are 722 to 1 and 697 \a 1. In both cases the first term of 
(S) is negligible compared with the second. 
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N»w"ri- JF=^^| m 

oDd (5) becomes, with sufficient exactness, 

^:}-fr[f+c^"-«« («) 

If this be compared with (2), we see that when } = this formnla also 
comprises (2). 

In the applications to be made j9 is very small, so that Jf is approximately 
a function of the form dcosec ft This function increases very rapidly when 
passes 90°, but for considerable values less than 90° it only slightly exceeds 
unity; for example, when ^' = 60°, jp = l"2, but when 5 = 180°, ^ = infinity. 

It follows, therefore, that if the number n of days in the series is such 
that 1271)8 is less than say 60°, the magnitudes of A^, Bg are but little 
diminished .by division by jf; but if 12n/9 is nearly 180°, A^, B, become 
vanishingly small. 

If the typical tide here considered be the principal lunar tide M„ and if 
the number of days be as nearly as possible an exact multiple of a semi- 
lunation, 12?y3 is nearly 180°, and the corresponding J„ B, become very 
small. No number of whole days can be an exact multiple of a semi-lunation, 
so that At, B, corresponding to M, cannot be made to vanish completely. For 
the present they may be treated as negligible, and we return to this point in 
the next section. 

The above investigation shows that in the expression for the whole 
oscillation of sea level upon which the proposed analysis is performed all 
those tides may be omitted from which ff is not very small, and also all those 
whose frequencies are suoh that the period under consideration 12n/3 is nearly 
180°. 

Since the period under consideration will be a lunation, it follows that, 
as &r as is now material, the general expression for sea level may be written 
as follows, t denoting mean solar hour angle equal to 13° t : 

m. w., annual A^ + S„coa (h — k„) 

semi-annual -t- if«, cos (2A — k^ 

Solar tides, S,, S, + if^, cos (t -«!«) + i?, cos (2t - ««) 

^S„S, +.ffBCos(4t-Ki,)-|-if„coB(6t-K«) 

Solar elliptic, T -\- Hti:oB{2t-k+p,- k,) 

B. +i/rCOB(2t + A-p,-|-7r-«,) 

Luni-solar, K, -1- ffl"" cos (2t -(- 2A - 2»'" - «") 

K, +{'H'eos{t+k~p'~^-K') 

Solar diurnal, P +HpC06{t-h + ^- k^) (9) 
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This includes all the tides whose imtiab are written at the head of this 
section. 

It is now necessary to break up the year into 12 equidistant lunations of 
80 days. This can be done by the omission of 5 days in ordinary years, and 
of 6 days in leap years. 

If the days of the year are numbered to 364 (365 in leap year), the 

twelve months are as follows : 

0, 0* to 29*; 1, 30* to 59*; ovUt 60*; 2, 61* to 90*; 3, 91* to 120*; omit 
121*; 4, 122* to 151*; 5, 152* to 181*; omit 182*; 6, 183* to 212*; 
7, 213* to 242*; 8, 243* to 272*; omit 273*; 9, 274* to 303*; 10, 304* 
to 333* ; omit 334* ; 11, 335* to 364* ; in leap year omit 365*. 

The increments of sun's mean longitude from 0* 0" of month up to 0" 
of the day numbered of each group of days or month are as follows : 

0,0"; 1, 30''-0°-431; 2, 60°-124; 3, 90°-0°-306; 4, 120''-249; 5, 150°-0''182; 
6, 180°-373 ; 7, 210''-0°-O57 ; 8, 240°-0°-488 ; 9, 270''068 ; 
10, 300''-0='-364; 11. 330°191. 

Thus if kg be the sun's mean longitude at 0* C" of month 0, the sun's 
mean longitude at 0* O*" of month t is Aj, + 30° t, with sufficient approxi- 
mation. 

Now let V with appropriate suffix denote the initial " equilibrium argu- 
ment " at 0* 0^ of month 0, so that 
V„ = A„ V„ = 2A„, Vt = -A„+p,, V, = A„-p, + n-, V" = 2A„-2v" 

then the general expression (9) for the tide in the month t becomes 
Ag + E^coa (ij( + V^ + 30V - «„) + if«, coe (2*j« + V^ + 60V - k^) 
+ Hi,oos (IS-* - «^) + fl, cos (30''< - «.) + E„coa (60°( - ««) 

+ Et, cos (90''( - «„) 
+ EtCoa [(30° - ,) ( + Vi - 30V - «,] 

+ /T, cos [(30° + t})t + Yr + 30V - «,] 
+ f'E" cos [(30° +2v)t + V" + 60V - *"] 

+ PS' cos [(15° + ,) ( + V + 30°T - K^] 
+ fii,cos[(15°-i;)( + Vp-80°T-*y] (10) 

E^h of these terms falls into the type cos[(I5°5 — ^)(— f], and ^ is in 
every case either + ij, — 2ij, or 0. 

Now, when harmonic analysis of the mean of 30 days is carried out, 
coefficients ^ are introduced. 
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Write therefore 

24 X 30 Bin ^i; 



JFi = - 



24 X 30 situ ; 
sin 72(h) 



sin 360)7 
With the known value of ij, 

log jf, = 0D0483, log jf . = 001945 

In applying the method investigated above, it will be observed that a 
term of any fre<jueacy IB'q — j8 only contributes to the harmonic constituent 
of order q. 

Then applying our general rule (8) term by term*, and observing that 
3d9iif 14°76, and 7l9i7 = 29°-53, the result may be written as follows: 



ii,"-A, + - 



at"! 



« («» - V„ - 3C 

4-"- 



.H^m 



"'(«,-V,+ 
an 



IV-14°-76) 
C08 <««, - V^ - 60V - 29°-53) 
ll°-76) 
(«,-V,+ 30V+14'-76) 
14--76) 



-¥'- 



^51 

fir" cos 



(«,-v,-30°T-u"-?e) 



(,- _ V" - 60V - 29'-63) 



.ff,""^i 



a," 

J3,w 



..(11) 



With the meaning of the term month in the present context, the son has 
a mean motion of 30° per month, and each of the first five iS's and iS's is a 
function with a constant part aud with annual and semi-annual inequalities. 

When T has successively the 12 values 0, 1, ...,11, we have 12 equidistant 
values of the S's and 38's. These may be harmonically analysed for annual 
and semi-annual inequalities. 

* [Tbe fonnnls Id tlie text ore deTued for the case when a vbole yett't observaticuu u« 
DDder rednation. When a Hhort period is being treated, aach as a fortnight or % month (as in 
Fapera 8 and i above), it la adviaable to treat IS or SO ds^B Cor Bemi-diumal tides, bot 011I7 14 or 
37 dajrs for diarnal tides. I therefore give here, in the form of a Boheduls, certain nnmerioal 
Talues whioh have been oEed in the pteviona papers: 



1 * 


(U»-l>*f 


b«A 


- 


(!»»-«* 


log/, 


1 'i 




■004BS 
■01946 


14 
37 


18°^ 


■O01O6 
-00S91 
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Suppose that the several coefficients to be determined by liarmonic analysis 
are defined by the following equations : 

2^'^ =A, + AiCOB 30°T + B, sin 30°t + A^cos eOV + £, sin 60V 
C,j C,j Di) I 



CO6 60°T + „ 



f, I e, 41 

^Xgi,"i.A„ ^iW>-B„ ^Sa,'"-^.. ^tM,".B,...(12) 
Then on comparing (12) with (11) we see that: 

A,l_E^m,,_ _„ „,.,„ ^)_«„cos 






'(««-V„-14--76), 



B. 



" JF. »■"> 



'■53) 



%f^(''-^'-"-"')!j::s(--^.->*- 



■76) 



(«'-V'-ll"76) 



+ 11, 

JFlCOS 



(«,-V,+ U'76) 



+ fH' sin 
+ Htwe 



■' + S.'m' 



+ rH"m 



(«"-V"-2r-63) (13) 



From these equations we get 
l(C,-d,)l 
i(o. -fD.)] 

J(0, + d,)l 5,C08, „ ,,,..„, 

i(e.-D,)l j;sin<'' ^r + l*'«) 

i(E,-f,) j_#,coa _ 14-161 

i(E,+f,)l ^,008 
4(e. -F,)t- Jsin'" 
KE,-f,)l f'ff " cos 
i(e, +F^)" g, sin 



-^'"■(.--v'-u-je) 

JF. "in 



(»,-V, + 14'-76) 
(."-V-29-63) 



..(14) 
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The tidal coostaata of the several tides enumerated at the head of this 
section are determinable from these equations. 

Our rule is accordingly to analyse in twelve groups of 30 days, and then 
to analyse the resulting harmonic constituents for annual and semi-aniinal 
inequalities, combining the final results according to the formula just found. 

The edition of "guide sheets" and computation forms which I have drawn 
up are so arranged as to &cilitate the whole process and to render it quite 
straightforward. By this single set of additions it is thus possible to evaluate 
eleven tides and mean water. 

§ 3. Glm/rancs o/* T, R from perturbation by Mg. 

The method of the last section was designed to render all the tides 
insensible excepting those enumerated. But M, is so much larger than any 
other tide that there is a small residual disturbance which ought to be 
corrected. 

I have made computations, which I do not give, but which show that the 
distarbance of all the harmonic constituents except 0,, 39i is insensible. It 
is required then to determine the correction to be applied to S,, 39,, and 
thence those for E, F, e, t 

Suppose that, when time t is counted from O' O** of month t, the M, tide 
is expressed by 3f cos [(30° - /3) ( - f), where $ = 1°0168968. 

When means taken over 30 days are harmonically analysed the formula (6) 
gives the contributions to ^, 39,. As it is now required to obliterate these 
contribntions, the signs must be changed, and the corrections are 



..(15) 



j,a,„) = -Tl,J'Mn 360^1 jjp sin (30- -t^) 

For reasons which will appear below I now write 

f=f»«-0'-6258 
Then introducing the value of jS into (16), I find 

«.") fees." +4-689) 

;^(r."+34-689) ] ^,,, 
Bm29'29'-52 ) 
Let 5h denote the value of g;.*^ at 0^ 0* of month 0. and leb tm"* = ^„ + 0^\ 
and let jp, denote a certain factor whose logarithm is 0'00849, and let 

u-m,. 

16—2 
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In the harmonic analysis for the M, tide, considered below in § 6, we 
shall have 

These values of M . f»"^ must dow be introduced into (16), bat the 
algebraic process need not be given in detail. If we write 

i(S +r)l _ - Bin 

i(R + Q)) """'■''■ »mO"30'28"-6 

8in6"43'-35°!"(31"41'-32) 



i(S-P)) 



■AJF. 



1 (R - Q)J ~ '"•"' ■m29'29'31"-4 

it follows that 

P- 0-01561, Q -0-00114, R-O-OOUr. S- 0-01611 

Then, when the substitutioD of the values of M t^*^ is cairied out, 

cos*" 

we find 

By the definition of 0^ it appeaiB that — fiw is the increment of twice 
the mean moon's hour angle during the time from 0-* 0** of month up to 
0* 0* of month t, that ia tc say 5w = - 2 (7 - o-) ( for the time specified. The 
following table gives the values of 5''' and of its cosine and sine for each 
month : 



1000 0-000 

0-980 0-199 

0-6J8 0-735 

0-519 0-865 

- 0-079 0-997 

ir-74 1 -0-275 0-961 

ir-38 11 -0-786 0618 

IT -26 44 -0-893 0450 

?r-16 18 -0-966 0-264 

IT +20 32 -0-937 -0-351 

ir + 31 59 -0-848 -0630 

7r + 67 49 -0-378 -0-926 



fonlh 


No. of days 
fromepoohO 

tOOIKWhr 








1 


30 


2 


61 


3 


91 


4 


122 


5 


162 


6 


183 


7 


213 


8 


243 


9 


274 


10 


304 



»(•> 




0- 


0- 


11 


27 


47 


16 


58 


43 


86 


28 
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If COS 0'^, an 0'^ are r^arded aa quantitiee having annual and Bemi- 
annual inequalities, we may write 

cos ^w ■ «^ + a, C08 80°T + A sin 30°T + 0, C08 60°T + ^, sin 60"t + . . . 

sin ^w = Y^ + Yi cos 80 V + S, sin aOV + 7, COB 60°T + S, sin 60°T + . . . 
On analysing the numerical values of cos 0*^, sin d^ by the ordinary 



I find 




(1, = - 0-165, 


7.. + 0-273 


«,. + 0626, 


7, 0-500 


A- + 0-756, 


S,- + 0-04S 


».- + 0-169, 


7, 0O46 


A = + 0-199, 


S,- + 0166 



But in § 2 the harmonic constituenta of SSLt when analysed for annual and 
semi-annual inequality were denoted by E^ E,, F„ E,, F„ and the eon- 
Btituents of is, were denoted by e,, e,, fi. e,, f,. Hence the ten corrections to 
the E's and F's are (with an easily intelligible alternative notation) 

!E,,,,,.(-P.^,., + QrM,0'l. + <Q«,,,. + PrM..)5. 
St^ , - <- Pft, , + Q8,, ,) ^ + (03,, , + P8i ,) B, 
Se^ ,,,=(- R<^„,,-S7^,,)J, + (-av,,, + B7., ,..)«. 
8f,, ,- (- Rft. , - SS,. ,) j1, + (- S/S,, , + Bi,, ,) ft 
On Buhatituting the namerical values of a, /9, 7, S, P. Q, R, S, I find 
CoeffltofJ, Coefflt.orfi, 

SE.- + 0O029 +0-0041 

Se,--0-0042 +0-0081 

SJ(Bi-l-fi)--<«'109 -0-0091 

H(E,-f,) = + 0-0006 +0*020 

Si(Oi+F,)--0fl020 +0-0000 

Si(ei-F,)= + 0«091 -0-0108 

SJ(E, + 4) = -0-0028 -0-0018 

Si (E,-f,) - + 0-0002 +0-0012 

S!(e. + F,)--0-0012 +0-0001 

4('>.-I'.)--K'(KH'' -0-0027 

Host of these conrections are negligible, but the four which affect the 
solar elliptic tides T, B must be included, because those tides are so small 
that a small eiror affects them sensibly. Hence we may take, with sufficient 
accuracy. 

Si (e, - F,)= + 0-009 J, - OOllft, 8) (e, + F,)- - 0-002/1, 

SKB. + f,> O011j1,-0<09S„ Sl(E,-f.) = + 0O0O6-l, + 0-OO2S, 

(W) 
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where -d„ B, are the components of the M, derived from the reduction of 
that tide by the process of § 6. 

Provision for these corrections is made in the computation forms. 



§ 4. Evaltiaiiim of A^„ Sa, S,, S,, S*, S,, K,, K„ P, when a compleU 
year of observation is not available. 

It is now proposed to consider the case where the period of observation 
is as much as six complete months and less than a complete ^ear. 

The method of the last section apparently depends on the completeness 
of the year, yet, with certain modifications, it may be rendered avaiUhle 
for shorter periods. 

We suppose that so much of the year as is available is broken into sets 
of 30 days by the rules of the last section, and that the means are har- 
monically analysed. The results of such harmonic analysis for month (r) are 
given in (11) of § 3, but for the purpose in hand they now admit of some 
simplification. It is clear that it is not worth while to evaluate the very 
small solar elliptic tides T and R from a short period of observation. If 
then, we denote by P'^ the ratio of the cube of the sun's parallax to its mean 
parallax at the middle of the month (t), the first three terras of the third of 

(11) may be included in the expression P^^H, . k,. The last term of this 

equation really does involve the solar parallax to some extent and we may, 
with sufficient approximation, write the third pair of equations 

M,^ ■ BM =-ff. *. + -^ (*"-V"-60°T-2r-53) 

Let us now consider the value of P'". The longitude of the solar perigee 
is 281° or — 79°, and the ratio of the sun's parallax to its mean parallax is 
approximately l+c,cos(fe+79°),and the cube of that ratio is l-|-3c,cos(A+79°) 
or 1 + 00504 cos (A + 79°), Now h, the sun's longitude at the middle of 
month (t), is A, + 16° + 30°t ; hence 

pw = 1 + 0-0504 COS (A, + 30°T + 94°) 

and i^ = ^~ <*'05*>4 C08 (A, + 30°t + 94°) 

Thus it is easy to compute the values of l/Pi" for the successive months, 
when we know A^ the sun's mean longitude at O' 0** of the month 0. 

The semi-annual tide, being usually small, may be neglected in these 
incomplete observations, and the equations (11) now become 

a,«=J, + 5?cos(««,-V«-30V-14°-76) 
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«,"}""'■ Sin "'■+j; 



*■"'-" '»«,^ + ff:<»"(<'-V^80V-U-76) 



+ §"?'(«,- V, + 30't + 14-76) 



(."-V"-60'T-2r-63) 



**4 ■ r _ „ taJB 

a9."(~''"8ia " 

ffl"!"*"^'"' j^-1 -0-0504 (».( J, + 30V + 94-) 

(17) 



When the series of successive values of the S's and 33's are harmonically 
analysed (by processes which we shall consider shorijly) the several coefficients 
resulting from such analysis will be defined by 

a," = ^. + 4, cos 30°T + B, sin 30V 



a," 


H°^l;1— d"1»— 


18," + P» 


|-^}+J}c,»6OV + ^-)sin60V 


Meana." 


■'-A„ MeanJ8,«-B. 


Mean a," 


i-A.. Meanl8,»-a, 1 



(18) 

Then the subsequent procedure as given in (13) and (14) holds good, 
the only difference being that we do not obtain the nemi-annual and solar 
elliptic tides. 

We shall now consider the harmoiiic analysis of an imperfect series of 
values. 

It must be premised that each monthly value of ^»*^, iS,*^ is to be 
divided by its corresponding P'^* before the analysis is made. 

Suppose that G"' denotes a function which is subject to semi-annual 
inequality, and that 

(7*'' = A„ + A, cos eOV + B, sin 60V 

Then it is clear that C"' = A, + A, 

C'"=A. + iA, + Jv/3B. 

C»=A,-iA. + 4v'3B. 
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I now define A. A. A thus ; 

A = C»>4-(?"'+(7« + ... 

A = C"»-»-iC'"-iC^'*- 

A = . Of" + JV3 C' + 1 V8 G« . . . 
If there be n equations and if they be treated by the method of leaat 
Bquarea, we get 

A = nA. + A.(l + i-i...) + B,(0 + iV3 + iV3-) 
A = Ao(l + i-i...) + A,(l+i + i...) + B.(0 + iV3-iV3...) 
A = Ao(0+JV3 + K3...) + A,(0 + iv'3-iV3 -) + B,(0 + f + i...) 
These are the three equations from which At, A,, Bt are to be found. 

A schedule is given below for the formation of A, A< Ai and a table 
of the solutions of these equations according to the number of months 
available. 

Next, suppose G*'> denotes a function which is subject to annual inequality, 
and that 

OM = A, + A, cos 30V + B, sin 30°t 
Then C"'=A, + A, 

C»i=Ao + iV3A, + iB. 
C« = A« + iA, + iV3 B, 
be, &c. 

In this case the method of least squu-es gives 

A=ci« + ci" + CM ... 

= 7iA, + A,(l+i^/S + i...) + B,(0 + i + iV3...) 
A = C«« + iv/3C'("+iCM... 

= A.(l+iV3 + i...) + A,(l + f + i...) + B,(0 + iV3 + K3-..) 
A = 0.Ci" + JOi'i4K3C?«... 

= A.(0 + i + iv'3...) + A,(0 + iV3+iV3...) + B,(0 + i + f...) 

Tables are given below for the formation of A. ^i, A. and of the 
solutions of the equations according to the number of months available. 
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Rule for jmdify mi 


n-annwd 


inequality from 


an incomplete aert 


Nnmberot 
montbii 


Coafft. of C, 


CooHt. o(Z), 


Com. of D, 


6 


A.- 
A,- 
B,- 


+ 0167 


+ 0-333 


+ 0-333 


7 


A,- 


+ 0148 


-0-037 






A,- 


-0-037 


+ 0-259 






B,- 






+ 0-333 


8 


A.- 


+ 0136 


-0-045 


-0-026 




A,. 


-0045 


+ 0-263 


-0-019 




B,= 


- 0026 


-0-01-9 


+ 0-276 


9 


A.- 


+ 0123 


-0O27 


-0-047 




A,- 


-0027 


+ 0228 


+ 0-011 




B,= 


- 047 


+ 0^)ll 


+ 0-241 


10 


A.- 
A,- 


+ 0107 


+ 0182 


-0-041 




B,- 


-0041 




+ 0238 


EuU for finding 




1 incomplete aeries. 


Namberof 
mouthB 

KTkiUbU) 


Coefft. ofD, 


CJodtt-trfD, 


Coefft. ofD, 


6 


A,- 


+ 0977 


-0-326 


- 1-216 




A,- 


-0-326 


+ 0-442 


+ 0-405 




B,= 


-1-215 


+ 0-405 


+ 1-846 


7 


A.- 
A,- 


+ 0-424 
+ 0-260 




-0-528 




B,- 


-0-528 




+ 0-990 


8 


A.. 


+ 0226 


+ 0-062 


-0-233 




A,- 


+ 0-062 


+ O230 


-0K)93 




B,- 


- 0233 


-0-093 


+ 0-562 


9 


A.- 


+ 0-146 


+ 0-057 


-0098 




A,- 


+ 0<157 


+ 0-230 


-0-083 




B,. 


-0-098 


-0-083 


+ 0-326 


10 


A,. 


+ 0-110 


+ 0-036 


-0-036 




A,- 


+ 0-036 


+ 0-218 


-0-048 




B,- 


-0-036 


-0-048 


+ 0-218 



We thus get the following rule for the evuluation of A,. Saa, S,, S,, S4, 
S,, K,, K„ P from 6, 7, 8, 9, or 10 montha of observation ; 
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Proceed as though the year viere complete and find the Sl'e and iS'a for as 
many months as are aoailable. Reduce the ^,, 3Q, by tmdHplieation by l/P*'' 
or 1 - 0-0504 coa (A, + SCt + 94°). 

Analyse a,"', gt,", 13,w, far annual inequaiity, and a,«/P'^, 19,'"'/-?"' 
/or aemi^innual inequality according to the rules far reduction of incomplete 
series just given. 

Complete the reduction as in § 3. 

These nilea for reduction do not include the case of 11 months, nor the 
case where any month in the series is incomplete {e.g., if a fortnight's obser- 
vation were wanting in one of the months), because these cases may be 
treated thus : — the ^'s and sB's return bo the same value at the end of a 
year, and therefore the case of eleven months ie the same as that of a missing 
month at any other part of the year. In both these cases we may interpolate 
the missing ^'s and iS's and treat the year as complete. 

If three or more weeks of observation were missing they might fall so as 
to spoil two months, and in this case we should have an incomplete series. 
It is then to be recommended that the equations of least squares be formed 
and the equations solved. So many similar cases may arise that it does not 
seem worth while to solve the equations until the case arises. 

§ 5, Evaluation of A,, S,, S4, K,, K,, P from a short period of 
observation*. 
If the available tidal observations only extend over a few months, it is 
useless to attempt the independent evaluation of those tides which we have 
hitherto found by means of annual and semi-annual inequalities in the 
monthly harmonic constants. We will suppose that 30 days of observations 
are available. Then when we neglect the annual tide, and the solar 
(meteorological) tide S,, we have from (11) or (17), which give the analjmia 
of 30 days, 

21. »A. 

a.) f^'cos ,_^^^^^ ^,cos 

«8, 1 ^1 am ^ jFi sm ^^ '^ ' 

*■}.??. °"., + 'T"'(-"-V"-29--63) 
»ij Sin ;f , sin '^ ' 

'^*\ = H„'^x^, P = 1 + 00504 co8(A. + 15") 

w.) Bin ^ 

It is now necessaiy to assume that the P tide has the same amount of 
retardation as the E„ and that the ratio of their amplitudes is the same as 

* [See footnote to g 2 above toi cluDgea to be nude in thia Beotioii when only 16 days are 
avftilabte, and when the dioTiial ttdea are analTsed over either 27 or 14 daja.] 
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in the equilibrium theory. We also make the hke assumption with respect 
to the K, and S, tides. 
Accordingly we put 

Hj, = ^H'. K^^x'; H"^^H„ «" = *. 
Now since 

V = A. - iTT - v', V, = - A, + iTT. V" = 2A, - 2./' 
we have 

«p - Vy + 14°-76 = K- - V - 14°-76 + (2A, - / + 29''-63) + v 
«" _ V" - 29°-53 = K, - (2A, - tv" + 29''-68) 
Therefore 

- ^ ™ («' - V - 14'-76 + 2*. - »■ + 29'-53) 

*'[.Pfl-,'»'.,+ ftC5f""(.,-2J. + V-29--63) 
3Bt) sm ' _;^, sin^ ■ ' 

Let u. put ten*.. 'h<?^-'_±_^rm_ 

ta„ + . r,ii,(iM.-2.--+29-53) 

Then 

a,) if' 3f - C0B.(2A. - »- +'29'-53) eoe , , „, ,,..,. .. 

^l-g.V^Jf--^^'r(^'--f-"-^^»-^^>°°'(..-») (20) 

Wi) T:ff> cos y sin ' "^ ' ^ ' 

If therefore 

a. 1 pcos,. a,)pC08^ 

aaj = *^8in^" I3j-^sin^ 

we have «' = f, + V' + 14°-76 + = «p 



H-^ 3jF.R.cos» ^ 

3r-co3(2Ao-i'' + 29=-53)' " * 

*.= f, + ^ = *" 

If there be several months available it is recommended that each 30 days 
be treated quite independently, so that from each group of days we shall get 
W, k' and H„ k,. Then the mean value of H'cob «' is to be taken as the 
final value of that function, and H' sin «:' is to be treated similarly ; finally 
II', «' are to be found. The several values of H„ k, may be treated in the 
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same way. Of course w« assume throughout that Ky = k', Hp= \H', k" •^k,, 
H" = -ft-ff,, assumptions which are usually nearly correct. 

The mean value of ^ must be taken as giving A,, but at places with a 
considerable annual tide it is impossible to obtain a good value of mean 
water mark &om a short series of observations. 

§ 6. On the evaluation of the several tides by grouping of mean 

solar days. 

Let n(7 — 3f) denote the speed in degrees per m-s. hour of any one tide, 

n being equal to 1, 2, 3, 4, 5, or 6. Then 167(7 ~ ^) ^^Y ^ called one 

" special hour." Since 15°/(y — i?) is one m.a hour, the ratio of the m.s. to 

the special hour is (7 — x)/(7 ~ •?)■ 

Let one m.s. hour be equal to 1 — j8 special hour, then 

fi " 1 — - — * , special hours 
7-1, 

Let it be required to express the 12" of any m.s. day of a series of days 
by reference to special time. It is clear that 12" m.s. time will be specified 
by one of the 24 special hours, with something less than half a special hour 
added or subtracted. 

Having fixed the 12'' of m.s. time of a particular m.8. day in the special 
time scale, let us treat that m.s. day as a whole, and consider the incidence 
of the other 23 m.B. hours in specif^ time. It is clear that in m.s. time we 
work backwards and forwards from 12" by subtracting or adding unity, and 
that in special time we subtract or add 1 — /3. 

If 12" m.s. time be tc" -(-a:, where a lies between ± ^ specdal time, the 
following is a schedule of equivalence: 

UeaD soUr 

time Spaei&l tima 

If - (j:«-12") + (a + 12/9) 

1' - («'-ll'') + («+ll/3) 



2' 


- 


(•'- 


IO')+(« + 10y9) 


11> 
12> 
13' 


- 


(«' + 


+ « 

i')+(»-y9) 



22" = (a" + 10") + (a-10j8) 

23" - (a* + 11")+ (a -115) 
In the column of special time it is supposed that 24" is added or sub- 
tracted, so that the result is less than 24". For example, if x is 10, the hour 
column of special time will run 22", 23^ 0", .... 9», 10", 11", ..., 20", 31*. 
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If the series of days be long x will have alt integral values between and 
23 with equal frequency, and since a has all values between + ^ and - ^ with 
equal frequency, the excess of the solar hour above the nearest exact special 
hour (which may be called the error) will have all its possible values with 
equal frequeucy. If the mean solar houro be arranged in a schedule of 
columns headed C', l"*, ..., 28* of special time, each column will be subject to 
errors which follow the same law of frequency. 




Let abscisssB (fig. 1) measured from O along A'OA represent magnitude 
of a. 

Since a lies between ± \, the limit of the figure is given by OA = OA' = ^. 

If magnitude of error (i.e. m.s. — special hour), measured in special time, 
be represented by ordinates, a line BOB' at 46° to AOA' represents all the 
errors which can arise in the incidence of the m.s. 12" in the schedule of 
special time. 

If a line W be drawn parallel to and above BB' by a distance /3, we have 
a representation of all the errors of incidence of the m.s. 11". If a series of 
equidistant par^lel lines be drawn above and below BB' until there are 12 
above and 11 below, then the errors of all the m.s. hours are represented, the 
top one showing the errors of the ra.s. O* and the bottom one the errors of 
the m.B. 23*'. 

Any special hour corresponds with equal frequency with each solar hour, 
and hence each mode of error occurs with equal frequency. 

It is now necessary to consider in how many ways an error of given mag- 
nitude can occur. If in the figure AM represents an error of given magnitude, 
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then wherever MN cute a dii^oal line, it shows that an error may arise in 
one way. 

It is thus clear that there are nu + errors greater than ^ -f 12/9, and no 
— errors greater than J + 11/9, and 



Erron ot nugaitode 
i4 12y3 to J + ll)9 may 
i + ll^toi + 10y8 
i + 10/Stoi+ 9ff 


arise in 1 way 

2 waya 

3 ways 


i-lO^toi-11^ 
i-llj3to-(i-12y3) 
(i-12^)to-(4-lljS) 


23 ways 

24 ways 
23 ways 



- (i + 9y3) to - (J + lOyS) „ 2 ways 

-(i + 10^) to -a + 11/9) „ Iway 

The frequency of error is represented graphically in fig, 2, The slope of 
the two staircases is drawn at 45°, but any other slope would have done 
equally well. 

A fr^uency curve of this form is not very convenient, and, as there are 
many steps in the ascending and descending slopes, I substitute the frequency 
curve shown in fig. 3. This is clearly equivalent to the former ona In fig. 3 
all the times shown in fig. 2 are converted to angle at 15° to the hour; 
e accordingly denotes 15°/^. 
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Now let cosn($ — x) be the observed value of a function whose true 
value is coe n6, and suppose that w, the error of 0, has a frequency /{x) ; 
then the mean value of the function deduced from many observations 

will be 

I f{x)cosn(8 ~x)dx^ j f(x)dx 

In our case /{x) is the ordinate of the frequency curve whose abscissa 
is x. 

Let OQ = A, QB = a, QB'=6, OA = a + h, OA'-t + ft; then 

J /{ie) cos nifi — x)dx 

fa Co+» 

= 1 hcosn(6-x)die+j (a + h-x)co6n(6~x)da! 

tb rb-yh 

+ 1 hco%n(8 + a-:)dx+\ {b + k-a:)co&n(0 + x)dx 

4 
= — cosn[5— J(a — 6)] sin JnA sin in (a + 6 + ft) 

The algebraical steps involved in the evaluation of these four integrals 
and subsequent simplification are omitted. 
Hence the result is 

sin ink sin in<a + b + k) ,. . , ,., 

By reference to the figure it is clear that 

n + 6 + &-15°, A=24«, a-7i°-llie, 6= 7^°- IS^e, ■ a-6 = e 

Wnte, then #„ — ^ — jr; ■ ,.o 

■'' sin Izne sm ^^ 

and we obtain as the mean value of cos nd, when found in this way, 

1 

F- 

It is obvious that if we had begun with sin nd, the argument in the result 
and the bctor Jpn would have been the same. Accordingly, a function 

distant results of this sort are submitted to harmonic analysis t 
we shall get 

A„ = j=- cos (f + ine) = R cos f, suppose 
R' 
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R' 


f- 


r 


+ irw 


R', r. so 


(hst 






JF»K, 


r- 


f- 


-!». 



Accordingly I 

But it is required to £ 



Thus wbe& the 24 observed hourly tide heights on any tn.B. day are re- 
grouped so that the observed height at 12" m^. time is reputed to appertain 
to an exact special hour, and each of the previous and subsequent hourly 
values of that in.s. day are reputed to belong to previous and subsequent 
exact special hours; and when a long series of m.s. days are treated similarly, 
and when the mean heights of water at each of the 24 special hours are 
harmonically analysed, we shall obtain the required result by augmenting R 
by a fector ^„, and by subtracting jne from £1 

The values of J^« and of ^ne will be different for each kind of tide, aud 
the following table gives their numerical values. 

Table of Jf„ and ^ne. 



iDituloftide 


n 


!<«*. 


1~ 


M, 


1 


0-00212 


0"-26 


M, 


2 


0D0849 


0'-63 


M, 


3 


0-01916 


0"-79 


M. 


i 


003416 


l'-06 


M. 


6 


0-07767 


r-57 


N 


2 


0-01361 


0--82 


L 


2 


0-00570 


0"-24 


„ 


2 


0-01278 


0"-78 





1 


0-00535 


0--67 


J 


1 


0-00225 


- 0*-28 


Q 


1 


0-01149 


0--90 


M 


2 


0-02016 


1--09 


2SM 


2 


0-00805 


- 0"-49 


MS 


4 


0-02342 


0*-52 


\ 


2 


0-00595 


0--28 


2N 


2 


0-02136 


1"-13 


00 


1 


000481 


- 0--53 


MK 


3 


0-01438 


0'-60 


2MK 


3 


0-02632 


1--09 


MN 


4 


0-04328 


1--35 



As it does not appear worth while to evaluate the tides written below 
the line, no use will be made of the last sis results given in this table. 
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§ 7. Oh the periods over which the meana are U> be taken, in evaluating 
the tidal comtanta. 

We have considered id previous sections the treatment of the group of 
tides which are associated with solar time, when the period of observation 
ia less than a year, aad we have now to consider the other tides. 

It is important that the means be taken over such a number of days that 
the perturbation arising from other tides shall be minimised. 

The perturbation between semi-diurnal and diurnal tides is always 
negligible. It is therefore only necessary to consider the action of the tides 
M,, ^ in the case of semi-diunial tides, and that of K, and O for diurnal 
tides. 

It is easy to see that the influence of a disturbing tide is evanescent 
when the means are taken over a period such that the excess of the argument 
of the disturbed over that of the disturbing tide has increased through a 
multiple of 360°. As, however, we are working with integral numbers of 
days, and as the speeds of tides are incommensutable, this condition cannot 
be exactly satisfied. 

From this consideration it appears that to minimise the perturbation of 
S,, 2SM, ^ by Mt (and vice versd) we must stop at an exact multiple of a 
semi-lunation. To minimise the effect of M, on N and L, and of R, on J 
and Q, we must stop at an exact multiple of a lunar anomalistic period. To 
minimise the effect of M, on v, we must stop at a multiple of the period 
2ir/((r + tr — 2i}). To minimise the effect of K, on O, we must stop at an 
exact multiple of a semi-lunar period. 

For the quater-diumal tide, MS, it is immaterial where we stop, and so 
it may as welt be taken at a multiple of a semi -lunation. 

The following table (p. 243) gives the rules derived from these con- 
siderations. 



§ 8. On the tides of long period. 

The annual (Sa) and semi-annual (Ssa) tides are evaluated in the course 
of the work by which other important tides are found. These are the only 
two tides of long period which have a practical importance in respect to 
tidal prediction, but the luni -solar fortnightly (MSO, the lunar fortnightly (Mf), 
and the lunar monthly (Mm) tides have a theoretical interest. 

It will therefore be well to show how they may be found. The process 
is short, and, although it is less accurate than the laborious plan followed in 
the Indian reductions, it appears to give fairly good results. 

(Continued at foot of p. 243) 
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Number of the last day to be included in the evaluation of tite several 
tides for observations extending over any period up to a year. 



+ 58 
+ 72 



For M., ^, 2SH, MB. 
Stop with one 

(wmi-lan&tioiiB) 


ForO. 
Stop witb one 


For N. L, J. Q. 
Stop with one 

dajB 
(amm.p.nod.) 


For,. 

Stop with one 

of the foliowing 

da™ 

(periods 

Jr/(, + .-2,)) 


14 


13 


27 


31 


2» 


S6 


54 


63 


48 


40 






58 


64 


74+8 


74 + 20 


78 


67 


+ 36 
+ 63 


+ 52 


74 + 14 


74+ 7 


148 + 10 




+ 28 


+ 21 


148 + 16 


+ 42 


+ 43 


+ 34 


+ 44 






+ 68 


+ 48 


+ 71 


222+ 


+ 73 


+ 62 




+ 31 








222 + 26 
+ 53 


+ 63 


148+13 


148+ 1 




+ 28 


+ 15 




296 + 21 




+ 43 


+ 29 


296+ 6 


+ 63 


+ 68 


+ 42 


+ 84 






+ 72 


+ 66 
+ 70 


+ 61 




222 + 13 










+ 28 


222+ 9 






+ 43 


+ 23 






+ 58 


+ 37 






+ 72 


+ 50 
+ 64 










296 + 13 









+ 28 


296+ 4 






+ 43 


+ 17 






+ 57 


+ 32 






+ 72 


+ 45 







For the sake of simplicity, let us consider the tide MSf. Its period is 
aboDt 14 days, and therefore a day does not differ very largely from a twelfth 
part of the period. Accordingly, if about two days in a fortnight are rejected 
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by proper rules, the mean heights of water on the remaining days may be 
taken as representatives of twelve equidistant values of water heights 

I therefore go through the whole year and reject, acconling to proper 
rules, the daily sums of the 24 hourly heights corresponding to certain 6d of 
the days out of 369. The remaining 300 values are written consectitively 
into a schedule of 12 columns and 25 rows, of which each corresponds to a 
half lunation. The 12 columns are summed, and the sums are harmonically 
analysed for the first pair of harmonic components. These components have 
to he divided by 24 times 25, or by 600, because the daily mean water height 
is g']"' of the daily sum, and there are 25 semi -lunations. 

In the same way the semi-lunar period is about 13i days, and if we 
erase by proper rules 45 daily sums out of 369, we are left with 324, which 
may be written consecutively in a schedule of 12 columns and 27 rows, of 
which each corresponds to a semi-lunar period. The summiug and analysis 
is the same as in the last case, but the final division is by 24 times 27, or by 
648. 

In this way we evaluate the luni-sotar fortnightly and lunar fortnightly 
inequalities in the height of the water. 

The period of the moon is between 27 and 28 days, and if we erase 
appropriately about one day in eight we are left with sets of 24 values which 
may be taken as 24 equidistant values of the daily sums. Accordingly we 
erase 48 daily sums out of 358, and write the 312 which remain consecutively 
into a schedule of 24 columns and 13 rows, of which each corresponds to a 
lunar anomalistic period. 

The 24 columns are summed and the sums analysed for the first com- 
ponents. Finally, the components are to be divided by 24 times 13, or by 
312. In this way the lunar monthly tide is evaluated. 

But the result obtained in this way is, as far as concerns the tide MSf, 
to some, and it may be to a large, extent fictitious. It represents, in fiict, a 
residuum of the principal lunar tide M,. That this is the case will now be 
proved. 

Suppose that ^ is an integral number of days since epoch, being the time 
of noon on a certain day ; then the principal lunar tide U, on that day may 
be written fl^ cos [2 (7 - a-) ((, + t) - J:„], where t is less than 24 hours. 
Then the daily sum for that day will be 

H 8in24(T- 
" sin (7 - (t) 

Now since ^ is an integral number of days 2 (7 — ») („ only difiera from 
- 2 (<T - »;) i. by an exact multiple of 360° ; hence the argument of the cosine 
may be written 2((r-ij)(o-23(7-ff) + f„. 
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But the true liini-Bolar fortnightly tide, which we may denote 
fffcoB[2(o-,)((, + T)-n 
varies so slowly in the course of a day that the daily sum is sensibly equal to 

24£ffcoa[2(o--,))«, + 23(<r-i7)-n 
It thus appears that the residual e£Fect of M, is of exactly the same form 
as that of MSf. It becomes, therefore, necessary to clear the harmonic 
components, determined aa described above, from the effects of M,. 

In order to determine the values of these clearances, I found the values 
of coa2()T — i))t and Bin2(<r-ti)t for every noon in a year of 369 days. 
I then erased the values selected for the treatment of MSf and analysed the 
remaining valuea In this way it was easy to find the effect of the known 
M, tide. 

Suppose that A,, B, are the first harmonic components detennined by 
the treatment of a series of daily sums, and that BA^, SB^ are the corrections 
to be applied to them to eliminate the effects of M„ then I find that if 
A„, 6« are the two components of M, as determined by the previous method 
(§ 6) of analysis, 

SA, = + 00304A^ - 0-0171B„ 
SB, = - 00171A„ - 0^304B„ 
C = A, + SA„ D=.B, + «B. 

C - 0-047D = 0-992fFcoB f 
D + 0-047C =0-992 fff sin J: 
Whence f being known from Baird's Manual (being a function of the 
longitude of moon's node), H and f are determinable. We have also 
«-f+2<s^-f-A, + i') + ir-7 
In the set of computation forms which I have prepared for use on the 
present plan, it is shown what days are to be erased for each of the three 
analyses, and how they are to be entered in schedules, summed, and analysed. 



I 9. On abridgment in the compvtatione. 

It seemed probable that one decimal of a foot would suffice to express 
the hourly tide heights. In order to test this, I have taken several individual 
days of observation at Port Blair, and have found, by harmonic analysis, the 
time and amplitude of the diurnal and semi-diumal H,W., first, when the 
hourly heights are expressed to two decimal places of a foot, and secondly, 
when they are only entered to the nearest tenth of a foot. I find that the 
times of H.W. agree within leas than a minute of time, and that the 
amplitudes agree within a fraction of an inch. If this much be true of 
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individual days, the difference of results arising &om two or one place of 
decimals will clearly entirely disappear whea a series of days is considered. 
Hence, by taking as unit the tenth of a foot, or the inch, or even two inches 
at places with large tides, we may always express all, or nearly all, the 
heights on which we are to operate by two significant figures. The adoption 
of this rule not only saves the writing of a large number of figures, but also 
enormously diminishes the labour of the additions which have to be made. 

It also seemed probable that substantial accuracy might be attained from 
the harmonic analysis of only 12 hourly values instead of 24. In order to 
test this I took the tidal reductions for Port Blair, Andaman Islands {kindly 
lent me by the Survey of India), and have compared the results which would 
have been derived from 12 values with those actually obtained from 24 values 
by the computers of the Indian Survey. The following tables give the 
results: 



Semi-diurnal tides. 



InltuJ 


BsBDlts rrom 13 
two-honrly valaes 


BeBDlts from 34 
hoorlj TftloM 


Bm.r, (12) -(34) 


Hkz 


ft. 

+0-6683 
+0-6776 


ft. 
+0-6890 
+0-6768 


ft. 
-O-O0O7 
+0-0008 


-{kz 


- 1-7032 
+ 1-0883 


-1-7005 
+1-0872 


-0-0027 
+O-O011 


-{kz 


-0-1437 

-0-2527 


-0-1407 
-0-2615 


-0-0030 
-0<«12 


-{tz 


+0-0367 
+0-0618 


+0-0347 
+0-0610 


+0-0010 
+0-0002 


Hkz 


+0-3422 
+0-2192 


+0-3186 
+0-2124 


-0-0064 
+0-0068 


'{k= 


-0-1217 
+0-0867 


-0-1166 

+ 0-0887 


-0-0062 
-0-0020 


^[kz 


+0<I857 
+0-0383 


+0-0849 
-0-0388 


-0-0008 
-0-OOOQ 


23m{^: 


+ 0-0065 
-0flI98 


+0-0037 
-0-0200 


+0-0018 

+0-0002 
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Divmal tides. 



Initial 


BeBolts Irom la 
two-hoorly nines 


BeBQlU bom M 
honrly tiIucb 


Bm*.{13)-(34) 


^i;: 


ft 
+Ofll75 


ft 
+ 0-0186 
+0-0216 


ft. 
-OflOlO 

+0-0007 


-{r. 


+0-0120 

-0-0168 


+0-0069 

-0-0173 


+0-0061 
+0<KW5 


^{t: 


+0-3815 
+0-1398 


+0-3847 
+01396 


-0-0032 
+0-0002 


"{kz 


-0O8I8 
+01336 


-(HfJiS 
+01386 


-0-0089 
-0-0061 


^{tz 


-0-0167 
-01287 


-0O178 
-0-1280 


+00011 
-0O007 


'{ir^ 


-0-0193 
+0-0315 


-00167 
+0-0347 


-00026 
-0-0032 


«{i;: 


+00140 
-00170 


+0O136 
-0O194 


+0O004 
+0-0084 



The mean discrepancy in the case of the sami-diumal tides is 0'0022 ft., 
and the greatest is +0-0068; in the case of the diuroal tides the mean 
discrepancy is 0-0026 it., and the greatest is 0^89. 

In tidal work results derived from different years of observation differ far 
more than do these two sets of results, and hence the analysis of 12 two- 
hourly values for diumal and semi-diurnal tides gives adequate results, 

I find that this abbreviation does not give satisfactory results for quater- 
diumal tides, and the sixth harmonic ia not derivable from 12 values. 
Therefore, when these tides are to be evaluated the 24 hourly values must 
be used. 

It will still be necessary to write all the 24 honrly heights on each 
computing strip, but when the stripe are put into any one of the arrange- 
ments, except where qiiater-diumal tides are required, we need only add up 
the columns 0, 2, 4, ,.., 22, and may omit the columns 1, 3, ..., 23. 



§ 10. On a trial of the proposed method of redtustion. 
As already mentioned, I have the tidal reductions for one year (beginning 
April 19, 1880) for Port Blair, Andaman Islands. I am thus able to make a 
comparison between the results of the old method and of the new. The 
computation was, in large part, done for me by Hr Wright. 
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A. TEST OF THB METHOD. 

Port Blair. 1880-81. 





I 

Indian 

oalonlation 


N 

New 
method 


I-N 
(height) 


I-N 

ipha«) 


A,- 


4-792 


ft. 
4-79& 


ft. 
- 0^003 




s.{f ; 


■299 


■299 
162° 


000 


+ 1° 


H?: 


■106 
165° 


■111 
164° 


- ■oos 


+ 1° 


-1?: 


■099* 
313° • 


■094 
339° 






M?: 


■020* 
326° • 


■004 
312° 






<: 


■028 
49° 


■026 
53° 


+ -002 


- 4° 


<: 


■966 
316° 


■973 
315° 


- ■OOT 


+ 1° 


s-i?: 


■003 
107° 


■003 
106° 


000 


+ 2° 


K.if: 


•403 
326° 


■401 
326° 


+ ■oos 





-■If: 


■286 
314° 


■268 
311° 


+ ■OIB 


+ 3° 


Hf: 


•130 
324° 


■139 
323° 


- -009 


+ 1° 


M,j«: 


■014 
23° 


■013 
34° 


+ ■OOl 


-11' 


">!?: 


2-042 
279° 


2-043 

279° 


- '001 





"•I,": 


■004 

20° 


■004 
64° 


000 


-34° 


"■if: 


■003 
167° 


■006 

264° 


- ^003 


-97" 


«.!?: 


■004 
342° 


■005 
315° 


- ■OOl 


+27° 


C24valuM)QJH; 


■023 
236° 


■023 
233° 


000 


+ 3° 


(IS values) Q 1 f ; 


■023 
236° 


■022 
234° 


+ ■OOl 


+ 2° 



> These are derived bom 1880-69. 
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A TEST OF THE HETHOD. 
Tides of Long Period. 





I 

IndiaD 


N 

New 
method 


I-N 
(heiglit) 


(phase) 


MSf j 1^ " 


ft 
1346 
163° 

■066 
356° 

■016 

la- 


ft. 
■019 
168° 

■056 

366° 

■020 
13° 


ft. 
+ -026 

000 

... 

- -004 


-5° 



-1° 



It appeared sufficient to evaluate the tides of the S series and those 
allied with them, the tides of the M series, and the tide Q ; also the tides of 
long period MSf, Mf, Mm. 

The S series teat the new process of harmonic analysis of monthly 
harmonic components for annual and semi-annual inequalities. I chose M 
because it is the most important tide, and Q because it puts the proposed 
method of grouping to a severe test, and is very small in amplitude. 

In the Q time scale the day is 26** 52*° of mean solar time, from which 
it follows that one of the 24 mean aolar hourly observations may fall as much 
as 2'' 0" away from the exact Q hour to which it is reputed to belong. Thus 
the hourly observations are arranged in wide groups round the Q hours, and 
the hypothesis involved in the method is put to a severe strain. 

Lastly, the results for tides of long period test my proposed abridgment. 

It will be seen in the table on p. 248 that the two methods give results 
in close agreement. There is, however, a sensible discrepancy in the K, tide, 
but in this case I am inclined to accept the new value as better than the old 
one. This tide is governed by sidereal time, which differs but little from 
mean solar time. Hence, in the Indian method of grouping, considerable 
errors of incidence of the S houra in the K time scale prevail for many 
days together, and the method seems of doubtful propriety. The same is 
true of the F tide, and here also the two methods give somewhat different 
results. 

The accuracy with which the very small Q tide comes out, whether from 
24 values or only from 12, is surprising, and may perhaps be, to some extent, 
due to accident. It shows, however, that the present method may be safely 
applied, even when the special time scale differs considerably from mean solar 
time. 

The results for the tides of long period are quite as close to the old values 
as could be expected. 
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§ II. A comparisoti of the ivork involved in the new and old 
metkoda of redttction. • 

It has been usual in the Indian reductions to use three digits in expressing 
the height of water, and there have been 15 series, or even more. Now 
3 X 24 X 365 X 15 is 394,000 ; hence the computer has had to write that 
number of figures in reducing a year of observation. This does not include 
the evaluation of the annual and semi-annual tides, so that we may say that 
there have been about 400,000 figures to write. 

I propose to express the heights by two digits, and they only have to be 
written once. Thus, in the present plan, the number of figures to write is 
2 X 24. X 365, or.l7,500. Thus the writing of 382,000 figures is saved. 

In the old method the computer had to add together ai) the digits written, 
say, 394,000 additions of digit to digit. 

I propose to use 24 hourly values in three series, viz., S, M, and MS, 
and 12 two-hourly values in eight others. Therefore, the number of additions 
will be 3 X 2 X 24 X 365 + 8 X 2 X 12 X 365 or 123,000. Thus 270,000 
additions are saved. 

We may say that formerly there were about 800,000 operations (writing 
and addition), and that in the present method there will be about 140,000. 
This estimate does not include a saving of sever^ thousands of operations in 
obtaining the tides of long period. I am therefore within the mark when 
I cUim that the work formerly bestowed on one year of observation will now 
reduce at least five years. 

It has been found that the manufacture of my computing strips of xylonite 
is rather expensive, but as it formerly cost in England rather more than £20 
to reduce a year of observation, the cost of the apparatus wilt be covered by 
the saving in the reduction of a single year, and it will serve for any length 
of time. 



§ 12. On the completion of the record for ahort gaps and long gaps. 
In any long series of tidal observations there are usually some breaks in - 
the record in consequence of the stoppage of the clock of the tide gauge, or 
from some other cause. Now the process of elimination by grouping depends 
essentially on the completeness of the record, and it is therefore necessary to 
fill in bUnks by interpolation. 

Such interpolation has not been usual in the operations of the Indian 
Survey, and it might be thought that the complete omission of the missing 
entries is the proper couise to take ; but it is easily shown that this treat- 
ment is exactly equivalent to the assumption that the water remained stagnant 
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at mean sea level during the whole time of stoppage of the gauge. It is 
obvicuB, therefore, that any conjectural values are better than none. 

The process by which it is proposed to interpolate is best shown by an 
example. 

At Port Blair (beginning April 19, 1880) the column of 6^ from days QQ to 
112 gives the heights shown in the first column of the table below. I suppose 
that the tide gauge broke down on day 103, and only came into action again 
on day 110*. There was really no breakdown, and the actuality during the 
supposed hiatus is shown in the last column but one. 

Now if we look back about a month we find that the water stood about 
the same height at the same hour of the day (viz., 6**). Then the " previous 
record " (which is complete) beginning at 69* is entered in the next column. 
Similarly a "subsequent record" is found about a month later, and is entered 
in a third column. The mean of the previous and subsequent records is then 
taken as giving the values to be interpohited. 

Table of Interpolation. 
I Defective ] Previona | Subaeqaent | ™i^o'i„j | «ntnaiitv I 'Rrmr I 



The last two columns contain a comparison between the interpolation and 
what in the present case we know to have been actuality. There is a mean 
error of 0'20 ft. Thus it is clear that a (air record may be interpolated even 
with so long a break as a week. 

In this example I have only shown the interpolation for one column, but 
of course all the other twenty-three columns would really have to be treated 
similarly. 
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I find by trial that the result would be a little improved by a graphic^ 
method, but that process is slightly more troublesome than the numerical 
one. 

It may happen that the hiatus is too long for treatment in this way. 
I do not think it would be safe to treat much more than a fortnight by 
interpolation. 

It has been shown in § 4 how the tides associated with S are to be treated 
where the record ie deficieut, and it remains to consider the other tides. 

In § 7 are given the days with which we must stop in the analysis of an 
incomplete year, and this table affords us the means of treating a long hiatus 
in the observation. 

We may in fact omit all the entries between any two of the numberB 
given in the table without seriously affecting the result. 

Let us suppose, as an example, that the tide gauge broke dovm on day 
210 and was only repaired and in operation again on day 226. Now 210 is 
148 + 62, and 225 is 222 +3. 

Then we see by the table in § 7 that in finding the means for M, 2SM, 
MS, when the computing strips are written for the third time, we must 
remove strips 59, 60, 61 (which have numbers written on them) and may 
leave the remaining strips of that writing which are blank. When the strips 
are written for the fourth time strips 0, 1, 2, 3 will be blank, but we must 
remove strips 4 to 13 inclusive. When all the strips are used in a complete 
year there are 369, and this is the divisor used in obtaining the harmonic 
constants, but when there is this supposed hiatus we do not use 15 strips 
of the third writing and 14 strips of the fourth writing, so that the divisor 
will be 340. 

Again, when we are evaluating O in the third writing, stripe 57, 58, 59, 
60, 61 must be removed, and in the fourth writing strips 4 to 9 inclusive. 
In a complete year the divisor is 869, but we now do not use 17 strips of the 
third writing and 10 of the fourth writing, so that the divisor becomes 342. 

Again, in evaluating N, L, J, Q, in the third writing we remove strips 
45 to 61 inclusive, and in the fourth writing strips 4 to 25 inclusive. The 
divisor ia reduced from 358 to 303, 

Lastly in evaluating v, in the third writing strips 43 to 61 inclusive are 
removed, and in the fourth writing strips 4 to 31 inclusive. The divisor is 
reduced from 350 to 287. 

Any hiatus, be it long or short, may be treated in this way, but it is clear 
that if it be short enough to treat by interpolation, it is best to adopt that 
method. 
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INSTRUCTIONS FOR USING THE COMPUTING APPARATUS. 

The apparatus for the reduction of tidal observationa, together with com- 
putation forms, can be purchased from the Cambridge Scientific Instrument 
Company at a price (as far as can be now foreseen) of about £8*. 

In case of any insufficiency in the following instructions recourse must be 
taken to the preceding paper. 

On the degree of accuracy requisite in the hourly heights. 

Xt will usually be sufficient if the heights be measured to within one- 
tenth of a foot, and the decimal point may, of course, be omitted in 
computation. 

This gives amply sufficient accuracy at a place where the semi-range of 
the principal lunar tide is 2 ft., and where spring range is Irom 6 ft. to 7 ft. 

At some places with small tides a smaller unit might be necessary, and 
at others with very large tides a unit of 2 in., or of a fifth of a foot, might 
suffice. 

Whatever unit of length be taken it is important, for the saving of work, 
and it is sufficient, that all or nearly all the heights should be expressed by 
two digits. 

CompiefiioB of record. 

If there is an accidental break in the record, it is very important that it 
should be completed according to the method shown in § 12, or by some other 
equivalent plan. 

The computation forms are drawn up on the supposition that the year 
of observation is complete, but with proper alterations, which will now be 
indicated, they may be used in other cases. 

In § 4 it is shown how to treat the tides of the S group when the obser- 
vations have been subject to a long stoppage in the course of the year, and 
also when the observations extend over any period iroia six months to a year. 

In § 5 it is shown how to treat the S group for a short period of obser- 
vation. 

If the stoppage be a long one, the method explained in § 12 must be 
adopted for all the other tides. The same section also shows the treatment 
for observations extending over any period, long or short, less than a year. 

' [Ibe price is, I believe, ftbont £10. E»ch strip hu to Ira euefoUy made b; bKnd, Mid the 
demuid for the Kppktatiu in of eonrae vei? snuIL (19DT).] 
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Kntries and aximmationa. 
The computiDg strips are intended to take writing in pencil or liqrad 
Indian ink, but not in common ink. 



They are to be cleaned with a damp cloth, and a little soda may be put 
in the water if tbey become greasy. 

Lay the red S sheet oa one drawing board and set up the stripe with their 
ends abutting against the corresponding numbers. The strip numbered 60 
is also to be put on the board. 

Write the hourly heights for each day on the strip bearing the corre- 
sponding number, strip for day 0, strip 1 for day 1, and so on up to strip 
73 for day 73. The 24 hourly heights are to be written in the 24 divisions 
of each strip, beginning on the left with 0'' and ending on the right with 23*^ 

Remove strip 60. 

Sam the 24 columns formed by the divisional marks on consecutive sets 
of 30 strips. Thus, days to 29 afford 24 sums ; days 30 to 59 afford the 
second set of 24 sums; days 61 to 73 afford 24 sums, which are the beginning 
of a third 30, to be completed when the second set of 74 days shall have been 
written on the strips. 

The numbers 0,1, 2,..., 23, 0, 1,..., 23 at the head and foot of the guide 
sheet indicate the hours corresponding to the columns. 

The sums of the columns on the board are to be entered in the corre- 
sponding columns of the form " Hourly sums of S series in twelve months." 

Lay the red M guide sheet on the other drawing board, and transfer the 
stripe from the first board to the new arrangement shown by the zigz^.lines, 
strip 60 being now reintroduced. 

There will now be 48 columns (more exactly 47, since one of the columns 
will be found to have nothing in it), numbered at top and bottom 0, 1,..., 
23, 0, 1,..', 23. Each of the 48 columns is to be summed from bottom to 
top (not as for S in groups of 30), and the sums arc to be entered in the form 
" Sums of series M." The 24 sums which come from the left half of the 
board will be entered in the row marked " red left," those from the right in 
the row marked " red right." 

Lay the red N sheet on the other board, and transfer the strips. 

In accordance with § 9, it will now usually suflke to sum only the columns 
appertaining to the even hours 0, 3, 4,..., 22; as these hours are repeated 
twice, there will now be 24 columns to sum. 

The sums are then to be entered on the form " Sums of series N," in the 
alternate columns. The complete form is provided, so that all the 24 hourly 
values may be used if it be thought desirable, but this labour seems un- 
necessary, at least in a long series of observations. 
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Lay the successive red sheets on the vacant board, transfer, sum, and enter, 
until all the red sheets are exhausted. 

In the case of S, M, MS the sums of all the columns are neceaaaiy, hut 
in the other eight arrangements only the sums of the alternate columns, 
those of the even hours, are usually necessary. For a short aerica of obser- 
vations it may be best to use all the columns, but in this case it will certainly 
not be worth while to attempt the evaluation of v, J, Q, /n, 2SM, which are 
all small in amount. 

If the tides of loag period MSf, Mf, Mm are required, the 24 numbers 
written on each strip must be added together, and the sum entered in the 
form "Long period tides — daily aums." 
Clean the strips. 

In exactly the same way work through the next 74 days, from 74^ to 
74' + 73^, with yellow guide sheets. Then clean the strips, and take another 
74 days with green guide sheets, and so on with the blue and violet. 

In the last (violet) set attention must be paid to the rules as to the places 
where the analysis is to stop in each arrangement. 

If the year of observation is so incomplete that the hiatus cannot be 
made good by interpolation, or if the aeries does not run over the complete 
year, the series must atop with one of the daya apecifiod in the table at the 
end of § ?, and a note must be made of the number of days used in each series. 
The strips marked for omission on the violet sheets, or those selected for 
omission under the rules of § 7, may be hidden by a sheet of paper when the 
summations ore being made. 

The additions of S, M, MS may be verified by proving that the grand 
total of all the numbers (inclusive of omitted strips in S) written in each of 
the seta of 74 daya is the same in whatever way they are arranged. Thus, 
the sum of the 48 columns should be equal to the sum of the daily aums. 
An incomplete verification in the other arrangements, when only half the 
columns are summed, is found by ahowing that the sum of all the hourly 
euma of each 74 days is nearly equal to half the grand total of all the numbers 
written in that period of 74 days. 

When the guide sheets become worn with many pin pricks they may 
easily be patched with adhesive paper. There seems no reason why this 
patching should not go on almost indefinitely", 

■ It is pouible that it miy be desired to enJoate the tides 00 knd 3N, for which no guide 
Hh«et« ue provided. I therefore give inBtraotioiu for the prepuatioo of guide sheets for theae 
caaes. They will be tiiidsTEtood by any ooe vho has the set of guide sheets before him. With 
the inatraationa given below, the oompater might iodeed set Dp the strips witfaoat a guide abeet. 

I describe the Btaircaiee as desoending frtrm left to right or from right to left, aad I deGae a 
short step as being one apaoe down and one space to the left or right, as the ease maj be, and a 
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Hourly sums and harmonio analysu. 

Complete the summations in the forms for hourly sums, and copy into 
the forma for harmonic analysis. In this copying it will generally suffice if 
the last figure in the hourly sums be omitted ; for example, if the observa- 
tions are entered to the nearest tenth of a foot the hourly sums will be given 
in the same unit, and it will suffice if the hourly sums analysed be written to 
the nearest foot. 

There are 12 analyses (one for each month of 30 days) for the hourly 
sums in S, and one analysis for each of the other 10 arrangements. All the 
forms are provided with spaces for 24 hourly sums, but in the eight series 
N, L, V, O, Q, J, /i, 2SM, where only 12 values will commonly be used, the 
entries will only be made on the alternate rows of 0", 2", . . . , 22''. In these 
cases the divisor 12, which occurs in the penultimate stage of finding the A's 
and B'a, must be replaced by 6, 

The large divisors (viz., 369 for M, fi. 2SM, MS ; 369 for O ; 368 for N, 
L, J, Q ; and 350 for v) represent the number of days under reduction, and 
must be altered appropriately (see table, § 7) if there be long gaps in the 
observations, or if the year be incomplete, or if the series be a short one. 

If some one of the monthly analyses of S is deficient the missing ^'s and 
]3'b are to be made good by interpolation. 

loDg step SB one apsoe dcwn uid two to the left ot right, as the osse may be. Wheo I n,j, fur 
eiunple, that k Bhort follows 3, 1 mean that 3 to 3 u a abort etep. The flrat mark on each Etaeet 
ia Bpeoifled by its inoideDoe Id the row of honn at the top. 
00: deBoendiog from left to right. 

The Bsqoence i* long eeveral timee repeated and then short. 

Bed; between O^uidl^; shorts foUow S, 7, IS, 19, 31, 30, 3fl, 41, 47, 53, 58, 64,69. 
Tellow; between 1S» and 16»i shortH foUow 1, 7, 13, 18, 34, 3fl, 35, 41, 46, 93, G7, 6S, 69. 
Green; between 6o and 7»; shorts follow 0, 6, 13, 17, 33, 39, 84, 40, 46, 61, 57, 69, 68. 
Blue; between 31>> aod SQ"; shorta follow 0, 6, II, 17, 32, 36. 38, 39, 45, 50, S6, 63, 67. 
Violet; between 11" and 13''; shorts foUow 6, 10, 16, 31, 27, 88, 88, 44, 50, 66, 61, 67, 79. 
The last strip need for a year ia 73. 
3N : deooending from right to left. 

The aeqnenoe ia long, long, short, long, long, short, and at intervals three longs and a ahorb 
Bed; between 33^ aod 33>< 1 shorts follow I, 4 16; 30, 38 , 35; 39, 43 , S7; 

61, 64 70. 

ToUow; Obetween island 19"; shorts follow 3 ; 6,B, 31; 26,28 ,40; 44,47, 

69; 63, 66, , 73. 

Qreen; between 1S>- and U>-; aborU foUow 1, 4; 8, 11 36; 80, 38, , 45; 49, 

53, 64; 68,71. 

Blue; between df and 9»; shorts toUow 0, 3, 6, 9; 13, 16, , 38; 83, 35 SO; 64, 

67, 69; 73. 

Violet; between 4<>and6X; shorts follow 3, 6, 14; 18, 31, 33; 37, 40, 53; 

66,59 71- 

The last atrip oaed for a year is 61. 



Digitized by L.tOO'JIC 



1892] INSTKUCTIONS FOR USE OF APPARATUS 257 

It is then necuasaiy to analyse the monthly valuos of the ^'3 and 30*s 
derived from the 12 analyses of S. We thus obtain A,, Ai, B,, A,, Ba, Co, 
c,. C„ D„ c,, d„ E,. eo. E„ F,, e„ f„ E,, F„ e,, f,. The rules for these analyses 
when the year is incomplete are given in § 4, and the computation forms only 
apply to the case of the complete year. 



Astronomical data avd final redaction. 

Determine from the Nauticai Almanac and Major Baird's Manual of 
Tidal Observations* the astronomical data at O*" local M.T. on day 0, and 
proceed according to the form to find the initial ai^uments and factors for 
reduction. The astronomical data are then to be used in the forms for final 
reduction. 

We have generally B = E sin f, A = B cos {;' ; the forms are arranged so 
that colog A is to be added to log B to find log tan ^, and thence f. If ? 
lies between - 45° and 45° or between 135" and 225°, log sec f is added to 
log A to find R; if f lies between 45° and 135° or between 225° and 315°, 
logcosecf is added to log B to find R, Accordingly the computation form 
has log sec ^, room being left for the syllable "co" if necessary; underneath 
this is written log , and the computer will insert A or B as the case 
may be. 

There is usually required also a numerical factor 1/f or Jp, or both ; the 
Ic^rithms of the 1/f are found amongst the astronomical data, and the 
logarithms of the constant Jfs are printed in the forms in their proper 
places. 

The treatment of the 21 harmonic components derived fi^im the harmonic 
analysis of the five S's and 33's is shown in the forms. 



The tidss of long period. 
The processes involved in the evaluation of these tides are sufficiently 
shown in the forms. 

* Taylor and Francis, London, 1886, prioe T>. 6d. 
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ON TIDAL PKEDICTION. 



[Philosophical Transactwna of the Royal Society of London, CLXxxil. 
(1891). A. pp. 159—229.] 
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iNTBODUCnON. 
At most places on the North AtlaDtic the prediction of high and low 
water is fairly easy, because there is hardly any diurnal tide. This abnormality 
makes it sufficient to have a table of the mean fortnightly inequality in the 
height and interval after lunar transit, supplemented by tables of corrections 
for the declinations and parallaxes of the disturbing bodies. But when there 
is a lai^ diurnal inequality, as is commonly the case in other seas, the 
heights and intervals after the upper and lower lunar transits are widely 
different; the two halves of each lunation differ much in their characters, 
and the season of the year has great influence. Thus simple tables, such as 
are applicable in the absence of diurnal tide, are of no avail. 

The tidal information supplied by the Admiralty for such places, consists 
of rough means of the rise and interval at spring and neap, modified by the 
important warning that the tide is affected by dium^ inequality. Information 
of this kind affords scarcely any indication of the time and height of high 
and low water on any given day, and must, I should think, be almost useless. 

This is the present state of aSaiis at many ports of some importance, 
but at others a specially constructed tide-table for each day of each year is 
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publiahed in advance. A special tide-table is clearly the best sort of 
inforoiation for the sailor, but the heavy expense of prediction and publication 
is rarely incurred, except at porta of first rate commercial importance. 

There is not, to my knowledge, any arithmetical method in use of com- 
puting a special tide-table, which does not involve much work and expense. 
The admirable tide-predicting instrument of the Indian Government renders 
the prediction comparatively cheap, yet the instrument can hardly be deemed 
available for the whole world, and the cost of publication is so considerable, 
that the instrument cannot, or at least will not, be used for many minor 
ports at remote places. Xt is not impossible, too, that national pride may 
deter the naval authorities of other nations Irom sending to London for their 
predictions*. 

The object then, of the present paper, is to show how a general tide-table, 
applicable for all time, may be given in such a form that any one, with an 
elementary knowledge of the Nautical Almanac, may, in a few minutes, 
compute two or three tides for the days on which they are required. The 
tables will also be such that a special tide-table for any year may be computed 
with comparatively little trouble. 

Any tide-table necessarily depends on the tidal constants of the particular 
port for which it is designed, and it is here supposed that the constants are 
given in the harmonic system, and are derived trom the reduction of tidal 
observations. Where the observation has been by tide-gauge, the process of 
reduction is that explained in the Report to the British Association for 1883, 
but where the observations were only taken at high and low water a different 
process becomes necessary. I have given, in a previous paper, a scheme of 
reduction in these cases'f. 

At ports not of first rate commercial importance, tidal observation has 
rarely been by tide-gauge, and thus it is exactly at those ports where the 
method of this paper may prove most useful, that we are deprived of the 
ordinary methods of harmonic anal3mi8. On this account I regard my previous 
paper as preliminary to the present one, although the two are logically 
independent of one another. 

In the harmonic method the complete analytical expression for the height 
of water at any time consiste of the sum of a number of heights, each 
multiplied by the cosine of an angle. Each of these angles or arguments 
involves some or all of the mean longitudes of moon, sun, lunar perigee, and 
solar perigee ; there are, also, certain corrections depending on the longitude 
of the moon's nodes. The variability of height of water depends principally 
on the mean longitudes of moon and sun, and, to a subordinate degree, on 

* The mBtniment mt^ be qmcI, 1 believe, on the payment of eertala fees. 
t "On the Httimonio Analysis of Tidal GbseriatioDa of High and Low Water," Ro]/. Soe. 
Pne., Vol. II.TIII., 1800, p. 378. [Pftpei 6, in thii volnme.] 
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the loi^tudes of lunar perigoe and node — for the solar perigee is aensibly 
fixed. There are, therefore, two principal variables and two subordinate ones 
besides the time. This statement suggests the constmctioD of a table of 
double entry for the variability of water due to the principal variables, and 
of correctional tables for the subordinate ones; and this is the plan developed 
below. 

It would not be appropriate to retain the mean longitudes of moon and 
sun as principal variables, nor the mean longitude of lunar perigee as one of 
the subordinate variables. In the final table the principal variables are the 
time of moon's transit, and the time of year, or strictly speaking the sun's 
true longitude. As to the subordinate variables, the moon's parallax is 
taken as one, whilst the longitude of the node is retained as the other. 

Throughout the first part of the analytical development the moon's true 
longitude, measured in the orbit, is taken as one of the principal variables. 
Transition is then made to the time of transit of a fictitious satellite whose 
right ascension is equal to the moon's true longitude, and the final transition 
is to the transits of the real moon. This transposition of variables has 
necessitated a complete development of the tide-generating forces from the 
beginning, and thus the analysis of the paper is almost complete in itself, 
although reference is necessarily made to the harmonic method. 

Such a piece of work as the present can only be deemed complete when 
an example has been worked out to test the accuracy of the tidal prediction, 
and when rules have been drawn up for the arithmetical processes, forming a 
complete code of instructions to the computer. The example below is 
intended to carry out these requirements. 

I chose the port of Aden for the example, because its tides are more 
complex and apparently irregular than those of any other place, which, as far 
as I know, has been thoroughly treated. The tidal constants for Aden are 
well determined, and the annual tide-tables of the Indian Government afford 
the means of comparison between my predictions and those of the tide- 
predicting instrument. 

The arithmetic of the example has been long, and the plan of marahalling 
the work has been rearranged many times. An ordinary computer is said to 
work best when he is ignorant of the meaning of his work, but in this kind 
of tentative work a satisfactory ammgement cannot be attained without a 
full comprehension of the reason of the method. I was, therefore, very 
fortunate in securing the enthusiastic assistance of Mr J. W. F. Allnutt, 
and I owe him ray warm thanks for the laborious computations he has carried 
out. After computing fiilly half of the original table, he made a comparison 
for the whole of 1889 between our predictions and those of the Indian 
Government. 
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I had hoped that tables, less elaborate than those exhibited below, might 
have sufficed. It appeared, however, that the changes during the lunatioD 
and with the time of year, which affect the height and interval, are so abrupt 
and Ko great, that short tables would give very inaccurate results, unless used 
with elaborate interpolation. We can clearly never expect sailors to use 
tables of double entry, in which interpolation to second and third differences 
is required ; and indeed any interpolation is objectionable. It is proposed, 
therefore, that the tables shall be taade sn full that interpolation will be un- 
necessary. This plan, of course, throws the whole of the interpolation on 
to the computer, and although extensive interpolation — even when done 
graphically — is tedious, yet it is obviously best to have it done once for all, 
rather than piecemeal by the user of the tables. 

The first part of the paper gives the analytical development, the second 
contains the numerical example and rules of computation, and in the third 
I give some account of the comparison with other predictions and with 
actuality and suggestions for abridgements in cases where less accuracy shall 
be thought sufficient. 

The analytical formulie of the first part are much scattered, and it may 
not always be cosy to see whither they tend ; but the second part virtually 
contains a summary of the first, and a comparison between these two parts 
will show both the reasons for the analysis and those for the arithmetical 



I have tried to make the instnictions to the computer so complete that 
he need not be troubled with the reason for his operations ; but if there is, 
through inadvertence, any incompleteness, reference must be made to the 
analytical development for interpretation and instruction. 



Part I. Analysis. 
§ 1. Development of the Tide-6merating PoteiUtcU. 

Let A, B, C (fig. 1) be axes fixed in the earth, AB being the equator and 
C the north pole. 

Let r, phe respectively the radius- vectors of M the moon, and of P any 
other point. Let M,, M^, M^ bo the direction cosines of the moon, and 
?i. K*> Si those of P, both referred to the axes A, B, C, 

Then by the usual theory the potential V, of the second order of 
harmonics, is 

F-i^l^pHcos-PM-J) (1) 

where M is the moon's mass, and fi the attnictional constant. 
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Biit since coa PM = f.Af, + fjtf, + ?^, 



+ 2f,£-..jtf,Af,+3(i-{;.')(i-Jtf.') (2) 




Now let X, Y, Z, lig. 1, be a secoad set of rectangular axes, dxed in space ; 
let M be the projection of the moon in her orbit XY. Let I='ZC, the 
obliquity of the lunar orbit to the equator; let x = AX =BCY, and ■^ = MX, 
the moon's longitude measured in her orbit from the point X. 

From the figure it is clear that 

JIf, = c(w^ cos X + sin ^ ein ;^ coa / 

= cos' ^Z cos ( j£ — ■^) + sin' J/ cos (^ + ^) 

JIf, = — COB ^ sin ^ -I- sin -^ cos ^ cos / y (3) 

"= — COS* ^7 sin (x - ■^) - s'l' i^ sin (x + ^) 
Mt = Bin I ain yjr 
Hence irom (3) 
jif,* - J|f,« = cos* J/ cos 2 (jc - +) 

+ 1 sin*/ COS 2x + sin* i/coa 2 (j^ + ^) 
- 2M,M, = coa* 4/ sin 2 (^ - ■^) 

+ 4 sin» /sin 2^ + sin* J/ sin 2 (;^ + ^) 
Jlf,Af, = -8ini/cos'J/co8(x-2^) )■ —(*) 

+ 4sin/cos/cos;^ + sin' J/ cos J/cos (^ + 2-^) 
M,Mt = - ain 4/ cos" 4/003 (x - 2^) 

+ 4 sin /cos / sin ;^ + sin' 4/ cos 4/ sin (x + 2^) 
J — Jlf,» =4 — 4 3in* / + 4 ain' / cos 2^^ 

In order to simplify the result of the aubetitutiona from (4) into (2) and 
(1), the axea fixed in the earth may be taken as follows : 
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The axis A od the equator in the meridian of the place where the tides 
are observed, B 90° east of A, and C as already stated at the north pole. 

Then if X be the latitude of the place of observation 

5i = cos X, fa -• 0, & = ein X 

Hence (2) becomes 

c09»PM-J = i(Jf,»-3f,')co9'X + if,if,sin2X + 3(J-if,»)(l-9in'X)...(5) 

We shall therefore only require the first and the last two of (4), and these 
may be considerably simplified. 

The angle I ranges between 23° 27' ± 5° 9' ; hence the term in M^ — Mf 
which involves sin* J7 is negligible, and similarly that which involves 
sin'J/cosJ/ in 3/,Jlf, may be omitted. 

Further, it is only necessary to develop V in as &r as it is variable ; now 
as / ranges tirom 18° 18' to 28° 36', and back again in the course of 19 years, 
sin* / oscillates slightly in value about a mean. The " tides of long period " 
corresponding to the term J sin* 7 cos 2^ in J - Jf,', are, althou^ sensible, 
so small that we shall take no account of them ; A fortiori the variability of 
i — J sin' / is negligible. It would be easy, however, to take account of these 
terms if it were desirable to do so. 

We need therefore only pay attention to the first and fourth of (4), and 
the last term in each may be omitted. 

In fig. 2 let M be the moon in her orbit, and let A be the axis A of 
fig. 1 fixed in the earth. 




Then let v be the right ascension of the point I, and ^ its longitude 
measured in the moon's orbit. 

Let at be the obliquity of the ecliptic, i the inclination of the moon's orbit, 
S the longitude of the moon's node. 

Let t be the mean solar hour angle at the place and time of observation, 
h the sun's mean longitude, and I the moon's longitude measured in the orbit. 
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L..(6) 



Then, by the definition of % and V'» ^® have 

X = IA, ■+- = IM 

Since v^Tl, f = Ta — 8l, TS = Q, and ( + A the sidereal hour angle, 

Thus to the degree of approximation adopted, (4) becomes 
Mi'~Mt^ = coB,*^Icm2(t + k-l-v + ^) + ^sin*Icos2(t + h-v)^ 
Jlf, J/j = COS* 4/ ain ^/ coa (( + A - 2i + jir - v + 2f) 
+ isin/co8/co9(i + A-i7r-i') 

We must now obtain approximate fonnulse to express the functions of 

/, V, and { in terms of id, t, and &. The inclination i may be treated as so 

small that its square may be neglected. 

From fig. 2 we have 

cos / = cos i cos u) — sin i sin o> cos Q 

whence cos / = cos <o — i sin a> cos Q 

C08'i/»=C0B'i(ii(l -itanjmcos S) 

8in"i/ = 8in' J(o(l +tcot Jo>cos a) 

cos*^/ = cos*^a>(l — 2i tan^fucos Q) 

8in'/ = sin'<i>(l + 2» cot m cos 8 ) 

.,,.,. ., ., /, ,2cosw — 1 \ 

cos'i/8inA/ = co3'i(osm Ato 1 +i r cos a ) 

* ' \ am m / 

sin/cos/=sina>co8(tf(l +2tcot2(i>cos Q) 

Again fi>jm the figure 

_9in(a -f) 



..(7) 



sin n _ ain fi 
ain i sin / 



Since f is small, 



1-fcot a = 



/ 

sin tain a 
v= — -. — i— 
sin J 

.sin Q 

8in to 

^ = icot msin a 

v~^ — i tan J«a sin a 

„„ .2cosw — 1 . 
2f — v = t i — — sin 
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Hence from (7) and (8) 

cos*|/coa2(i' — f) = 008*^6) (l — 2t tan Jwcos a) 
cos* ^I sin 2 (v - ^ = CDs' Jm . 2t tan ^a sin Q 

}Bin*/coB2i' = }sin*a}(l + 2icot<iicos q) 
\ sin* / sin 211 = ^ sin* oi . 2t coeec m sin Q 
coB'J/sin^/cus(2^ — ;') = coa*}(»siD^(D[l +»(2co8o>- l)cosec«cos a] 
008" ^/ sin J/ sin (2f —v) = cos? ^ sin Jw . t (2 coe « — I) cosec u sin S 
Jsin/co3/coBc = ^ain(i>cos(i>(l + 2'tcot 2a>CDa S) 
^ sin / cos I sin i = j ain a> cos a> . t cosec u sin a 

(9) 

Now to = 23° 27'-3. » = 5° 8'-8 ; whence 

2t tan Jw = '0372, 2i cot « = - -35 , 2t cosec w = ,^h^ , t- — = 



= 188 



2i cot 2w = 



■U5 



■154 



Four of these are written with '683 in the denominator for reasons given 
below. Then from (9) and (6) we have 

Jtf,'-j|f,' = cos'Jwco82(( + A-0 + i8in'wco8 2(i + A) 

+ 1- COS* jw . 0372 cos 2 (( + A - 

+ ^ sin' Q. . .ggg cos 2 (i + A)| cos a 

+ jcoa* ^a> . 0372 sia 2 <( + A - 

+ i sin' (u . I^sin 2(t + A)| sin a 
Jf.Jf, = COS" jto sin imcoB(t + h--2l + ^) [.. .(10) 

+ J sin Qi COS w cos (( + A — Jir) 

+ -jcos^ Jtrt Bin i<u . -188 cos (( + A - 2i + Jir) 



+ J sin w cos M . gj^g cos (i + A - 4jr)| cos a 
+ 1- co^ J<o sin |u . -188 sin (t + h-2l + ^) 

+ isin(<icoa<».;gi7^8in(( + A-ifl-)t8in a 
Now let c be the moon's mean distance, and let t = \i*Mjif, and 
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Then aa far as concems the moon 

V=Tf^(l+P){^co^\(Mi*-M,*) + mn2X.M,M,} (11) 

where Jf,* — Jtf,*, M,M, are given by (10). 

In writdng down the corresponding functions for the sun, we shall write 
a subscript accent to all the symbols, and accordingly V for the sun ia 
given by 

K = Ty(l+-P,)lioos'X(Jlf,,»-Jf,,») + Bin2X.Jtf,,lf^l (12) 

where, by symmetry with (10) 

Jtf,i* - Jlf^» = cos* ^w cos 2 (i + i - /,) + i sin' w cos 2 (i + A) 1 

M,tM,, = cos* Ju sin i« cos (( + A - 2i, + {w) \ .. .(13) 

+ ^8in(uco8(vcoe(t + J^ — Jw) ' 
The masses and mean distances of the moon and sun are such that 

-JL^=-QSfi _Ii_=..3i7 (14) 

T + T, T + T, 

Strictly speaking, t denotes ^fiMo'' (1 + ^), and t, denotes 

f^Jf,c,-(l+K> 
where e, e, are the eccentricities of the lunar and solar orbits. A comparison 
with the Report on Tides to the British Association for 1883 [Paper 1], will 
show that, for the purpose in hand, it is correct to introduce these factors 
involving e" and e,\ 

The whole potential may be collected from <10), (11), (12), (13), (14). 

Since P is small the factor (1 + P) may be treated as unity in the small 
terms which involve cos Q and sin £3, and we shall find it convenient to 
distinguish the several parts of V, denoting by V the principal part, by Vp 
the part involving P, by Vq the part involving Q, and by Vp^ the part 
involving P^. 

For brevity write 

« = p».ioo8'X.co3*l(tf; ff„ = p».icos'\.Jsin*« 

Ka = p*. sin 2X . cos* ^w sin ^ ; f , = /i* . sin 2X . ^ sin u cos o) 

Then remarking that 

T(l-|-P) + T,(l+P,) = (T + T,)(l + -683P)(l+-317i',) 
approximately, we have 

F=TifGos2(( + A-i) + (T + T,)Z,,coa2(* + A) + T^co82(i + A-0 
+ tZo cos (i + A - 2i + i^r) + (t + T,) £", cos (( + A - i'lr) 
+ T,ir„coa (* + A - 2/, + Jw) 
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Vp^P\TKco(i2(t + h-l) + -683(T + r,)K„coa2(t + h) 

+ tZ, COS (( + A - 2i + ^) + -683 (t + T,) **, eoa (( + A - Jir)! 
Va=coBa [-T^-0372co32(i + A-0 + (T + T,)^„-283eoa2(* + A) 

+ T^„-188coe(( + A-2i + Jir) + (T + T,)^,-115coe{( + A-4Tr)} 
4 sin a \+TK03nan2{t + k-[) + (T + T,)K,/308am2{t + h) 
- TiT. -188 sin (( + A - 2U iir) + (t + T^) /r, -1 54 sin (i + A - iir)| 

F,, = P, {-317 (t + T,) ir„ coe 2 (( + A) + T,ir coe 2 (f + A - 

+ -317(T + T,)ir,cos(( + A-i7r) + T,^,co8(i + A-2i, + iT-)l...(15) 
The whole tide-generating potential ia then V+ Vp+Vq + Vp,. 



§ 2. Formula for the Height of Tide. 
If we had been going to consider the complete espreasion for the tide 
in terms of a series of simple harmonic functions of the time, it would have 
been necessary to substitute for /, i,, P, P, their values in terms of the mean 
longitudes b and A of the two bodies, and of the eccentricities e, e^ of their 
orbits. When the potential is so expanded the principle of forced oscillations 
allows us to conclude that the oscillations of the sea will be of the same 
periods and types as the several terms of the potential, but with amplitudes 
and phases which can only be deduced Irom observation. The oscillations 
of the sea will not however be necessarily of the simple harmonic form, and 
accordingly "over-tides" of double and triple frequency have to be introduced 
in order to represent the motion according to Fourier's method. 

This is the plan pursued in the "harmonic analysis of tidal observations," 
and each simple harmonic oscillation is known by an arbitrarily chosen initial 
letter. 

It is found in tact, as is suggested by theory, that tides of approximately 
the same frequency or "speed" have amplitudes approximately proportional 
to their corresponding terms in the potential, and have their phases retarded 
by approximately the same amount. 

The notation of harmonic analysis will be adopted here, because it is 
proposed to compute the tide-table from the harmonic constants. 

The mean longitudes of the sun, moon, and lunar perigee are denoted by 
A, 8, p, and their hourly changes by a, ij, « (from atXifi^, ^Xiot, perigee); 
the angular velocity of the earth's rotation is y (from 7^), so that y — *)ia 15" 
per hour. 

The eccentricities of the lunar and solar orbits are e, e,. 

In the harmonic system the tides are denominated by the arbitrarily 
chosen initials M„ M«. S,, S„ K., K„ N, L, v, X, p., T, R, 0, P, Q, J, Sa, Sea, 
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and the semi-rangiis of these tides will be here denoted by the suffixes 
m, 2m, s, 2s, n, I, v, X, n. t, r, o, p, q, j, sa, ssa to the symbol H, and the 
retardations of phase by the same suffixes to the symbol k. But the semi- 
ranges and retardations of the tides Kj, K, are denoted by H^,, k„, H,, «, 
instead of conforming to the rest of the notation*. 

Then all the H's and «'s are the immediate results of harmonic analysis, 
and are supposed to be given when the construction of a tide-table is 
contemplated. 

In the development (15) of V, the first term corresponds with the 
principal lunar tide M„ its over-tide Mj, parts of the elliptic tides N, L, 
parts of the evectional tides v, \, and part of the variational tide ft. 

The first term of Vp contributes the remainder of N, L, p, \, ft,. 

The second term of V corresponds with the luni-solar semi-diurnal tide 
K,, and the second term of Vp corresponds with small inequalities in K,, 
which are neglected in the harmonic analysis. 

The third terin of V corresponds with the principal solar tide S,, its over- 
tide St, and parts of the elliptic tides T, R. 

The fourth term of V corresponds with the lunar diurnal tide O, and 
parts of the elliptic tides Mi and Q; the third term of Vp corresponds with 
another part of M, and the rest of Q. 

The fifth term of V corresponds with the luni-solar diurnal tide K„ and 
with part of the elliptic tides Mi aad J; its over-tide fuses with K,. The 
fourth term of Vp corresponds with part of the elliptic tide M,, and the rest 
of J. 

The last term of V corresponds with the solar diurnal tide P, and with 
small inequalities neglected in the harmonic analysis. 

The whole of V^ corresponds with those factors of augmentation and 
small alterations of phase, which are denoted by f and functions of v and { in 
harmonic analysis. 

Fp, corresponds with the remainder of the solar elliptic tides T, R and 
with other small inequalities usually neglected in the harmonic analysia 

The semi-annual (Saa) and annual (Sa) tides are due to meteorological 
causes, and have to be introduced after we have done with astronomical 
considerations, so that they do not enter through the V'a. 

Since the terms V, Vp, Vq, Vp, are approximately simple harmonics, it 
follows that each term will correspond to an approximately simple hu-monic 

* I adopted thii originall; for flonvenienoe in writing, and having got naed to the noUtion 
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tide, with amplitude and phase the same as that given by harmonic analyais, 
and to its over-tides. If then we write 

A«2(+2A-2f-«„ (16) 

the height of water corresponding to V is 

A=H„co8A + H„cos(A + A:„+2(-0 + E^cos(4 + «:„+2i-2i,-«,) 

+ H„eos[i(4 + «»)-i + iir-«,] + H,co6[i(A + «„) + I-4fl— K,] , 
+ Hp COS [i (A + «„) + i - 2i, + Jtt - «p] + H„ cos [2 (A + «„) - «^] 

+ H„cos[2(A + «J + 4^-H-««] (17) 

We shiUI, in the developments immediately following, leave F/., out of 
consideration, and shall resume the effects of the sun's parallax in § 11. 

In order to represent, as far as possible, the elliptic tides, it is found to 
be necessary to introduce certain numerical fectora a, ff, and certain angles 
„K, oK, as shown in the next formula. It is also practically convenient that 
P should denote the value of c'/r', not at the time corresponding to (, but 
some hours earlier. 

Then the height of water corresponding to Yp ia taken as 
h.p = P [oH„ cos ( A + K„ - we) + -eaaH,, cos ( A + «« + 2i - «„) 

+ 0H, cos [J ( A + O - i + K - .«] 

+ -683F,cos[i(A-l-«„) + i-iir-«,]} (18) 

The height corresponding to Kg is 
Aa = cos a (- H„ -0372 cos A + H„ 283 coe (A + «« + 2i - *„) 
+ Ho-188coa[i(A+«„)-f + iir-«J 
+ H/115cos[i(A + v„) + i-i7r-«,]} 
+ sin £3 [H„ 0372 sin A + H„ "308 sin (A + *„ + 2i - *J 
- H„ 188 sin [i (A <-«„)- i + ^TT - «o] 
+ H/1548in[i(A + *„) + i-i7r-«J| (19) 

I 3. The Elliptic Tides. 
The constants a, ^, w*, o", ^'^ insufiicient to represent fully the harmonic 
tides N, L, v, X, ft, Q, J, and it would render the proposed method of 
computing a tide-table too cumbrous tor practical use if additional constants 
were introduced. It is, therefore, necessary to adopt a compromise. 
The tides N and L of the harmonic system are given by 
SnCoe[n + 2h-2S'-i8-p)-K„] + R,cm[2t + 2h-2s + i8-p) + Tr-Ki] 
In the present development the mean lunar tide M, and the elliptic tides 
are to be represented by 

H„ cos [2( -I- 2A - 2i - K„] -t- oH^ cos [2t + 2A - 2i - „k] 
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It has been already remarked that it will be convenient that P should 
refer to a time earlier than (, and the time referred to is that of the moon's 
trtuisit. Now H.W, occurs later than moon's transit by an interval whose 
mean value is K„/2{y — <r), and the mean value of the interval to the 

preceding LW. is («„ — 7r)/2 (7 — <r). If, therefore, we put ?=„, : «» 

a(7-<r> 



also 2l = 2s + ieBm(8—p) 

Hence the elliptic tides are represented in the present development by 
2eH«co8(2( + 2fc-3»+p-«„) + |a8H„cos(2( + 2A-3*+j)-„«+f) 
+ 2eH„cos(2( + 2A-«-p + ir-#t„)-|aeH„cos(2< + 2A-«-p + 7r-„«-f) 
In order that the first pair of these terms may give the N tide correctly 
we must have 

H. = 26H„ cos («, - K„) + gaeH„ cos («„ - ,^ + J) 

= 2«H„ sin («»- + S^H», sin (*„-„«+ f) 

And the condition that the second pair may give the L tide is 

H, - 2«H„ 00s («,- «™) - |«eH„ cos («,-„«- 5) 

= 2eH_ sin («,- i«„) - 3«H, sin (*,-««- 

The condition for N may be written 

. / . (^ 2«H_ sin («„-«») 

*■ " " *' H„-2eH„ cos («„-«,) 

foeH, = {Hn - 2eH„ cos («„ - «,)) sec (*„ -_« + ?) 
Then, since both x» — «., and x» — „x + ^ are small angles, we have 
approximately 



.«-«.+<• 



2«H. («.-«.) 



H,-2eH. 

Similarly the condition for L gives 

"*"'' ' 2eH,-H, 

<.H,.|(2eH,-HJ 

Theae conditions cannot be satisfied simultaneously and a compromise 
must be adopted. 
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If H[ were zero we should have a = J . Hence if a be takea as greater 
than I we are virtually making the L tide negative. Now, it is unadvisable 
to take the L tide as negative even if Bmall, because, if so, we are representing 
the elliptic tide compounded irom N and L as greatest when it should be 
smallest and vice versd. 

I therefore propose to use the condition for the L tide only for the 
purpose of putting a superior limit to a, and to the constants to be derived 
from the condition for the more important N tide. 

In order to express the result in the form which will ultimately be 
required I write 

_ 27-3g + w _ 27-2<r 

^~ 27-2<r ' ^ 27-2<r" 

so that pn is the ratio of the "speed" of the N tide to that of M„ and p„ ia 
merely introduced for the sake of algebraic symmetry. 

Then 

f-(p--p-)«mforH.W. and {p» -p,)(«r„- tt) for L.W. 

We thus have approximately, when referring to H.W. 



JW«m - «« =P«f» - «n + 



H„-2eH„ 



and aH„ is equal to the smaller of ^ (H„ — 2eH„) and JH„ 

When referring to L.W. we have («« - ir) in the above formula in the 
place of Km wherever k^ occurs multiplied by a p. 

A simiW argument may be followed with regard to the diurnal tides, 
save that the smaller tide corresponding to L, has not usually been evaluated 
in the harmonic analysis. The tide corresponding to N beois the initial Q, 
and 

^^^ 27-20-"' ^'~i^^ 

so that pq and p^ are the ratios of the " speeds " of the Q and O tides to that 
of M,. Then 

and we find for H.W, * . 



i>o <«-■.«-?<,«, 



2«H, (*,-«,) 



H,-2eH, 

and 

Since «- 0549, ^=12-144 = 19 x -639 (the factor being introduced 
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because we shall hereafter have tpO divide by 1!>) ; also f = 19 x j^ = 19 x 070, 
and=J- = 911. 



If we put then «' = ^, ^ = ^ViS, our formube for H.W. become 



Pn««t - m« =i'»«» - «« + p:; 



Ihltm 



•?,«-- 



9-lliyH.-l 



..(20) 



911H,/H,-U 

where y„ = l,p„ = -981,p, = '481,Pj = -462, and where for LW. ir, is to be 
replaced by «„-7r wherever it is multiplied by ap. 
Also, if 36'4Hn is less than 8H„ 



«'H.--639H.-0?0H, 
If36'4ll, is less than 8H, 



^- 12-14 



i 



j9'H,--639H,-«70H, 
If 36-4H„ is greater than 8H,,, « = }, and a'H„ = -070H„. 
If 36-4H, is greater than 8H., ,8 - J, and ffH,- OJOH.. 
Lastly, if the elliptic tides are unknown, Bt = = l,a'~^ = ^~ 



..(21) 



§ 4. Reference to Transit of FicHHout Moon. 

Suppose that there is a Bctitious satellite whose B,A, is equal to the 
Moon's longitude, and let l^, A"" be the R.A. of the fictitious moon and of 
the mean sun at noon of the day under consideration, and let t be the mean 
solar time of the fictitious moon's transit. 

Then at transit t + k — l=qtr 

where j is even for upper and odd for lower transit. 

The rate of change of f + & is 7, and if / be the rate of change of I, r is 
given by 

IVH _ AM + (MT 



Then at timer + 2* 



A - 2( + 2A - 2Z - «„ 
-2j»+2(7-i)r-. 
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Now d occurs in the arguments of all the Bemi-diumal tides, ^A in those 
of the diurnal, and 2A in those of the quater-diumal 

Hence we may omit the iqir in the expression for A, and write 

provided that when q is odd we change the signs of the diumsl terras. 

Therefore we may write the diurnal terms with alternative signs ±, and 
the upper sign will be appropriate when we refer to an upper transit, and the 
lower sign to a lower transit. 

In the application of the formulae T+ r will be the time for which the 
mean solar hour angle is t, and we shall have 

'"-2^1)^2(^1) <'" 

The first of these terms is obviously the interval from ficbitious transit to 

the mean lunar H.W., and the second is the interval from lunar H,W, to the 

time t 

When we wish to discuss low waters it is convenient to put A equal to 

8 — TT, and in this case we shall have 

r=-^'^^^ + — ^ (23) 

2(7-0 2(7-0 

The first of these terms is the interval from transit to the mean lunar 
L.W., which precedes the H.W. given by (22), and the second is the interval 
after lunar L.W. to the time t. 

We shall proceed to consider H.W., and deduce therefrom the formuhe 
for L.W. 

I 5. Reduction of Longitudes of Moon and Sun to tims of 
FicOtiom Tranrnt 
We have seen in (22) that the interval, from fictitious moon's transit to 
the time t, is 

2(7-0 
Now the equation of conservation of areas for the moon's motion gives 
W = «rc*^/(l-e') 
but since c'/r' = l +JP, and since P is small, we have 
i = ff (1 + |P), very nearly 



Therefore T= A^i- (i + j ^'-.) 

2 (7 - ff) \ ' 7 - W 
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TRANSIT OF FICTITIOUS MOON. 


Let 


2y-2„ 




P--2T-2..' 


2y-2, 
J"" 27-2,r 








''■-27I2.' 


» 2,-2<r 


and let 


.-{,, 


ytr 
■v — 


,>.-ta,(p„-i)' 


. -01311 



Then if 2a, /,, be the moon's and sun's longitudes at the time of fictitious 
transit, we have 



-2, 



^^(i + + e^i>(i + «.) 



Then neglecting the term in P when multiplied by the small fraction tj/7, 
and introducing the p's, we have 

22 - 22, + (p„ - 1) (A + kJ + 2eP (A + *„) \ 

2 (i - /,) = 2 {h - k) + (p. - 1) ( A + *„) + ZeP (A + kJ 

-2--i»+(p.-4)(A + 0-e^(A + -(24) 

i = 2„ + (p,-i)(A + *J + eP(A + 
i _ 22, - 2„ - 2/„ + (pp - i) (A + kJ + eP (A + « J >" 
We must now take the several terms of the expressions for the tide in 
(17) (18) (19), and rearrange them by aid of (24). 

(i.) cos (A + «« + 21 - «„) + GSSP cos (A + K„ + 22 - «„) 

= cos (p,, (A + «„) +2k- «„] + -eSSP cos Ijp (A + kJ + 22„ - «„] 

where ^^ = p^, + ^ = p__ + 0384 = 1-0379 + 0384 = 1-0763 

(ii.) co6(A + A:„+2(2-0-«.) = co8[p,(A + + 2(2„-2o.)-*.] 

- 2eP(A + Osin [p. (A + *^) + 2 (2. - /J - «.] 

Now the maximum value of P is about i, and A + «„ will not differ 
largely from k^, because A will oscillate about the value zero, and k^ might 
always be taken as less than 180°, either positively or negatively. Hence 
the coefficient of this second term cannot exceed 2 x -013 x i x ir, or about 
■013. 

Thus the second term cannot be more than about an eightieth of the 
first, and may be neglected. This term may also be safely neglected, even 
when ic„ is greater than 180°. 

(iii.) cos[i(A + *„)-2 + i-n— *:„] + Pi8coB[i(A + «J-i + i'^-.«] 

= cos [p, ( A + O - '» ■*- 4t - «o] -I- -PjS cos [«p (A + - ^0 + i^ - •«] 

. e .„,, -0131 
where oP = P.. - 5 = '^^XX 5- 
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The reader who verifies the above formula will perceive the nature of the 
apptosimation adopted. 

(iv.) cos[l(a + «J + '-t^-«,l+683''eo>[i(A + «J + i-i»-«J 
- coe [p, (4 + « J + 1. - i" - «,] + eSSP cos [j) (A + «.) + '. - 1^ - «,] 
where ,P-P, + :^j-P.+ 0192 » -5189 + fliga - -6381 

(v.) The P term may he written 

ooe [y, (4 + «.) + 1. - 21., + Jir - «J 
with a neglect similar to that involved in (ii.), hut, of course, less important. 

Before using these transformations the following notation must he 
introduced 

) - (, - L 1 

• " (26) 

©-'., + «• I 
Sothat i„ = B + ®-5°, i„ = ©-5°. We then write 

»»-!>. «.-w< (see (20),§3) 

».-20+O-5') + p„«,-«„ 

> - *„ + CP -Pj «. - *„ + •0381«i. 

a, -2> +?.«.-«, 

S. - - + O - 5") + p.s. - «. + 90° 

.» (J + ©-5-) + ji.«.-^-*^|'?«.+ 90"(see(20),§3) 

S, -(} + ©- 5°) + p,«, - «, - 90' 

> - a, + (,p - y.) «.-»,+ oiga*, 

»r-(»-e + 5') + p,«»-«,+ 90' (26) 

We also require for the quater-diumal tides 
^w. - 2y„«« - «M, 

aM = 2p,*„-«> (26) 

and for the annual and acmi-annual tides 

S„ = (0-6")-«„ 

3„-2(©-6')-.„ (26) 

The parts of the ^'s which are independent of I> and O will, in the 
example, be written K, with appropriate suffix. 

The moon'a mean parallax is 57', then when its parallax is 57' + II, 

i + p=(i + ^ny 

80 that P = ^U - 052611 approximately. 

18—2 
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n will be substituted for P, and the numerical coeflBcients in Ap will be 
divided by 19 or multiplied by -0526. 

We observe then that ^ig x "683 =« -0360, and -^a = a', ^ff = ff. 
We can, by aid of the transformations (i.) to (v.) and the formulae (26), 
now re-write (17) (18) (19), but some part of what was originally included in 
h is transferred to hf. The result is as follows : 

A=H„cos(p„A+aj + H„cos(p„A + a„) + H,co8(p.A+a,) 
± HoCos(p„A+^,) ± H,cos(p,A + 9,) ±HpCos(ppA ■¥%) 

+ H„coB(2p„A+a„)+H,co8(2p,a+^„) (27) 

Ap = n [«'Ii„ cos (p, A + J>) + OSeOH,, cos (,j)A + ,» 

±^H,cos(j)A + ,ft)±-0360H,coa(j)A + »l (28) 

Aa=cos a j-H„037cos(p„A+aj + H,/283cofl(p„A + a„) 
±H„188coa(p„A+a<,)±H/115cos(p,A + a,)} 
+ sin e fH„ -037 sin (p. A + *„) + H„ 308 sin (p„ A + &„) 

+ H,-188sin(p„A + &„) + H,154ain(p,A + a,)| (29) 

Annual and semi-annual tides = H^ cos %„ -t- U„ cob ^m (30) 

Except for the solar parallactic portion to be considered later, this is the 
final expression for the tide. Apart from the slow variability of 11 and S 
the only variable is A, for the ^'s are not continuous variables, but change 
per saltum from one lunar transit to the next. Thus, in finding the maximum 
or H.W., we may treat A as the variable. 

%Q. The Time and Height of High Water. 

Apart from parallactic and nodal corrections, H.W. occurs when k in (27) 
is a maximum, and the value of A which satisfies that condition will give 
the time estimated from the epoch when A is zero. The value of A, when 
reduced to time in the manner shown below, gives the inequality in the 
interval after moon's transit, and will be called /. The time from moon's 
transit until A is zero is the mean interval, and will be called t. Then the 
interval from moon's transit is t + I. There is indeed a small parallactic 
correction to i, which is omitted in this statement, but is included below, 

I begin by considering the mean interval. 

A vanishes when 2(t + h~l)- K^^tO, that ia to say, at a time k^2 (y — I) 
after moon's transit. 

Now, aa shown in § 6, 

therefore — ?!!_^ . _1-— + -^5!_ j ^?f- 

2(7-') 2(,-,7) 2(7-»)'7-<r 
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The fust of these terms is deDoted by t, so that 

» = „/" -, (31) 

2 (7 - tr) 

The second tftrm ia the parallactic correction to the mean interval, and 
will be considered in § 8, together with the other parallactic corrections. 

If we denote by the suffixes 2, 1, 4 the semi-diurnal, diurnal, and quater- 
diumal terma, (27) may be written 

A = 2H, COS (p, A + %) + 2H, cos (p,A + %) + SH. cos (pA + %) 

The condition for maximum is that dh/dA should vanish, and the equation 
consists of the sum of three pairs of terms of the form 

S[Hpcos^BinpA + Hp8inftcoej)A] 
equated to zero. 

It is well known that 

sin /;a _ 1 — i* . . 
7-^ —1+ -„-T-sin*a[ + ... 
£ sin « 3 ! 

COB ka , 1 — ifc* . . 

Now all the p,'s ate nearly unity, the pi'a nearly J, the p/a nearly 2, 
Hence to a near approximation 

sin p„A = ^-^ sin ^nA fl - ^ (^' - l) ain» JwaI 

cosjvi = cos inA fl - i (^* - l) ain' JnAl 
where n ia 2, 1, or 4. 

The p'a are bo nearly equal to 1, J, 2 respectively, that the second terms 
are small. In the case of the second term of einp,A, cospiA we have the 
&ctor sin' A, which ia equal to ^ even when A is 90° ; also the height of the 
quater-diurnal tide is small. Thus, both for the diurnal and quater-diumal 
tides, the aecond term may be neglected. 

In the case of the semi-diumal terras, indeed, the correction is so small 
that it may certainly be neglected if A be less than 45° or 50°, and without 
much loss of accuracy even for larger values of A. We ahall in the firat place 
neglect these second terms entirely. 

Now let F = XBp ain & 1 

GsSHp-cosat 

with 8u£Bxe8 2, 1, 4 for aemi-diumal, diurnal, quater-diumal terms. 

The constituent terms of F, G will be written separately below, for 
example F, = H«p, sin %,. 
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Then the equation dk/dii = 0, leads to 
Fi cos A + Q, sin A ± (F, cos ^A + 20, sin ^A) + F, cos 2A + ^Q^ sin 2A = 



With regard to the additional terms referred to above, the values of the 
eemi-diumal p's are, j'„=l, p,, = l-038, p,= 1-035, and hence p,* — l and 
pt'—l are both nearly equal to 072. Therefore if (33) be regarded as the 
fundamental equation, the additional terms may be taken into account by 
supposing that there are corrections to F, and G, given by 

SP,=.-012sin«A.3F, ) 

} {34> 

SO, = - -012 sin' A (a„ + G,) J 

The equation (33) may be solved thus : 

take tanA„ = -^-^' (35) 

Then if we put 
D, = F, sin A, - G. cos A^ ± i <F, sin J A„ - 2G, cos i A„) 

+ 2 (F. sin 2A„ - JG, cos 2 A„) 
N. = F, cos A, + G, sin A^ ± (F, cos J A, + 2G, sin i A,) 

+ (F, cos 2A. + 40. sin 2 A,) . . .(36) 

and *^^5^ *3^) 

the solution of the equation (33) is A = Ag + SA ; and if D is the value of Dg 
when A replaces Ag, it is clear that 
5D = D - Dg = SA 1(F, cos A„ + O, sin Ag) ± HF, cos i A, + 2G, sin iAg) 

+ 4(F.co8 2Ag + 10.Bin2Ag)) (38) 

The angle A baa to be reduced to time by division by 2 (7 ~ i). As in 
the case of the reduction of the mean interval 

2(7-i) 2(7-.t)V 'y-J 
Now the greatest value of P is about ^, and ajiy — ir) is -OSS, hence 
|Pff/(7— ff) ia at great^t •005; but the inequality in the interval is rarely 
more than 2**, and even if A/2 (7 — o-) amounted to Z^, the second term would 
only be about 1". Therefore I neglect the parallactic inequality in the 
reduction of A to time, and simply divide A by 2 (7 - v). 

The value of 2(7 — 0-) is 28°'98 per hour, and the reciprocal of this ib 
■O34(i,ori + S.^. 

Hence, if A be given in degrees, we have to multiply by '0945, or its 
equivalent, to find its value in hours. 
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If any correction be given in circular measure the reduction to time is 
also very simple, for 57''-296 x 0346 = l^-g?? = 119-", or 

- (circ. meaa.) = 119" (39) 



Thus, we have for H.W., 

a - a. + sa \ 

D-D, + SD I (40) 

/.•0345a. (i+g.4)aj 

Turning now to the expression for the height : it is expressible as the 
sum of three terms of the form 

S(Hco8^ cospA — Hsin^sinpA) 

Let 

A = 2Hco8& \ 

then j- 

A = A, cos A - F, sin A + (A, cos 4A - 2F, sin ^A) + A^ cos 2A - JF4 sm 2A J 

(«) 

with a correction to the height corresponding with 

SA, = - -012 sin' A . 3 (A„ + A.) | 

SF, = --012sin'A.F, i 

In §§ 8, 9 we shall have to consider the variations of the interval and 
height due to variations of semi-diurnal and diurnal A, F, G. It is clear 
from the preceding formulae and from (39) that 

BI =. ~ ISF.cos A + 50, sin A ± (SF, cos JA + 2SG, sin J A)) ) 
M = S^ cos A - SF, sin A ± («A, cos JA - 28F, sin JA) ) 

A particular case of the application of (43) is to the computation of the 
corrections referred to in (34) and (42). 

§ 7. On Evaneaemt Tid^. 

At certain parts of the lunation, the diurnal tides sometimes suffice to 
annul one H.W. and one L.W., so that there is only one tide a day, perhaps 
for several days running. 

If the inferior H.W. be watched as the condition of evanescence approaches, 
it will be seen to become smaller and smaller, and to occur later and kter 
or earlier and earlier, and the adjacent L.W. undergoes similar changes. In 
the limit H.W, and L.W. coalesce, and in a tide diagram the coalescence 
appears as a point of contrary reflexure with horizontal tangent. Beyond 
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this point, the reflexure is still maiatained, although the tangent is not 
horizontal ; finally, the tangent again becomes horizontal, and the double 
H.W. and L.W. again reappear. 

Now in the use of the method of this paper, the loss of the double tide 
is very inconvenient, and I therefore propose to take the point of reflezure 
as representing both H.W. and L.W, during evanescence. 

If N cannot vanish there is evanescence, and the point of reflexure is 
given by D = 0. The limit of the H.W, is given by N = 0, D^O simul- 
taneously, and beyond this only D can vanish. The vanishing of D is taken 
to represent H.W. 

Accordingly, when N cannot vanish, we proceed to make D vanish thus : 
= F, sin A - O, cos A ± |(F, sin ^A - 2a, cos JA) 

+ 2 (F^sin 2A - iCcos 2A) (44) 

As a first approximation put 

.A Qf ± Gi 
**"'^'*=F.-±1F. 
Then writing 

E, = - {F, cos A„ + G, sin A„ ± i (F, cos ^A^ + 20, sin iA„) 

+ 4(F4C08 2A„ + iG,sin2A„)} (45) 

we have A = Ab + 8A. where 8A=-~2 (46) 

In the rest of the calculation this value of A is to be treated exactly as 
though it had been determined by the former method. 

The corrections M, N, P, Q, R, S considered in succeeding sections, 
however, present a difficulty. In this case, A will always be very nearly 
± 90°, and I propose to compute P, Q, S (see §§ 8, 9) as though that were 
the true value of A, 

But the correctional terms M', N', R, defined in §§ 8, 9, become theoreti- 
cally infinite, and we are therefore compelled not to compute them, and to fill 
up the hiatus in the manner shown in the example below. 

The process here suggested is a makeshift, but it is sufficient for the 
construction of a trustworthy tide-table, since the real occurrence at these 
times is a long period of nearly slack water, with or without a small maximum 
and mimmum. 
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§ 8. Paraltactic Corrections to Time and Height. 

We will first consider the parallactic correction to the mean interval ; we 
saw at the beginning of § 6 that there ia a correction to the interval due to 
the moon's unequal motion in longitude of 

Now according to (31) ««,/2 (7 — a) is i, the mean interval, which we will 
suppose expressed in hours; also P is ^11 and 7/(7 — <r) is 03788, and f of 
60" is 40" ; hence the correction in minutes is 

t.4O'".O3788.A.n=tx0'"-0797n (47) 

Now turning to the other parallactic terms : 

Let us introduce the following notation, which follows the s 
that used before, viz. : 



i plan as 



.Al 


cos 




„A 


cos 


.F 


-.'H.P. sin 


.», 


„F 


= -036 H„ ,j> sin 


-Q 


y.'coB 




„Q 


,J^C08 


>1 


oosl 




A 


COS 


J 


-/9'H,.p .in 


A 


,F 


= -036H, ,p sin 


."J 


jf coa. 




,G 


,f?<X» 



A comparison of the method of § 6 with (28) § 5 shows that the corrections 
to the time and height are to be found by applying corrections to Uie A's, 
Fs, G's, as follows ; 

«F, = n (_F + „F) = ni,, 8G. = n („g + „0) = n»h 

SF, = n(^+ ,F)=m„ SG, = n(„a + ,G) = nm, 

5A,=n(„A + „A) = nr, 

«A, = nO+ ^)=ne. (48) 

Then compariug (47) (48) with (39) and (43) we see that if 

R. = 119" g |/, COB A + m, sin A + (i, cos iA + 2m, sin iA)] + 0--08 . * 

S= i*,cosA-f,sin4 + («,co8 4A-2Z,siniA» (49) 

the corrections to the interval and height are 

'^'-™1 (50) 
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§ 9. Correctione to Time and Height for Longitude of Moon's Node- 
H«Fe again, we treat the t^rms as corrections to A, F, G. 
Let 

C- -aSSH,,;!,, 8ina„= -ZSSF,, 

iJ,.-037H,p, cosa, --SOSH,,?,, co»a„---037Q.--296Q„ 
e, - - 03? H.P.' coo a. 4 -283 H„/)„- cos »„ - - -037 O. + -2830,, 
/,= ■308H„p„"«in»„- -319?,, 

o,---037H„cosS, +'283H„co8S„ - - -037 A, + -283 A„ 
6,- -SOSH.iinS,, = •296F„ 

Ci= -ISSHspoain^o + ■115H,p,8ina, = -188F, +-115F, 
d,- ■ISSH.p.cosa. -ISlH.p.cosS, - -3910. --2970, 
e, - -ISSHji.'cosSv. +116H,y,"eosa, - 1880. + -1150, 
/, . - -ISSHp." sin ». + ■154H,p," sin », - - OgOSF. + -OSOF, 
a,- •188H.0OSS. +-115H,cosa, - •188A, + USA, 
i,---188H.sin3, +164H,aina, ---SgiF. +-297F, 

(61) 

A comparison with (29) then shows that 

SF, = c,cos a 4-(i,sin a, SF, = c, cos a + (J, sin £3 

8G,= «,co9 s +/i8in s, SGi = e, cos a +/i sin s 

8Ai = a, cos a + 1^ sin a , 2Ai = a, cos a + &i sin a . . .(52) 

We now put 



M' - SM - 



IS A 4- e, sin A ± (Ci cos ^A + 2 



«JA)1 



N'-SN-119»il<i,oosA+/,8inA±(i,coBiA + 2/,siniA)l 

Y = 0,008 A — CiSin A i (a, co8^A~2ctsin^A) 

(J* ™ 6,C08A -<i,8inA±(6,cosJA-2d,sini4) 



..(53) 

The corrections to ioterval and height, as far as concerns the investigatioi 
up to the present point, are therefore 

fi/a=(M'~SM)C08 s+(N'-5N)sin s 

8Aa = P'cos S +Q'8in S (54) 
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§ 10, Se/erence to the Moon's True Trtmsit. 
The intervals have been referred to the transits of a fictitious satellite 
whose K.A. is equal to I, and we now require corrections so aa to refer to the 
moon's true transit. 

Let T, 1" be the times of true and fictitious transits, and let a be the 
moon's RA. 

Then if t denotes the mean solar hour angle at time T, 
t + h — a'sqv 
and, dropping the suffix o to Z, at time T' 

t + h — l = qTr 
where q ia &a even integer at upper, and an odd one at lower transit. 

If a be the value of the moon's RA. at time T', then its value at T is 
a + a (T - T^ ; also the ( + A of the first equation is equal to the ( + A of the 
second corrected by 7 (T ~ T^. 

Hence the two equations may be written 

t + h + y{T-T)-ct-d(T-T) = qv 
t + h-l = qir 

Hence T - r =- '^—. 

7-a 

It will afford a sufficiently close approximatioD if we replace i by the 
moon's mean motion <r, so that 



We have, therefore, to find the excess of the moon's longitude above her 
R.A. at the time of fictitious transit. 

It will be seen from fig. 2 that we have to determine the relationship 
between the R.A. and longitude, both measured from the intersection of the 
orbit and equator. The formula is exactly analogous with that which gives 
the reduction of longitudes to the ecliptic, so that 

i-f = a-i' + tan'i7Bin2{i-f)-Jtan'4/8in4(i-f)+... 
The last of these terms is veiy small and may be neglected, so that 

i_a = -()»-f) + tan»i/cos2fsin2/-tan»iIsin2fcos2i 
By the formula (7) 

tan' ^/ = tan' ^ [1 +2tcoseca>cos s] 
sin 2^ ~ 2i cot a sin Q 
coe2f=l 
v-f = »tan Joisin Q 
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Hence /-a = tian'i<ii>Bin2/ + eos R 2i -^—^siail 

" |_ aina J 

+ sin a [— 2t tan' ^ot cot u cos 21 — % tan ^] 

But 2/ = 2) + 2© - 10° - B, suppoBe ; and 

^^-^^ G^m - 10-32, -^i^i'-i??- = 4-60. ?^i^"i51?^ = 4r-22 

y-ir (7-<r>8in« 7-<r 

J ttanlw ,„ ,, 

and *— = 4°'*41 

7-<r 

Let us put then 

e = 2j + 2© - 10° \ 

8T = 0^ -172 ain 8 

SM = 4»-60sin6 i (55) 

SN = - [4» 22 cos e + i'-il] 
and we have T = T + ST + SM cos a + SN sin a ' 

It is now.clear that, when the tide is referred to the moon's true transit, 
ST must be added to /, and 5M, SN must be added to M' - 5M, N' - SN as 
given in (53) to find M', N'. 

Let ^ be the height of mean sea level above the datum adopted for the 
tide-table, and let 

B„ = a + H«,cos^«. (56) 

Then t denotes the mean interval from moon's transit to H.W., and the 
interval is 

i + / + ST + M'co8 Q +N'sin s +fi/p 
and the height is 

Bo + A + Fcos a +-Q'8in 8 +Mp + H^coBa„ 
In these formulee all the quantities are functions of I> ; now although I 
can easily be found &om the Nautical Almanac, it is not tabulated, and the 
difficulty of using the tide-table would be considerably augmented if it were 
necessary to compute J for each tide. We shall proceed, then, to convert our 
formuUe into others, in which there is direct reference to moon's true transit, 
although there is some loss of accuracy in the process, and the amount of 
computation required to form the table is increased. 

We have seen that the time T of fictitious transit is ^ven by 
r = T + ST + SM cos a +5N sin s 
and that (y — ij)T' + A — i = 57r where h and I correspond to the time of 
fictitious transit. 

Now l=h + 2c, sin {I, - 281°) 

where e, is the eccentricity of the sun's orbit, and 281° the longitude of 
perigee. 
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Also i » ) + i. 

Hence i - A = J + 2fl, sin (/, - 281°) 

But 

-^ = 7"-69 = 0''-128 ; also i = © - 5°, and - 286° = + 74° 
y-V 

Therefore T'=^~^ + T'-69 sin (© + 74°), 

7-V 

and 2^'^'' = T + ST + SMcoBa+SNBma-7'»-698m(© + 74'') 
y-V 

This formula connects J) with T, the time of moon's transit. 

Now / is a function of J or of {qir + J)/{7 - ij) ; hence if / (T) be the value 
of/ for which )="(7-ij)T — jtt, and if /(J) be the true value of/, 

/(li) = /(T) + ^fST + SMco9a +«N8ina-7"-699in(© + 74°)! 

and similarly 

A()) = A(T) + ^{ST + 8Mcoss +SN8inS - C-ISS sin (© + 74')} 

These expressions have now to he substituted in those for the height and 
interval ; but in the email terms ST, M', N', &c., we may regard ]) as denoting 

In carrying out the substitutions preparations will be made for 
computation. 

Firat put S/ = ^ ST = ^ X 10-32 sin © 

= (2g).(2-34)(2»'-2 8in8) (57) 

Similarly, since 2'°'2 is j^hrs,, we put 



Sh. (2^) {2-3*) i^, in O) (58) 



Next put M"-^SM-^x4-60eme 



2 g) (2-2 sine) a + A) (59) 



dl. 



^ -N« — ^8N 



-(2g)(2"-2)+(2g)(2-2oMe)(l-A) (60) 
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Similarly put 

P" - (2 ^)<!W>»i" «)(! + « (61) 

- Q" - (2 a) **> + (^ffl)<"* "*•**('-*> <'^> 

Lastljpnt (--f2^)|3-85 8in<0 + 74*)| (63) 

t'--(2^) 10»064A.(© + 74')1 (64) 

With this notatioD 

/(» = I(T) + S/ + M"coHa+N"8inQ+( 

A 0) - A (T) + SA + F' cos S + Q" sin s + 6 

These are now to be substituted in the expressions for interval and height, 
and in doing so we may drop the (T) after the / and A. 

Iwrite I = I + ST + $ + fi/ 

6 = !l' + H„C08^„ 

M-M' + M", N-N'+N" 
P* = F + P", Q-Q' + Q" (65) 

Our formulse are designed to serve for any time of year and its opposite ; 
now since i and tl involve the sun's longitude they change their signs in six 
months, and we write ±1, ±% and it is to be understood that the upper sign 
is to be used for the time of year under computation and the lower for its 
opposite. 

The interval is then 

! ii + Mcos a +N8in S3 + RII (66) 

and the height is 

^±6 + Pcose+Qsina +sn <67) 

One part of M, N, P, Q arises from a true change in the tide when the 
longitude of the moon's node changes, and the remainder (nearly equally 
lai^e) merely depends on the reference to true instead of fictitious transit. 
The quantities i and |b depend partly on a portion of the equation of time 
and partly on the annual tide. 

We must now explain the computation of 2d//<iT and of 2dA/(fr. 

* This P mli not be coofused with tlie P deflned in g 1, which bu been replaced by n. 
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If Uo, u,,...Un are cyclical values of a fuDction, the symmetrical inter- 
polatioD formula in tlie neighbourhood of u„ is 

u^^ = M„ + ia: (AE-' + A) «„ + 2^ A*E-'«« 



where E«„ = w.„+i and Aw„ = u„ti - «m 

Then when a; = 0, 

2 ^ = (AE-' + A) «„ - i (A'E-* + A»E-') «„+... 

or 2^= (««+, - 1/™_0 - 4A»E-' (tw. - "m-.) + -. 

In the present case the first term will usually suffice, but the seoond term 
may be easily computed. 

In order then to compute the required differential coefficients we arrange 
the Fa and h'a in two columns, the even entries in one column and the odd 
in another, and take the differences of the two columns independently of one 
another. 

§ 11. The Correction for Solar ParaUax. 

The terms depending on solar parallax arise from the potential Vj., in (15), 
but the correction is so small that I shall omit it fix>m the example below. 
It is well, however, to show how it may be computed. The only terms of 
importance are those in H„ U^ corresponding to the tides 8,, K,. 

The variability of P, enters into the calculation in the form of corrections 
to A,, G„ F„ A„ G„ F,. 

The sun's parallax is approximately 

1 + e, cos (i, - 281°), and hence P, = 3e, cos (© + 74°) 

Now Be, is 0504, and 119" x -0504 = 6»0 

Then, since SF,\ F,-. SF,\ F^-i 

SG, I = P, G, I , SG, I = -317P, G, I 

saJ a. J saJ a) 

it follows that 
S-fi-, = ^ cos (© + 74°) {F. COS A + G. sin A ± -317 (F, cos iA + 2G, sin iA)} 
Mf, = -050 cos (© + 74°) { A. COS A - F. sin A ± -317 ( A, COS iA - 2P, sin iA)} 
These must be deemed to be corrections to f and % since they change 

signs in six months. 
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§ 12. Tke FwmulcB for a Low WcOer Table. 

The forraulse (27), (28), (29), (30), for the height of water would (except 
in one detail) be applicable to L.W., but they would not be convenient, 
because A oscillates about — tt at the L.W. which precedes the H.W. for 
which mean A is zero. 

Hence put A = S — tt. 

The L.W. formulae may be made exactly similar to those for H.W. by 
making the heights negative, and this condition is satiatied by adding ir to 
all the arguments. Thus the formulas for the height may be written 

-SHco8(p« + e) 
where $ = 'i, + {\ - p) v 

A similar change may be made in the nodal terms, but the parallactic 
terms require farther consideration. The term cos(j[)„A + „&) changes, not 
only because its sign ia to be changed and A is to be replaced by £ — ir, but 
also because, as appears in § 3, „% changes. 

For H.W. 

but for K W. «„ must be replaced by ic^ — v wherever it is multiplied by p ; 
hence, for L.W., jj^jc^ - „« must have (p«-p»)Tr or (1 —p^)ir added to its 
previous value. 

Hence the term in cos(p„A + ^) for H.W. corresponds in the expression 
for — hp for L.W., to a term involving 

coa [p«S + (1 - p„) IT + (1 - p.) -IT + Js\ 
Since p^=l, the required term is co8(p_5+„tf), where 

.0-.9+(l-p.),r 
Again the parallactic term for involves cos (^pA + „&) for H.W., and 
treating it in the same way, the correspoadtag term m-hp for L.W. is found 
to be 

cos (ops + 0^) 
where i.^ = (l— oP)t + (p, — jj,)t + „^ 

But oP=Po-| 



Hence „tf =o^ + (l + |-p?) ^ 

We have also 

J = > + (1 - „/)) TT, ^tf = ^a + (1 _ p) w 
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Then the L.W. formulae for depths below mean aea level are similar in 
form to those for H.W. for elevation above mean sea level, with B in place of 
A, and with ffs m the place of ^'a. 

The connection of ^b with Wa is given in the following table. 



lultUl 


PriDOipftl ftod DOdAl t«nDE 


FHBUaotio ternu) 


u. 


1. .S..0 


-<--9+(l-p.).-,^+3'-4 


K. 


>,. -3,+a-p.)' 


ji-J+O-.r)' 




-s,-r-o 


~j-iri 


s. 


». -S.+(I-ji,)» 






-s.-e^-4 


(«.»iiK> s-o 





». -3,+a-F.)' 


••-•»+('+§-''•)' 




-S.+J.+3--4 


-^+i»+8--e 


K, 


», -»,+(l-P,)- 


^-^+(i-j)' 




-S,+J,-8'-4 


.^+l.-e'« 


P 






H, 






3. 







All' the ^B differ from the %'b by a small angle, or by an angle nearly 
equal to 90° or 180°. Where the difference is small the A, G, F for L.W. 
will be nearly equal to those for H.W. ; where the difference is nearly 90° 
the A, Q, F for L.W. will be nearly the same as those for H.W., a quarter 
year earlier or later; and where the difference is neariy 180° the A, O, F for 
L.W, will be nearly equal and opposite to those for H.W. Hence we may set 
aside the change of 90° and 180° to be satisfied by a shift of a quarter year, 
or by change of sign. Suppose then, that 0^^ + a, where a is small, and let 
[A], [Q], [F] denote the vijues of L.W. A, G, F ; then, remembering that 



A = Hco8a, 



G-Hp»cos&, 



F-Hpsin% 



and that [A], [G], [FJ are represented by similar formube with in place of 
^, we have 



[A]-A- 



P 

(G]-Q-JnmaF 
[FJ-F+ysinaA 
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The values of a are given above, and those of the p's are known ; hence 
it is easy to compute formulffi of transition from L.W. to H.W. 

The rules given below in the example are derived from these formula, 
but the coeEBcients sin ajp and p sin a are given in round numbers appropriate 
for computation, and are sometimes treated as zero. 

Part II. Computation. 
Remarks on the ComputaHons. 
The multiplications are supposed to be done with Crelle's Bremiker's 
multiplication table*. 

The other tables required are tables of squares, natural tangents, circular 
measure, and a traverse table. Bottomley's tablesf are convenient for the 
purpose, because they give no more than is required. The nautical traverse 
table, such as that in Inman's tables, or in Chambers' logarithms, is used for 
finding such quantities as Hcos^ and Hsin%, for if H is "Distance," Hcoe% 
is "Lat." and Hsin% is "Dep.," and the position of the decimal point is 
determined by inspection. For the use of this table it is advantageous to 
have only angles with a whole number of degrees, so as to avoid cross 
interpolations t; the whole calculation is therefore conducted so as to avoid 
broken degrees. A traverse table is commonly given for "DiBtaacea" from 
to 300, hence, if the "Distance" involves three digits and lies between 300 
and 999, an interpolation is required, so as to use the entries between 30 and 
99 ; this interpolation can easily be made by inspection. 

All the angles are entered so that the significant part is lees than 90", 
by treating them as + or -, with ir or 180° added where necessary. This 
bcilitates the use of the traverse table. 

It is best to determine the signs of the cosines and sines independently 
from their numerical values, and, accordingly, in the example where "000 is 
entered as the value of a sine or cosine, it has a sign attached to it. 

I suppose the computer to be able to add up a short column of figures, 
where some of the entries are + and others — . This is an arithmetical process 
not much practised, but easily acquired. 

The sequences of angles and of cosines and sines, which occur frequently 
below, appertain (except in the cases of Sa and Ssa) to values of the excess 
of moon's longitude over sun's (for which the symbol used is » at intervals 
of 15°, banning with J — 0°, and ending with J = 345°, 24 values in all. 
But in the earlier part of the computation, the beginning of the sequence 
occurs at a different part of the column at different times of the year. Thus, 
* Jteehentafeln, Berlin, Cleocg Beimer. 

t FouT-figart MathenaticiU TabUi, by J. T. BoUomley, F.S.8. HaomiUui. 
t Inmtm'g Traverse Table u anuiged bo that the int«rpaUtioii for a trwitioii of « degree ie 
not Tei^ awl|wiuil, 
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a list of months is written in the margin, to show where we are to begin nt 
any specified time of year. Strictly speaking these months are the times 
when the sun's longitude + 5° (for which the symbol used is ®) is equal to 
a multiple of 30° ; thus, when Q is 0°, we have March 16th, when is 30°, 
April 14th, and so on, as shown in Table VI. If the aumber of degrees in ) 
be reduced to time, at the rate of 15° per hour, we have, approximately, the 
time of the moon's transit, and in the later stages of the computation the 
time of Moon's transit is made to replace ). The sequences of angles are 
found by adding multiples of 30", adding or subtracting multiples of 15°, or 
adding multiples of 60° (see Table II.) to certain initial angles (see Table I.). 
When the sequence has been carried so far that the next addition would 
reproduce the first angle with tt added to it, it is unnecessary to proceed 
further. In the sequences of cosines and sines of such angles, when we have 
got to this same point, it is unnecessary to proceed further, since the remainder 
is the same as the beginning, with the sign changed. 

In subsequent stages where a constant has to be added to a sequence, 
the new sequence will have double as many entries as the old, the first half 
being formed by addition, and the second half by subtraction ; but in repeating 
the new sequence the signs are not to be changed. This follows immediately 
from what has been said of the signs of sequences. 

Before proceeding with the computations I give some tables and rules of 
general applicability to all ports. It will be best for the computer who is 
learning the process to pass straight to the example, and to refer back to 
these tables as they are required ; but I give them in the first place, because 
they will be wanted in the case of any other port. 

Tablet and Rvlea applicable to all Ports. 

Table 1, For finding the K's, the initial entries of the several 
sequences, for H.W. (See (26), § 5.) 



Initials 


Pnnoipsl and nodal teimB 


ParaUMtio tenna 


M, 


K. -p.<.-<,.0 


<■-«. 


.K.ft,<. ".ls.i,njH.-l 


Et 


K. -j....-.,-io- 


.K -K,+(.p-yJ,.-K.+ <13a^. 


^ 




„ -013 «,-«, , „. 
.K-p,..-.,- J ".+ 9.,^,/^+" 


K, 


K, =p,«,-«,-95° 


,K .K,+tf-p,)^.-K,+ -019S<. 


P 


K, -ft,.-,.+»S- 




M. 


K«-!p.<.-<» 




8. 


K^ =2p,««-«* 




Sa 


K.--..-5- 




S« 


K^='K^-Vf 
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Table SI. For finding the sequences of the %'s by putting n 
equal to 0, 1, 2, 3, &c (See (26), § 5.) 



ively 



InitUlE 


Frindpal and nodal teimi 


s 


M, 


K. 


•K 


E> 


K, +30-» 


^+3r» 


s. 


K. +30'» 







K, -16'n 


.K-16'» 


K, 


K, +15'nJ 


,K + 1B°» 


P 


K, +I6'. 




M, 


K*. 




s. 


Ku+eo-n 




Su 


K_+00-~ 




S> 


K.+10-» 





N.B. The sequence for Sa ia required under conditions which differ from 
those of the other Vs. 



Table m. The numerical values of the p's. (See § 6.) 



luitiali 


PriDirii«l and nodal lanna 




M, 


r,-i, P-'-l 




K, 


p„-l<B8, p„'-l<178 


„p=l-076, „p»=1158 


s. 


P.-1-035, J.."-!-"! 




N 


p.. -SSI 







,. - -481, p.> - m 


,p--481-D13^-', ,ffl=-i3l--(llt$-' 


K, 


p, - -lull, p* = -869 


,p--638, .p-.-SBS 


P 


ft- -oie,,,'- -KW 




<J 


,,- m 
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Table IV. For computing correctionB for refereii<» to moon's transit, 
viz., ST, 6M, 5N, and the sequence 6. (See (55) § 10.) 



l-^+W^) 


Muoh -10 
+80 

April +60 
+80 

May fr-70 
IT -40 


June r-lb 
-+20 

July ir+50 
ir + 80 



Repeat the sequenoe. 



=0»-179gine 


=4-60 line 


-4-9aooH9 


~ 4-2a COS e- 1-41 


h. 


m. 


m 


m. 


March --030 


March -0-80 


Mareh -4^ia 


March -8-S7 


+ ■069 


+ 1-67 


-3-»7 


-8-88 


April +132 


April +3-62 


April -2-71 


April -712 


+■169 


+4-53 


-0-73 




May +162 


May +4-32 


May +1-46 


May -8-96 


+ 111 




+323 


-118 


June +^030 


June +0'60 


Rep. and ch. 


June -0-26 


-■069 


-1-67 




-0-44 


July - 132 


July -3-62 




July - 1-70 










August -163 


August -4-32 




August -B-86 




-,m 







The sequences for ST, SM, SN are to be repeated without change of sign. 
To find the auccession of values for any month we begin with the entiy 
opposite to that month, read on down to the bottom, and then b^n again at 
the top. For example, ST for July begins with — ■132, and then, after going 
on down to — *111, it begins again at the top with — -030. 
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Table V. For corrections due to part of the equation of time. 
(See (63) (64) § 10.) 
The following ia a table of - 3"-85 sin (© + 74") (which I call c), and of 
the same when the hour is unit of time (which I call d). 

N.B. 286° is the longitude of sun'a perigee + 5°, and 74° is its supple- 
ment to 360°. 





^ 


d 




-8-86riii{0+74*') 


-0»-0M«in(O+7i=) 


m 


h. 


Uarch . . . 


-37 


-■062 


i^:::: 


-3-7 


-■062 


-2-8 


-■o« 


June .... 


-11 


-■018 


July ... . 


+0-9 


+ ■016 


August . . . 


+2-7 


+■046 



Table VL Dates and Limits of Applicability of the Tide-Tables. 









Applicbililj by 








ApplioaUlit; by 
















refwenco to Sna'i 


Headint 


for 





long, at Hood's 


Beadiu 


foi 


O 


loDg. kt Moon'* 


tide-UUe 


timnait 




ttaii.it 








Sdu'b longitude 








Snn'i longitude 


Mareh 


15 


°0 


from 360 to 'O 


Sept. 


17 


180 


from 1'70 to 180 




S& 


10 


„ „ 10 




28 


190 


„ 180 „ 190 


Apiil 


4 


20 


» 10 „ 20 


Oct. 


8 


200 


„ 190 „ 200 




14 


30 


„ 20 „ 30 




18 


810 


„ 200 „ 810 




2S 


40 


„ 30 „ 40 




28 


220 


„ 210 „ 220 


May 


B 


60 


„ 40 „ 60 


Nov. 


7 


230 


„ 220 „ 230 




16 


60 


„ 60 „ 60 




17 


240 


„ 230 „ 840 




26 


70 


„ 60 „ 70 




27 


850 


„ 840 „ 260 


J^e 


5 


au 


„ 70 „ 80 


dSc 


7 


260 


„ 260 „ 260 




16 


90 


„ 80 „ 90 




16 


270 


„ 260 „ 270 




26 


100 


„ 90 „ 100 




26 


280 


„ 270 _ 280 


July 


7 


no 


„ 100 „ 110 


Jan. 


6 


290 


„ 280 „ 890 




17 


120 


„ 110 „ 120 




16 


300 


„ 290 „ 300 




28 


130 


„ 190 „ 130 




26 


310 


„ 300 „ 810 


Aug. 


7 


140 


„ 130 „ 140 


Feb. 


4 


320 


„ 310 „ 3S0 




17 


160 


„ 140 „ 160 




13 


330 


„ 320 „ 330 




28 


160 


„ 160 „ 160 




23 


340 


„ 330 „ 340 


S«pL 


7 


170 


„ IflO „ 170 


MoKb 


fi 


360 


„ 340 „ 360 



This table gives the days of the year on which 0, or Sun's longitude + 5°, 
is nearly equal to a multiple of 10°. These days are used as headings to the 
several tide-tables. It is intended that the tables shall be used without an 
interpolation for the time of year, which ought strictly to be made. When 
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the time of a particular moon's traDsit, with refereDce to which a tide is to be 
calculated, falls nearly hal^ay between any two of the specified days, it 
becomes uncertain which of the two adjoining tables should be used, and the 
question can only be decided by reference to the Sun's longitude. A column 
is therefore given of the limits of applicability of the table. 

It would be easy, by means of a table of four columns referring to leap 
year, to give the Greenwich times at which the Sun's longitude is 0°, 10°, 
20°, &c, which would be accurate enough for the present purpose during 
some twenty-five years. 

Vn. The Choice of a Unit of Length. 

In a calculation of this kind it is advantageous to reduce the number of 
digits as &r as possible, consistently with due accuracy, and it is convenient 
to omit the decimal point when we deal with heights. 

The diurnal tides are so various at different places that no general rule 
can be made to depend on them. 

It is required to express as many of the heights as possible by two digits, 
and it will be best to take such a unit that much of the work shall be con- 
ducted with 70's and 80's, but to allow a margin and not to try to bring 
them into the 90'8, 

After consideration I think it is best to take such a unit that a'H„ (see 
below) shall be expressed by 70 or 80. Since a' is usually about ^, or say 
■^1 then when H«, is given in feet and decimals (or any other unit), we are 
to multiply the heights by a simple factor lying between 14 x 70 -j- H„ and 
14 X 80 4- EU. 

The rule therefore ia: — 

Multiply the heights by a factor lying between 1000 -r H„ and 1200 -e- H„, 
and omit deeimalv. 

In the example below it would have been best to multiply all the heights 
by 700. We should then have H„ = 1098, H, = 488, &c, and this would 
have made (i'Hb, equal to 77. The final step in the calculation would then 
have been to divide all the heights by 700. 

In my example I have not followed this plan, and accordingly the decimal 
point is retained, and an unnecessaiy number of digits has been written. 

VIII. Rules for the Calcidaiion of a L. W. Table. 

It will be more convenient to state these rules as part of the example for 
the Port of Aden, although they are of course generally applicable to all 
ports. 
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computation of tide-table. 

Example of Fobmation of a Tide-Tablb. 
Table of Constants for the Port of Aden. 



H,=i& 
H, = -6 






- -801 

- 244° 



■^ - 314° 



fH, -1-299 

'U - 3«° 

fH. - -388 

\«p = 33° 

Q I"' - ■'" 
l>. - 42° 
iH...390 

rH_. <«> 

\«« - 126" 



These are the resultB of four years of obseryation, and are the constanta 
from which the tide-table is to be computed. 



Formation of Seguencea (see Tables I., IL, III., and § 6). 



K, 


s. 





^1 


-lo"-- 10 
g.=- 16 


-.,= -248 
J.^ 11 


+95'= 96 

167 
K.=w- 13 


-96'=- 9S 
E = - 12 


P 


M4 


B, 


-«„=- 33 
+96*- 95 

180 
^p.«-+ 


2^..= 45» 
-«*,= -3l4 

144 
^i^""-- 36 


2p,«.= 474 
-«fc=.-271 

203 
J^-.,r+ 33 
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Sequeacea of Angles. 



u« 


E. 


B, 





K, 


P 


M, 


S4 




(K„+80»n) 


(K.+80-.) 


{K,-16°n) 


(K,+16",.) 


(Kp + Wf.) 


(K«) 


(K^+W«: 












»p 


»«. 


».. 


0- 


M«. -1-6 


a -11 

■S +1» 


Mar. »-13 


Mar. -1*2 


Mar.»+ b 


,r-36 


^ »+2°3 


(»ooa8t) 


+14 


■■-28 


+ 3 


.r + 15 


(const) 


S >r+83 
1 -37 

5 




April +44 


g +49 


April (T- 43 


April +18 


Feb. ff+30 






+ 74 


a +79 




+33 


B- + 46 






Ma,jw-76 


g "-71 


May B--73 


May +48 


Jan. ir+60 












»r + 76 












June +77 


June +78 


Deo..r+90 












+62 


-87 


-76 












Julj' +47 


July -72 


Nov. -60 












+32 


-67 


-45 












Aug. +17 


Aug. -42 


Oot. -30 
















-16 







aemi-diioTuU 


A-Hcoa 


% G^Hp-coeft, F = 


HpBin^. 




M, 


8, 


K, 




(H, = -697) 


a. 
(B.p.«=-7«) 


F, 

{Hj..= 7ai) 


(H„=''q01) 


(H„p„«=-S17) 


(H„p„=-809) 


H,=H_p„»- 1-668 
A_=G„=r6e8 

(cODsUnto) 


. +^684 
S +-669 

g +-467 

a +-133 

3 --237 


+ ■732 
+ ■706 
+ ■489 
+ 142 
-■243 
-663 


-•137 
+ ■234 
+ •644 

+■706 
+ ■682 
+■473 


Mar. +193 
+ 195 

April +145 
+■066 

May --049 
-140 


+ ■209 
+ ■211 
+ 166 
+■060 
-■063 
-161 


-■058 
+ ■061 
+ ■146 
+ ■201 
+■203 
+■160 



Repeat the sequences fca- K, and Sj cbanging the signe. 
Add M, to S,. 



A.+ A. 


G_+G. 


F-.+P. 


2-26S 


2-300 




2-227 


2-273 




2-025 


20B7 




« 1'701 
:S 1^341 


1-710 


Ph 


1325 


g 1-042 


1^005 






■836 


1 


3 -909 
5 1-111 


■863 
1-079 


1-436 


1-426 




1^7fl6 


1-811 




2-094 


2-131 





Bepeat without change. 
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Then write out the three Kj sequences, with the months, in extenao, each 
OD a separate strip of paper ; place the A„ strip opposite to the A„ + A. 
table, BO that the month for which the sequence is required falls in the first 
place ; e.g., for March put + 193, for April put + '145, for May put — •049, 
for June put - '193, &c., in the first place opposite 2'252 of A™ + A,. Then 
add the A„ + A, and A„ tables together in a different way for each of t^e six 
months from March to August. 

Proceed with the G„, F„ strips in the same way. The next following 
table is formed in this way. 

Semi-diurnal : A, = A„ + A„ + A., G, = G„ + G„ + G„ F, == F^ + F„ + F,. 



HftToh 




April 


fte. 


A, 


G. 


P» 


A, 


Gi 




2-445 


2-600 


-106 


2-397 


2-46 




S'42S 


2-484 


+ ■286 


2^282 


2-33 




2170 


2-213 


+■689 


1-976 


2^00 




1-756 


1-770 


+ -9O0 


1^661 


1-56 




1-B92 


1-E72 


+ ■886 


1148 


111 




■002 


-864 


+■623 


■847 


-70 




■S91 


■627 


+ 195 


-739 


■68 




■714 


■662 


-■285 


-854 


■80 




'966 


■923 


-■689 


1160 


1-13 




1-360 


1-366 


-■909 


1-675 


1^57 




1-844 


1-864 


--886 




£■02 




2234 


2-282 


--623 


2-280 


234 





Repeat without chouge. 





Dittmat: A 


-Hco8%, a 


-Hy- 


coa^. 


F=Hpsina. 


_ 


—1 




A, 


Co 


F. 




A^ 


0, 


F, 




4 


•Jp 


F. 




=1, 


at!, 


i-^fi, 




.&, 


L% 


i%a 




as; 


m 


Mar. 


-■636 


--147 


+-071 


Mar. 


+ r27i 


+ '34S 


-■140 


Mar. 


-■388 


-■103 


■000 




-■677 


-■133 






+ 1-207 


+ -350 


+ ■036 




-■376 


-■100 


-■052 


April 


--477 


-■110 


+ ■214 


April 


+ 1-235 


+ ■333 


+ ■200 


Feb. 


-■336 


-■089 




100 




--346 


-■080 


+ ■266 






+ -294 


+ ■367 




-■276 


-■073 




141 


M.r 


-191 


-■044 


+ ■300 


May 


+ -869 


+ '234' + '601 


Jan. 


-■194 


-■062 




173 




-■023 


--006 


+ ■314 




+ -590 


+ 159 +^601 




-■100 


-■027 




193 




+ -147 


+ 034 


+ ■306 


.Inn« 


+ -270 


+ ^073l + ^65S 


Dec. 


■000 


■000 




MtKt 




+ ■307 


+■071 


+ -278 




- -068 


-■018 +-673 




+ ■100 


+ ■027 




193 


J.ily 


+ -445 


+ 103 


+-230 


.liilv 


- -402 


--108 +-641 


Nov. 


+ 194 


+ ■002 




173 




+ -664 


+ ■128 


+ -166 




- -708 


-■191 +-666 




+ ■275 


+ ■073 




141 


Mv 


+ -825 


+ -144 


+ -002 


Aug. 


- -965 


--260 +'451 


Oct 


+ ■336 


+ ■089 


-100 




+ -663 


+ 151 


+ ■011 




-1-167 


- -312 + -306 




+ ■375 


+ ■100 


-■062 



Repeat changing signs. 
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Add together the O and K, sequences as they stEuid above :- 
+ K,. 



March 


A.H.A, 


Q.i-G, 


F, + F, 


+ ■635 


+ 196 


-■069 




+■720 


+ -S17 


+ 183 


April 


+■758 


+ ■223 


+■422 




+■743 


+ ■214 


+ ■633 


May 


+ ■678 


+-190 


+■801 




+ ■667 


+ 164 


+ ■915 


June 


+ ■417 


+ 107 


+•965 




+■289 


+ ■063 


+■961 


July 


+■043 


-■006 


+■871 




-164 


-■063 


+ ■731 


Augiut 


-■340 


-116 


+ ■543 




-■504 


-161 


+■317 



Repeat changii^ signs. 

Write oat the P sequences in ea^temo with the months on the margin 
(24 entries), each on a separate strip of paper ; place the A, strip opposite 
the Ao + A, table so that any chosen month in one agrees with that month 
on the other ; add the two tables together, making the first entry in the new 
sequence that opposite which the chosen month is written. For example the 
April entry in the A,, sequence (completed) is - '336, and this added to 
+ "758, the April entry of A„ + A,, gives + '422, which is the initial entry in 
the diurnal sequence for A, corresponding to April in the following table. 
Q, and Fp are operated on in the same way. 

The first time the computer does this sort of work he may find it con- 
venient to write out the + K, sequences in extenso, so as to see exactly how 
the computation runs, but it will be found with a little practice that this is 



Diurnal: k,^K,-{-k, + ^p, G,=ao + G, + Gy, F, = F,-|-F, + Fp. 
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Quater-diumal: A = Kw8% G = H(2p)»co8a, F = H(2p)coBa. 





(*H_=03e) 




8. 


(H^=-007) 




(H^t^OW) 




(aH,.P.=-012) 


-■006 
conet. 


-■023 
const. 


+ ■008 
const. 


i --006 
1 --001 
1 +-006 

^andoWge 


-■024 
-■003 
+ ■021 
Itopeat 
and obaoge 


-■006 
-■012 
-•007 

and ^DgQ 



Qmter-diarmt: A,-K. + A,. Q,-a„ + 0„ F, = F„ + F,. 



A. 


<i* 


P. 


. --012 


-■047 


+ ■003 


:S --007 


-■026 


-■004 


g -■001 


-■002 


+ ■001 


a -000 


+■001 


+ ■013 


g --006 
^ --on 


-■020 


+ ■020 


-■044 


+ ■015 



Repeat without chaoga of sign. 

Semi-annucU and Mean Water. (See <56), § 10.) 

-tc^= 234 

-10° = - 10 

224 

K^ = 7r + 44 

Sequence. 



K_+60°w 




"■=fs=^^r- 


Utuvhir+M 
April -76 
Miy -17 


-■068 

+ 023 

+ ■091 

Repeat and change 


March S791 
April 3-882 
May 3-950 
June 3-937 
July 3-836 
Aug. 3-768 
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Annual. 

-5'=- 6 



K_ + 


10°« 






Much- S 


June +88 


+ 8 


ir-S2 


+18 


fr-72 


April +28 


July w-ea 


+ 38 




- +48 


ir-4a 


May +68 


Aug.ir-S2 






+78 


fr-lS 



,l:Slir, 


ft. 




ft. 


Maroh+-390 




June + -014 


+■386 




-■064 


+■371 






131 


April +^344 




July- 


183 








S40 


+■861 






290 


May +-207 




Aug.- 


331 


+ 146 






36S 


+■081 




-■381 



Mean Interval i, and ParcdlacHc Correction to i. (See (31), § 6 ; and (47), § 8.) 





1 


7-633 


1 
So" 


31 

i5«"- 
i = 


■267 
7>-900 



Retatnitlg % in hours, parallactic correction to t = + 0"*08 x i 

= + 0^3 
K.B. 0°K)8 18 an absolute constant. 
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[^ 



Parallactic Corraetions. (See §g 3, 8.) 

36-4 H. is greater than 8H„; therefore a- j, a'H„ = ■07H« = llO 

36-4H, is greater than 8 H,; therefore j3-|, j8'H„ B-07H, =--046 

(N.B. When either of these inequalities is Use instead of greater, put 

a = 1214HJH„-i, a'H„ = -639H„-07EU 

^=«12-14H,/H, -|, j8'H„ =-639H,--07H, 

If the N tide is unknovra take a = 1, a' = ^ ; if the Q tide is unknown 
take ,8-1, 0- = -^.) 

(Table IH.) „p - -481 - OlS/?-' = 481 - -010 = -471 
.p» = -231 - -Oia/S" = -231 - ■009 - "222 
(Table!) Let 



^ 911H,/H„-1 
the denominator is 9'11 x '272 — 1 = 1'48 ; the numerator is i". 
Hence 7 = + 4° -r- 1*48 = + 3° 

, K,-K, -013 

'^"911H,/H,-1 ** 

the denominator of the first term is 9'11 x '232 - 1 = I'll ; the numerator 
is — 4°. Hence the first term is - 4°. The second term ia 

-■010x229'' 2" 

Hence S - - 6° 



Let 





(See Tables I, 11, HI.) 




M. 


^ 





Ki 




■0384..- °9 
K, 16 


+J =~ 6 
+85°- 95 

1&3 
,«-=*- 27 


■0192«.= °4 
K,--I2 

,K~- 8 



N.B, My calcalatioDs were mode on a principle, now abandoned, which 
led to elightly dijferent values. I therefore now continue the calculation with 
<i'H„--122, /9'H,--041 
.K = + 6", „K--8", ,K-ir-19°, ,K--8" 
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Sequences of Angles. 




M, 


K, 





=1 


(3) 


U + 80°-) 


UK-16'n) 


(,K+I5'^) 


-a 


> 


fi 


,* 


+6 


MMoh - 8 


U^h w-19 


March - °8 


oonst. 


+2B 


ir-34 


+ 7 




April +62 


April ,-49 


April +22 




+82 




+37 




M»y ,-68 


Mat w-7» 


May +68 




,-38 


+86 










June +82 






+oe 


,-83 






July +41 


July ,-68 














Aug^ +11 


Aug. ,-38 



















Semi-diurnal. 
^ = o['H„ coa „%, „G = a'H„p„' cos „a, „F = a'B„p„ sin «^ 
,^ = -036 H„ COB „a, „G = 036 H„ ,,p' cos ,>, ,^ = -036 H„ „j> sin ,> 



KbT-im) 


{■OS6rf„=-007) 


"^f 


(■086H,;:^=-008) 


(«'H,r^=-i3a) 


(088H,;i = -007) 


+ 1M 


March + -007 


+ 122 


March +-008 


+ ■011 


March -001 




+ ■006 


const 


+ 007 


oonat 


+O03 




April +-004 




April +O05 




April +O06 








+ ■001 








May -003 




May -■OUS 




May +006 
















m. 


^ 


March +129 


March+-180 


March +^010 


+■138 


+ 129 


+■014 


April +126 


April +127 


April +-01 7 


+•123 


+■123 




May +-119 


May +-U9 


May +^017 


+■116 




+ 016 


June +116 


June +^114 


June +012 


+ 116 


+ 116 


+008 


July +118 


July +117 


July +-006 


+■121 


+ 121 




Aug. +-126 


Aug. +^126 


Aug. +O06 


+■128 


+ 128 





Repeat without change. 

It might suffice if the parallactic correctioD to E, were neglected, in 
which case «, = wi, = ^A., k = ^. The labour of making the correct table ia, 
however, inconsiderable. 
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Diurnal : „A = ^'H„ cos „a, ,0 = ^R^ op* cob >, ^ = |8'H, ,p sin ,a 
,A = -036H,cos>, ,a = -036H,,p»co8>, ^= -OSeH^.psin,^ 





{^H,=-M1) 


(•086 H, 

= •047) 


•i'lr 


(-0S6H,,p' 
= ■0181 


•iif 


= •036) 


March 


-■039 


+■047 


-■009 


+•013 


+ ■006 


-■003 




-■034 


+■047 


-■007 


+ ■013 


+ ■011 


+ 003 


April 


-■027 


+ ■044 


-■ooe 


+ ■012 


+■014 


+■009 




-018 


+■038 


-■004 


+■010 


+■017 


+■016 


Mny 


-■008 


+■029 


-■002 


+■008 


+ 019 


+■020 




+ ■003 


+ ■018 


+ ■001 


+ •006 


+■019 


+ •083 


June 


+ 013 


+ O07 


+■003 


+•002 


+ 018 


+026 




+ ■023 


-ooe 


+ ■006 


-■002 


+ 016 


+ -OSB 


July 


+■031 


-■018 


+ 007 


-■005 


+ ■012 


+ ■023 




+ ■037 


-■028 


+ ■008 


-■008 


+ ■008 


+ 020 


Aug. 


+ ■040 


-037 


+ ■009 


-OlO 


+ ■004 


+ 016 




+■041 


-■043 


+ ■008 


-■012 


-■001 


+ ■010 




1 


1% 


h 




Marcb 


+ ■008 


March+O04 


Maroh+OOa 






+■013 




+■006 




+ 014 




April 


+■017 


April 


+■006 


April +-023 1 






+■020 




+■006 




+■032 




May 


+-(H1 
+■021 


May 


+■006 
+■006 


May 


+■039 
+■042 




June 


+ ■020 
+■017 


June 


+ ■006 
+■003 


June 


+■043 
+ 041 




July 


+ ■013 

+ O09 


July 


+ ■002 
■000 


July 


+ ■036 
+ ■028 




Aug. 


+ 003 
-■002 


Aug. 


-■001 
-■003 


Aug. 


+ ■019 
+ ■009 



Repeat these eequencee, changing the eigna. 



Nodal Corrections. (See (51) (52) § 9.) 
Find by reference to preceding sequences the following nine sequences :— 
(L)--0372A„, (ii)+-283A,„ (iii.) + -296F„, (iv.) + -283F„, (v.) - ■0372G„; 
(vi) - -WeG,,, (vii) - ■0372G„, (riil) + ■283a„, (is.) + SigF,, 
Then the semi-diurnal sequences are as follows : — 
a, is (i.) + (ii.) ; 6, is (iii) ; c, is (iv.) ; d^ is (v.) + (vi.) ; 

e, is (viL) + (viiL) ; /, is (ix.) 
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For example: — 










o,. 




Of 


Match 


.. --003 


June 


... --113 




-■003 




-113 


April 


. -017 


■'"ly 


... -099 




-■042 




-071 


May 


. --072 


AugUBt 


... -OM 



- -098 - -018 

This, and the other semi-diumal sequences are repeated without cfaaDge 
of siga, and in all six of them the months run just as in this example, and 
denote the places at which to begin reading the sequence for the month la 
question. 

The diurnal sequences are obtained thus : 
Find, from preceding sequences, the twelve following — 
(i.)+-188A„, (ii.)+-115A„ (iii.)--391F„, (iv.)+-297F„ (v.)+-188F„ 
(vi.) + IISF,, (vii.) + -391 G., (viii.) - 2970,, (ix.) + ■1880,. 
(x.)+-115G„ (xi.)--0905F„, (xii.) + ■080F, 



Then 



fl(i.) + (iL); 6,is(iii.) + (iv.); Ci ia (v.) + (vi.); 

d, is <vii.) + <viil) ; e, is (is.) + (x.) ; /, is (xi.) + (xii.) 



For example: — 

March +-02$ June +-059 

+ -trtX + -050 

April +-052 July +-038 

+ -060 + -023 

May +-064 August +-00V 

+ 064 - 010 

This, and the other diurnal sequences, are repeated with change of sign, 
and the months in all sis of them run just as in this example, and denote 
the places at which to begin reading the sequence for the month In question. 



Calculation of Height, Interval, and CorrecHona for each Month. 
(See §1 7, 8, 9, 10.) 
Ramarke. Each column in the following computation is arranged exactly 
like the first, so that it is unnecessary to repeat the letters in the successive 
columns. 

For the month of March, which serves as an example, we refer to the 

March sequences, and enter the twelve values of 0* successively, in the top 

left-hand comers of twelve columns; below these are entered the twelve 

values of Q,, and the twelve values of Gj, and on the right of the columns 

D. I. 20 
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306 DOHPUTATIOIT OF TIDE-TABLE. [7 

are put the twelve values of F„ F,, F,. A similar statement is true of all 
the other symbols all the -way down, imd all the sequences are utilised up to 
twelve entries in each. 

The divisions and multiplications may be done by Crelle's table ; A^ is 
found by a table of natural tangents, and SA is converted into degrees by a 
table of circular measure or radians. It is necessary to take as an approxi- 
mate value of Ao the nearest even number of degrees. 

From the places where the values of A^ are found, the left-hand side of 
each colunm corresponds to the time of moon's transit written at the head of 
the column, and the right-hand side to a time of moon's transit 12^ greater 
than the time specified. But the whole table for any month serves for its 
opposite {e.g., September opposite to March), by transposing the words right 
and left in the preceding statement. Thus the whole computation has only 
to be made for six months (up to August inclusive), instead of for twelve. 
The diurnal terms with sufiix 1, are written in the margin, with alternative 
s^ns, and the upper sign is to be used on the left, and the lower on the right 
of each column. 

Thus, in finding, for example, F, cos J A, on the right we deem the F, 
written at the head to have its sign changed. Thus, in the column of 0'' we 
have F, = — ■069 and on the right-hwid, A, = + 4° ; then the required entry, 
on the right-hand, for F, cos i A„ is ^- "069 cos (+ 2°) = -|- "069. 

The values of ST, BM, 5N are extracted from the sequence of those func- 
tions in Table lY., and they are the same on each side of the column. The 
value of Bg is taken from the sequence of the semi-annual tide and mean 
water, and changes only with the month. 

The parallactic correction to the mean interval, i, is introduced in com- 
puting K. This is a constant of the port and is the same in all months. 

In computing the height |Q, and its corrections, an approximate value of 
A is used, namely, the nearest even number of degrees ; this approximate A 
will often be the same as \. 

In this table it appears to me specially important that the signs of the 
sines and cosines should be determined independently of their numerical 
valuea 

Whereas in the right-hand of column fi*" we get, as a result of a second 
approximation, no value of A, the conjectural value A — + 90° is adopted for 
the computation of P, Q, S, and values of M, N, B are not computed. 

The table has rows marked BI, Bh, M", N", P", Q" ; all these are derived 
from a subsequent table of " OorrecHons for re/Brmiee to the Moon's trannL" 
But it appears convenient to finish off the computation <hi this sheet, although 
we have to pause in the computation in order to calculate the said table of 
corrections. 



Digitized by L.tOO'JIC 



1891] 



computation of tide-table. 
March. 



iHlaral O' 


or O* 




15° or 1* 




90= 


6^ 


=3 
£ 

1 

s 
1 

2 


G, +2-609 Fl 

G, + -092 Fl 

0, - -047 F, 

G,+G, +2-601 F,+ F, 

G,-G, +2-417 F,-F, 


- 195 

- -069 
+ -003 

- -264 

- 126 


+2-484 + -285 
+ -117 + 131 
- -026 - -004 
+2-601 + -416 
+2-367 + 154 


+ -627 
+ -107 
- -047 
+ -734 

+ -520 


+ -195 
+ -765 
+ -003 
+ -96*1 
- -670 


4. +6- 


G,-G 


+ -052 
+ 4° 


- leo - -065 
-10' -4° 


-1-308 
-52° 


+ 1-096 

+ 48" 


a FjCOSA, - 184 
B r,.mfc - 020 
y G,0OB4, +S-495 
« GlBinA, + -262 

£ ±F,8infA. - WJ 
; isA,colj4. + -IM 
« ±M,.m|4. + OlO 


1 
s 

i 
i 

1 

1 

■■B 

■s 

-1 

i 


- -195 

- -014 
+ 2 603 
+ -175 

+ -069 
+ -002 

- -184 

- -006 


+ -281 + -284 
-050 - -020 
+ 2-446 +2-478 
- -431 - 173 


+ -120 

- -154 
+ -386 

- -493 


+ -131 
+ 145 
+ -420 
+ -466 


+ 131 - -131 

- Oil + -005 
+ -2.%^ - -234 

- -020 + -008 


+ -688 

- -336 
+ -198 

- -094 


- -699 

- -311 

- 196 

- -087 


X F<coa2a. + O03 
« F,.in24. + «)1 
u iO,coe2A, - ^m 
p jG,8m2A, - <m 


+ -003 

+ -000 

- -023 

- ■oa3 


- -004 - -004 
+ -001 + -001 

- -012 ~ -013 

+ -004 + -002 


- -001 

- -003 

+ -006 
+ -033 

- 373 

+ -694 
+ 022 

+ -243 

- -628 


-000 
+ -003 
+ -002 

- -023 

+ -697 

- -786 

- -023 

- -212 

- 115 


,+» - <m 

I+p - -002 
Sum N. + DO? 


- -020 

+ -063 

-000 


- -150 + -HI 
+ 111 - -123 

-000 - -002 


+ -043 


- im - -014 


(-, - IBB 

a-y -2-516 
2(,.-.) + -DM 
Sum D. -2-561 


+ -186 


- -244 + -239 


+ -093 

- 2-517 
+ -046 


- -122 + -120 

- 8-496 - 2-498 
+ -026 + -028 


- -264 

- -540 

- -018 

- -888 

- -296 
-17°-0 


- -068 

- 276 
+ -008 

- -331 

+ 640 
+36'-7 


- 2-378 


-2 592 -2-360 


M=NJD, - -003 
(Id degrees) «4 -0--2 

A=4a-H4 -^5-8 
(In hours) / + -200 

ar - -030 

+ -170 
(Mean int)i 7-900 

8-070 

81. 40.3 

(See below) 8/ +0-» 

i 8^6" 


- -018 
-I'-O 


+ -CIS + -006 
+0'-9 +0"-3 


+ 3-0 


-9-1 -3-7 


-68-«» NoH.w.» 

2-287 1 
80 5 

-2-367 1. 
+ -030 fl 1 

-2-337 1-5 
7-BOO .|| 

5-563 11 

6^33-8 4'" 
+0-6 1 

5»'34- * 

• 


•100 
4 


■303 123 
11 4 


+ -104 
- -080 


- -314 - -127 
+ -069 + -059 


+ -074 
7-900 


- -255 - -068 
7-900 7-900 


7-974 


7-645 7-839 


+0-4 


7''38"-7 7'' 49-1 

-1-8 -0-8 


7'' 59" 


7^ 37- 7'' 49- 
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COMPUTATION OF TIDE-TABLE. 
March (continued). 



CorrtcHon 0/ D 

a+i 
i('+C) 

Sum This 
(Incircmeu.)aa C 

Product aD 
D-:D,+8D -2-56 


0° or 0> 




IS" 

lyhejm. 
consider 

-2-59 


or I» 

de when 

able 

-2-3.^ 




90° 


r ««■ 


fte. 


xirrectioD need 
, is small and dA 

-2-38 


- -Ml* 
+ ■12S» 
+ -044* 

- -361 • 
+ ■022* 

- -ooe* 

- ■744* 

- ■782* 


Reig/a 

A, 

A: 

Approi. A 


2-448 
+ -347 
- -012 

+8° 


-Fj 
-F, 
-F, 


+ -195 
+ -069 
- -003 
+4' 


2-422 
+ -348 

■- -007 
-10° 


- -286 

- -131 
+ -004 

-4° 

2-416 

+ -020 

- -346 

- -009 

- -007 

- -000 

2-076 
3-791 

5-866 

- -012 

5-85 


■691 
+ -417 

- -012 

- 70" 


- -195 

- -76S 

- -003 
None 


A|CoeA 
-F,siDA 

T2P,Bin\a 

A«cofl2A 
-iFtBinSi 

Sum A 
B. 

(See below) M 


2-432 
+ -020 
+ -247 
+ -007 

- -012 

- -000 

2-694 
3-791 

6-486 

- -004 

6-48 


■n 
1^ 


2-439 
+ -014 

- -247 

- -OWi 

- -012 

- -000 


2-3a.'> 

+ -050 
+ -344 
+ -023 

- -007 

- -001 


■236 

+ -183 
+ -342 
+ -878 
+ -009 
+ -001 

1-648 
3-791 

5-440 

- -ou 

6-43 


1 


2-189 
3-791 


2-794 
3-791 


6-980 
+ -001 


6-586 
+ -004 


5-88 


6-6U 


A +6' 
1I»»-^D -46- 




■1-4' 


-10° 

-46" 


-4'' 
-51" 


-70°« 
-168"* 


+90* 


"1 


- -016 

- iM3 




+ -001 

+ -oil 


+ -014 
+ -032 


+ -002 
+ -018 


+ -016 
+ 134 


- 117 
+ -014 


COOH A 
±C,C084A 

Sum 
Mult.b7ll»/D 

SumM- 

(See below) M" 

SumM 


- -016 
+ 

- 3 

+ 1 

- -018 

-t-0-8 
-0-8 

0-0 
+0-4 

+0-4 


B 


- -016 

+ 

+ 3 

1 

- -014 


+ -014 



+ 32 

- 3 

+ -043 


+ -014 


+ 1 

- -017 


+ -006 

+ -iio 

+ -110 

- -16 

+ -209 

- 33-0 

+ 0-8 

+ 0-3 

- 31-9 


None 


+0-7 
-0-8 


-2-0 
+ 1-6 


+0-9 
+ 1-6 

+ 2-6 

-0-4 

+ 2-1 


-0-1 

+ 0-2 


-0-4 
-0-8 


+0-1 


-1-2 
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COMPDTATION OF TIDE-TABLE. 

Mabch (coDlinued). 



(continued) 


- 


r or 0" 


16» 


r 1^ 
&c. ' 


Ac 

&!. 
&0. 


90° or 6" 


Ac. 


t 


-120 
-159 

&e. 

C 
&c. 
Sic. 


/i - -019 
/, - -017 


&c. 


ftc. 


Mult, by 119/D 
«N 

Slim N' 

(See below) N" 

SumN 


ompnte like.M 


&*. 


&c. 


4c. 


None 


a, 

djCOBA 

-c,«ua 
±<i,cob1a 
T2c,8iuj4 

Sump 
(See below) P' 

SumP 


-■003 

+ ■028 

-■003 
+ 2 
+ 26 

+ 

+ 025 

-■002 

+ ■023 


-c, +003 


--003 
+ ■041 


-■014 
-■032 


-•113 
+ ■059 


-■016 
-134 


-■003 

A --- 

Si b --028 

1:1 ■OOO 


-■003 

+ a 

+ 41 
+ 6 

+ ■046 

+ ■002 


-■003 
+ 1 

- 41 

- 2 

-■045 
-■006 

-■060 


-■039 
+ 15 
+ 48 
+ ■164 

+ ■178 
-■«« 

+■172 


■000 

- 16 

- 42 
+ 190 

+ 132 
+■006 

+ 137 


-■028 


+ ■048 


t 


-■017 

-■070 


-d, +-I20 
-d, +159 


&«. 


&c. 


&c. 


&c. 


&,COSA 
-•^BillA 

±fc,ooaia 

SulnQ^ 

(See below) Q" 

SumQ 


&0. 

Compute like P 


&0. 


&c 


&c 


&c 


ParaUactic cor 

?,COSA 

tngHinA 
±i,ooai4 
±2^,WD*iA 

Sum 

Mult by 119/D 
Par. coiT. to V 

SumR 


rections 

+ ■010 
+■003 


wt, +130 
m, +-004 


+ ■014 
+ ■014 


+ 129 
+ ■006 


+ ■012 
+ ■043 


+ ■114 

+ ■005 


+ ■010 
+ 14 
+ 3 
+ 

+ •027 

+0-6 
-0-6 


+■010 

l-g- - 3 
9. - 


+ ■014 

- 22 
+ 14 

- 1 


+ ■014 

- 9 

- 14 
+ 

-■009 

+ 0-6 
+0-8 

+ 11 


+ ■004 
-107 
+ 36 
- 6 

-■074 

+11-7 
+ 0^6 

+ 12-3 


None 


I'l -0-8 
S.| +0-6 


+ ■006 

-0-2 
+0-6 


^■^ -0-i 


+04 
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COMPUTATION OF TIDE-TABLE. 

March (continued). 





16" or 1" 




90° w» 


Ac. 

&0. 


aj +129 ~li --010 
z, +-008 -l, --003 


&«. &c 


&C. &0. 


-^,sin A &c. Compute like 
Sums +135 +130 


Paud Q 

+ 143 +U6 


&c, Ac 
+ 116 +-036 



Second approximation. 

When the correction SA is lai^, as in the case of column 6**, this i 

necessary. 



Coliuan o( 90° Of 6^ 


AMUine^, 


-70° 


+86' 




+ ■067 

+ -2U 
-■898 


+■014 
+ 196 

+ ■044 
+ ■626 


2 


+■637 
-■439 
+ 176 
-■133 


-■660 
-■629 
-167 
-146 


X 


-■002 
-■002 
+ ■018 
+ ■015 


-■003 
+ ■000 
+ ■023 
-■003 


«+8 
.+« 
X+p 

SumN, 


-■631 
+ ■604 
+ ■011 


+ ■639 
-■706 
-■006 


-■016 


-■073 


f-1 
SumD. 


-■614 


-■377 


-■307 
-■397 
-■040 


-■189 
+ 161 
-■046 


-■744 


-■084 


(In d««reeB) BA 


+ ■022 

+ 1''^4 


+ ■87 
+ 60- 


-68-6 


No H. W. 
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It is concluded that as the correction in the second column is 50° there 
is no H.W. A conjectural value of A = + 90° is used above in computing 
P, Q, S • 



* There ought in Btrictness to b« InTther eoTTections to i and ^, but .thej are of I 
importaiMe. Thus : — 

FvTtker eomctitm to fi and ]Q. - 
When il is greaKr than (say) 00° there are farther oonections [iZ], [Sk] oompoted from 

[ar]=-2h(I-A)S?[SF,iin*d©0i4+(O„ + OjBiii'A] 

{M]:=--012[8(A„-t-A,)Biii>AoaBA-F,iiD>Al 



ThoB In the etdnDui of e» on the left A= -70°; 


then 


oompnte thnai— 


P,= +108, G,= + -627, 




A,= + -flOl 


3P,= + -686, -H„=-l-6fl8, 




-H„=_ 1-668 


G,-H_=- -941 




A,-H.= - -877 


G„ + G,= - -MI 




3(A,~HJ=-9-«ai 
B(A„ + AJ=-3-6Bl 


B; iDdseisive dm of Travene table, 






(a„ + GjBUi i=+-8M, 


8P, 


in A=--<U»> 



(U„+Gj8in"d=s --881, 8F,iin»i= +-617 

(G„+OjMn»i=+ -781 

-I-SP,ud*AoobA=+ 177 



DiTids by D or - -763 - OllG 

X 3^ + -0168 

+ ■0806 

[SI]=-H -030 

= + l"-8 

PrenouH X=5'S8°>-S 

Con«ot i = Gi>S6~ 

Dse of TrsTetM table, 

8(A„+AJi[n A=+3'4T9, -F,mn 

3(A„ + AJiia'd=-3-8as, -F,aln', 

8(A„-!-AJsin>AeoBA=- -79^ 

~P,Biii'A=+ -161 



[tl,i= + -008 
PrerionHR= S-«6 

Coneot|}= 6-43 
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COMPUTATION OF TIDE-TABLE. 



[7 



Evanescent Tide. (See § 7.) 

The right-hand column of G"" leads to no H.W., and the tables of I and 
^ must be completed by other formulse. 

The following calculation is very like the preceding one. The value \, 
will always be nearly ± 90°, and in our example it is exactly + 90°. 

The computation of M, N, R is to be omitted, and that of P, Q, S has 
been included in the general calculation with a conjectural A = + 90°. 

March. 



EvftueBeent THe 




gff-ortC- 


90° ore* 


Oj +-627 Fj +105 

G, +107 F, +-765 

G, --047 F, +-003 

iF, +191 

G,+Gx „ F,+1F. „ 

G,-G, +-520 F,-Jf, +-004 

-^-^ ■• i^-- 

A. „ +90° 


8A-5? „ +110 
(In degreed) flA „ +r-3 


a=A,+ S'a » +»6'3 j 




I ,, 3-322 
«T „ +-030 


a FiOOBA. „ ■OOO 
3 F.sinA, „ +-195 
V GjCOHi. „ -000 
9 GjsinAs „ +-627 


3-352 
Mean int i „ 7-900 


( ±F,co8j4, „ -G*! 

,±2G.cJii, „ --151 
e ±2G,8in|A„ „ ^ --161 


11-252 

11" 16—1 

(See below) 8/ „ + 2-6 


I „ ll"- 18- 


X F,Ci«24, „ ^ --003 
^ F,9inEA, „ 5 flOO 
>■ G,coe2A, „ S +-024 
p G,Bin8fi, „ » -000 


A, -691 F, -195 
Ai +-417 Fi -765 
A. --012 F, --003 
A „ 96°ca-»-84° 


C-n „ q -■390 


AjCOSA „ 3 - -072 
-F.sinA „ ■g' - 194 

±A,cosiA „ a - -879 
+2F,BiiiiA „ ■? +1-137 

-iF.ainSA „ 1 + -001 


20—.) „ S, -«« 


Sum D„ „ b - -048 


(.+») „ t? -«! 


Sum A „ f + '681 
B, „ 1 3-791 


4(X+p) „ -012 


§a 4-372 
(See below) SA „ f_ + -Oil 


Sum-E, „ +-442 
E, „ - -442 


« ,. 1 .- 
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Corrections /or Reference to Moon's Transit. (See (57) — (64), 1 10.) 

Of these corrections SI, Sh, M", N", P", Q" have already been uaed in the 
preceding calculation, and we have to show how they are to be computed ; 
we also have to compute i and |)'. 

From March " intervals " and " heights " we extract / and k, and arrange 
them in double columns — the even entries in one column and the odd in 
another. The columus 0^ to 11'' afford the 12 values for 0^ to ll*" of I and h 
by means of tfaeir left hand entries, and they afford the 12 values for IS*" to 
23'' by means of their right hand entries. The entry for 23" is repeated 
at the top aad that for O** at the bottom, so that each column has 13 entries, 
and thus each provides 12 first differences. After finding these differences, 
the distinction of odd and even entries is unnecessaiy. 

The numerical factors 2'2, ^, 2'34, -^, ^, 2'34 in the legends at the 
top of the columns are absolute constants. 

The O's are derived from the sequence in Table IV., beginning the 
sequence with the month treated. 

The values of c and d are derived from Table V., tor the month named ; 
thus for March c is - 3"'-7 and d is - 0'"062. 

The values of M", — N", S/ are found in columns vii,, xi., xii. of the first 
table, and P", — Q", M in vii., xi., xii. in the second table. The entries 
opposite 0" to 11" were used above on the left-hand side of columns 0" to 
11^ and the entries opposite 12" to 23** were used above on the right-hand 
fflde of the columns 0" to 11". 

The quantity f)' is not a final result, but after interpolated values of ^' 
(see below on Interpolation) have been found, we shall add to it computed 
values of the annual tide, so as to form \t. 

The arithmetical processes involved in these tables are sufficiently ex- 
plained by the instructions at the head of each column. 



Digitized by L.tOO'JIC 



COMPUTATION OF TIDE-TABLE. 



'*n 




« i 1 


+ 111"= + + 


-i -i i 


. SSgg^S^ 


.2 


si3i4l£ 


■a 


=?77T^T: 


f i 

13 




N^i ? 


+ 111** + + 


* 4 


+ 1 1 7*®++ 


>^ -a 
13 


+111 ++ 


•'•II 


1 + + +* 1 1 




Bsii^li 


hi 


' 7777^77 


.-! H 


-g i S g 

- 1 i £ i 

+ 1 + + 




^go^««_^ggo 





1 1 ++ 1 1 


.^a| 




■3 


++ 1 1 ++ 


.K 

' 4 


+ + I 1 + + 


•= 5 


+ + 1 !■« + + 


i 1 

!3 


++ 1 1 ++ 


i. ? t 


1 + 1 1 1 1 


•f 4 


1 + 1 1* 1 1 


' 1 


1 + r 1 II 


■^U 


!+++*) 1 




++ 1 1 + + 


1 '■' l 


" ++ P !* + + 


.J -e 






•"a°-""js!i° 



Digitized by L.tOO'JIC 



1891] 



COMPUTATION OF TIDE-TABLE. 
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Additional Values of Intervale and Heights. 

Where the mtervals change largely between one column and the next, it 
would add much to the accuiacy if additional values were calculated. Thus, 
in the calculation for March further values hetween 76° or 5" and 90° or 6", 
and again, between 90° or &• aod 106° or 7", would be desirable. The like is 
true for August, where a column between 105° or 7'' and 120° or S*" would be 
useful. I choose this last case for my example. 

If Inman's traverse table be used, interpolation may be made for 112^° 
without much difficulty, but I think it is better to interpolate for an even 
number of additional degrees, and to compute a column for 113°, found by 
adding 8" to 106°. 

It ia proposed then to add a new column between the 8tli and 9th. 

We begin by interpolating in the sequences of anglea In each sequence 
we have to find the 8th entry for August ; then, if it is semi-diurnal, add 16° ; 
if diurnal add 8" for E, and P, and subtract 8° for O ; and, if quater-diumal, 
add 32°, In the sequence for B we add 16°, since it is similar to a semi- 
diurnal term. The calculation runs thus ; — 



Bth entry . . 
Add ... . 

$ 


K. 


s, 





K, 


P 


8. 


+ 16 

ir-30 


,r + l°9 
+ 16 

ir + 35 


-m 

- 8 
B- + 84 


,r + M 
+ 8 

ir + 7l 


--46 
+ 8 

ff-37 


.+83 
+32 

-76 



Also^„ = 0,^„ = 7r- 



', as before. 



TheStfaeotry of eisTT-lO', to which we add 16°, and find e = it -24°. 
With this value of ©, compute 8T, 8M, SN. The interpolation amongst the 
sequences of angles for the parallactic terms is done in the same way. With 
these new values, and with the former H, Hp*, Up we now compute new A's, 
Ps, Q's, and are then in a position to compute a new column corresponding 
to 113° or 7" 32"'. 

In computing ST, SA, M", N", F", Q", i, i', column ii., for intervals, or 
2dIjdT, must be put equal to 2 (/,« — /i«) ; and similarly, column ii. for 
heights, or 2dhjdT, must be put equal to 2 (A,n - Aim). 

This interpolation would be especially valuable in the case of M, N, P, Q, 
which change abruptly. 

Some interpolation of the kind has been done in my example, but I do 
not reproduce the work. 
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The Calculation of a Low Water Table (referred to in general rule VII.). 

TluB may be done almost independently of the H.W. table by replacing 
the ^'s by ffs and using the rules given in § 12. The calculation may, 
however, be materially abridged, and I will now go over the several stepe 
of the calculation noting the mode of transition from one case to the other. 

The new A, G, F will be distinguished from the old by enclosing the new 
ones in square parentheses. 

Semi-diurnal [A^ [GJ. [F,]. 

These sequences are derivable directly from the old ones by the rule 
[A,].A, + JF„ [G,].a, + 4F„ [F,]-F,-J(A„ + A,) 
Diumal [AJ, [OJ, [FJ. 

The rale is here more complex : — 

[A.]. -(A.- IFJ, [aj--(a,-AF.), [F.]--(F, + AA.l 

CAJ- A,+ 1F„ [OJ- G,+AF,. ra- F,-AA, 

[A,]- A, + AF„ [G,]= G. + AF,, [FJ- F.-^A, 

and in all these sequences shifi the list of months in the margin six pltusea 

downwards, so that in the O and K, sequences March stands where June 

stood, and in the P sequence March stands where December stood. 

If it be agreed to neglect the terms involving J, -^, &c., the rule is 
simply to shift the months and change the signs of the O sequences ; but 
at Aden where the diumal tide is very large, this would lead to a sensible 
error. 

After the new sequences for O, Ki, P have been found, they are combined 
to find [A,], [G,], [F,] just as for H.W. 
Quater-diumal 

[AJ = - A,, [GJ = - G., [FJ = - F, 
that is to say, simply change signs. 
Semi-anniuU and Mean Wat»r and Annual Tide. 

The old calculation serves again. 
Mean Interval ami its Parallactic Correction. 
Here we subtract 180° from x^; thus 

«„-^= 49° 

i = \mo 

Parallactic correction = + (T-OSi = + 0'"14 
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It may be well to warn the computer that i may be negative, that ia to 
say L.W. may occur on the average earlier than moon'B transit. 

Parailactie Corrections. 

a, a", fi, ff' are unchanged. 
The rulea are 

UG]-„G-A-S'.' L,G]-„Q+1„F 
[»F]-^ + A»A. t.J']-„B'-l„A 
We then compute [z^, [m^, [/J by the same rules as before. 
In the diurnal terms compute by the following rules : — 
Ul — U- JJ'l, LA].A+J.F 
[.G].-|.a-A.F), [,G]-,G + A,F 
[.F] = -(,F + A.A1, Cn-,F-AA 
the list of months in the margin beii^ shifted six places downwards, so that 
March stands where June stood. The values of [z,], [m,], [I,] are then com- 
puted by the same rule as before. 

Nodal Corredions. 

We may, with sufficient accuracy, take a,, 6,, c,, d^, e„ft to be unchanged. 
Referring to the instructions for the computation of Oi, &,, &c, the new rule 
may be stated thus : — 

[«.] is (u.) - (I). [60 is (iv.) - (iiL), [c] is (vi.) - (V.) 

[d,] is (viii.) - (viL), [e,] is (x.) - (ix.), and [/J is (xii.) - (xi.) 
and the list' of months in the margin is pushed down six places, so that 
March stands where June stood. 

The corrections ST, BM, SN remain unchanged. 

When the L.W. sequences have been formed the calculation follows the 
lines of H.W. calculation precisely, save in three respects — first, in the 
" heights " h is to be subtracted from B^, and M is to be then subtracted 
&om Bt — h, instead of the corresponding additions in the H.W. calculation ; 
secondly, the signs of P, Q, S are to be changed as a last step in the 
calculation of those quantities, in order that the corrections to the heights 
may be additive instead of subtractive as they would be if we left off exactly 
as in the case of H.W. ; thirdly, after the final table for i)' has been made, 
its values must be subtracted from the annual tide. 

The reader will easily understand the necessity for these changes when it 
is remarked that k, SA, J' have been estimated as depressions below mean 
water, whereas Bo and the annual tide are estimated as elevations above the 
adopted datum ; in the result we require, of courae, to estimate heights with 
reference to the datum. 
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It may be well to warn the computer that i + / may often be negative. 
It will be unnecessary to refer henceforth to L.W,, since the instructions 

for H.W. serve alao for L.W. 



Interpolation. 

The sun's longitude increaaed by 5° is indicated by ©, and the months 
March, April, May, &c., really mean the dates when © is 0°, 30°, 60°, &c — 
that is to say, about the middle of the months. The dates which, on the 
average, fall the nearest to these times, are given in Table VI. 

The 12 columns for any month, headed 0", 1", 2", . . . ll** contain on the 
left the 12 values of I, ^, M, N, Sic, corresponding to moon's transit at 
O**, l**, 2", . . . 11'', and they contain on the right the 12 values for moon's 
transit at 12'', 13**, . . . 23^. This applies to the month named at the head 
of the table. But these values also appertain to the opposite month (ia, 
September opposite to March, October to April, and so on) by reading the 
right hand entries as appertaining to O'', l^ . . . 11", and the left to 12'', 13", 
. . . 23". The same ia true of i and f)' (see GorrectioTvi /or reference to moon's 
transit), except that here the values change sign in the opposite month; 
thus the values of ( and §' which we have computed for March must be taken 
with the opposite sign when applied for September. 

Now it is required to form interpolated tables for every 10" of ©, and 
in all the 18 tables (of which 6 will be originally computed and 12 inter- 
polated) to interpolate for every 20" of moon's transit. 

These interpolations may be done graphically, and I find with millimetre- 
square paper a convenient scale for © is 1 mm. to 1°, and for time of moon's 
transit 15 mm, to 1". These will be set out horizontally as abscisste, and the 
ordinatea will be time in treating I, and height in treating |^. 

A convenient time scale for I is 30 mm. to the hour. In the case of ^ 
the scale must depend on the range of tide at the place — for Aden (with a 
small range) I have found 50 mm. to the foot convenient 

I will begin with interpolation for © (i.e., for time of year), and will 
only refer to I, since |^ follows the same plan. Write March, April, May, 
. . . Januaiy, February, March, at 0, 30, . . . 360 mm. along a horizontal line, 
corresponding to the same number of degrees of ©, It may be well to 
repeat February before the first March, and April after the last March. Set 
off aa an ordinate the left-hand entries from column 0" for the six months 
March, April, . , . August, and from the right-hand entries of O' for the same 
six months set off ordinates for their opposite months, e.g., the right-hand I 
of 0** for March, affords I of (f* for September. Through the tops of these 
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ordmates draw a smooth curve of O"".* Proceed similarly to form curves of 
^^ 2", fee,, twelve in all. If the figures get confused we may have two or 
more, and confusion may often be avoided by drawing parts of the curve with 
upward or downward shift, so as to make things clear where a number of 
curves go through nearly the same point. 

We now start a fresh figure with time of moon's transit as horizontal 
line, and I as ordinate corresponding to March (or = 0°). These 24 
(computed) values of I, joined by a smooth curve, enable us to read off 
the values of I for O = 0° for every 20'' of moon's transit, i^,, on the adopted 
scale, at every 6 mm. of horizontal space. 

We now set off from the previous figure the 24 (interpolated) values of i 
corresponding to © = 10°, of which the first 12 are found at " March + 10 mm." 
and the last 12 at "September+lO mm." These 24 values being joined by 
a curve, give I for ® = 10°, and for eveiy 20" of moon's transit. 

We next set off 24 values of i corresponding to © = 20°, of which the 
first 12 are found in the preceding figure at " March + 20 mm.," and the last 
12 at "September + 20 mm." These are treated the same way. 

The next in the series are the computed April (© = 30°) I's which are 
set off like the March ones, joined by a curve and read off to each 20" 
of moon's transit. 

We then take 24 (interpolated) values of I fi-om "April + 10 mm." and 
" October + 10 mm.," to give ! for © = 40°. The 24 fi^m " April + 20 mm." 
and "October 4- 20 mm." afford i for ©s60°. The next is the computed 
May (© = 60°) series, and we so pass on through six months, the last in 
the set being derived fiwm " August + 20 mm." and " February + 20 mm." 
corresponding to © — 170°. 

' The following role ii probkbl; knowa, bot I do not know where it bM been itBted, eioept 
in it note of my own in the Mttttayer aj lUalhtniatiu. I IwTe toand it ver; asefnl in drmwing 
good onrrea. 

BkI* /or Qrafhiml I«i*rpoiati(wi ftoI/-wiiy 6<tio«en Com^Mtd OrAinaUt. 

Dnw the polygon (A) joining the topi of a number of equidistant ordinates, and draw the 
two poljigonB (B) joining the top* of alternate ordinatefl. Then every ordinate haa marked on it 
an interoept or wgitia where a aide of polygon (B) oats it. On the halt-way ordinates next on 
flMih Bide of a aagitla, set oS one-fonrth of the Mgitut from the points where the two eidee of 
polygon (A) ont thoee balf-way ordinatei; the set-off is to be in the direction in wfaioh the 
Mgitta would shoot if it were »n arrow. When all the qaartor Mgittaa are thni let oS, every 
half-way ordinate (ezoept (he Arst or last ol tbe leriea) hai (wo points marked on it. 

The interpcdated enrre paaaes half-way be(ween (be pain of marked paints, exo^t in (he 
oaae of (he first and last half-way ordinate, when i( puaei tbron([b (he single marked point*. 

This role is oorrect to fourth diCFerenoea, eioept in tbe oaae of the first and last ordinate, 
when it is ooireot only to tliird diOerencM. In the eases in tbe text the oompated laloee are 
eyelieal, and (here are therefore no first or lasL 

By means of pToportian*l oompasaee let to 4, the quarter ■agi((»s may be set off rapidly, and 
the bioBotion of the paira of marked points may be made by eye. 
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If one persun reads the numbers from the figure, whilst another writes, 
the tabulation may be done very rapidly. 

The same process is applied for tabulation of the ^i^'s. We should, in 
strictness, do the same by M, N, P, Q, B, S, f, ft', but it appears imnecessary 
to work with so much accuracy. 

I have done much of the interpolation by simply writing out the com- 
puted values of the quantity to be tabulated in a chess-board table with 
blanks for the interpolated value& If sixteen squarea be considered, a 
computed value will stand at each coraer. Then a great many of the in- 
terpolated values may be put in by inspection of the march of the quantity 
in the two directions. In other parts I make a pencil curve, on millimetre- 
square paper, of four or five adjacent values, and pass a freehand curve 
through them to fill in the interpolated values ; I rub out the curve when 
used. It must be remembered that close accuracy in these terms would be 
mere pedantry. 

M, N are computed to the decimal of a minute, and the decimal part 
may be useful for drawing the pencil interpolation curves, but the result 
should be tabulated only to the nearest minute. Similarly the third decimal 
in P and Q may be dropped. 

The interpolation of J and {)' follows the same plan, but it must be borne 
in mind that these functions change sign in opposite months, and this con- 
sideration is important when we come to interpolate for G ~ August 4 10°, 
and -I- 20°. 

When there is an evanescent tide (as in the case of March, 18") the 
corrections M, N, R become infinite. As a practical solution this is absurd, 
and the fact ia that there may or may not be a H.W. according to the 
values of Q and n. Again, in other parte of this and other lunations there 
may be no H.W., although the tide-table predicts ona In all sudi cases 
there is a long period of four or five hours' duration of nearly slack water, 
and it is accordingly almost a matter of indifference whether or not a small 
H.W. is predicted. It would necessitate veiy laborious computations to make 
correct predictions in these cases, and the result would not be worth the 
labour. I have adopted, therefore, a makeshitl, mtd have replaced H.W. by the 
height of water and time when the rate of change of water- level is a minimum. 

It has been proposed above that P, Q, S shall be computed with a con- 
jectural A = -I- 90°, and this is better than the plan which I actually adopted 
in my experimental table for Aden, of which a sample is given below". The 
practical point to consider in the present instructions is the manner of treat- 
ment of M, N, R about the time of evanescence. I propose then that the 
gap in the values shall be bridged by a conjectural curve, and that the values 

* Thiu if ftD/ one Melu to verily m; toUe, he will not get txaetly mj Yolnee for F, Q, 8 in 
the neighbourhood of 18^. 
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be only given in round nambeTs. For example, for Mtuxih we have the 
following values of M :— (16'') + 9"-3, (17") -H 28"'-6, (18'') blank. (19'') + 46"0, 
(20'')+ IT""?, &C, By drawing a curve I conjecture +50" for the mieaing 
value at 18* 

A comparison with the coireBponding complete curves for February and 
Ajnil helps us in filling the gap. 

After the complete table for ))' is formed we proceed to add to it the 
values computed in the table of the annual tide for every 10° of O, and bo 
form a table of ^. For example, the first five values of ft' are - ■02", - ■01, 
— ■01, —•01*, '00 (of which those marked * are computed), and to these 
we add '390, the computed annual tide for March, and obtain '37, '38, '38, 



The final results are then arranged in a table'f. If the L.W. were also 
computed I should propose that the L.W. and H.W. should be given 
alternately. The following is a sample of the table computed only for 
H.W. at Aden: 







POBT 


of Aden; High 


Water Tide-Table 








TimMol 
(noil 


mooD'i 
foi— 


(£.«.. from nm'i long. 170" to 19^). The DrP«r agas ot i wd tr •pply 
to Huoh, the lover to September 


Hwoh 


Sept. 


I 


I 


n 


!j 


M 


H 


B 


P 


Q 


S 


h. m. 


20 
40 


h. m. 

12 
SO 
40 


h. m 

8 6 

7 66 

46 


± 4 
± i 
± 4 


ft. 

6-4» 

■64 
■57 


ft. 
±■37 

±■38 
±■38 


m. 


-? 


m. 
+ 9 
+ 9 
+ 8 


m. 

- 1-3 

- 1-0 

- 06 


ft. 
+ D8 
+■03 
+ ■04 


ft. 
-■06 
-■06 
-■09 


ft. 

+ ■14 
■14 
■14 


1 
SO 
40 


13 
SO 
40 


7 37 
S8 
16 


± 4 

± 4 

± 4 


6^69 
■60 
■60 


±■38 
±■38 
±■39 


- 1 

- 2 

- 2 


+ 9 
+ 9 


- 0^2 
+ 0-1 
+ 0^4 


+ <» 
+ ■06 
+ ■07 


-■09 
-■09 
-■09 


-14 
■14 
•15 




&c 


&. &c «c 4»- 


17 
SO 
40 


5 
80 
40 


8 39 

9 02 
11 2 


T14 

*is 

T14 


4-ai 

■21 
■87 


±■37 
±■36 
±■35 


+28 
+36 

+43 


-11 
- 8 
+ 80 


+ 2-3 
- 73 
-16 


-16 
-10 
-■05 

■00 
+■06 
+ ■10 


-■01 

-<e 

-■05 

-■06 
-■06 
-■04 


■09 
■10 
■10 

■09 
■08 
■06 


18 

SO 
40 


6 
80 
40 


II 17 
16 
7 


TIO 
T 6 
+ 1 


4-38 
■63 
■71 


±■35 
±■34 
±■33 


+50 
+ 64 
+ 60 


+ 30 
+ 25 
+ 20 


-20 
-30 
-30 




&c. 


&c &c. &0. Ac. 



t I IwTe louni Uut it ia oonTenient to oat the ooastitdent tables into atripi uid pMte them 
together ae*uit ■» as to mto mooh oopjiiig and r 
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If w be the moon's parallax at moon's transit in minutes of arc, and Q be 
the longitude of moon's node, the interval is 

i+ i + Mcos e + Nsin S3 +(«-57')R 
and the height is 

f^ + fi + Pcoaa+Qsins +(w-57')S 

After the table has been completed the computer should test the correct- 
ness of the prediction by computing two or three tides in each month, and 
comparing the results either with the observations from which the harmonic 
constants were originally derived, or with other known values of high and 
low water. 

Examples of the Use of the Table, 
From and after the year 1887, the datum for the tide-tables of the Indian 
Government for Aden has been 037 ft. lower than that used in my table ; as 
I am going to compare my results for 1889 with those of the Indian Govern- 
ment, 0'37 ft. will be added to my heights to make the two comparable. 

(A) The moon crossed the meridian at Aden on March 17th, 1889, at 
0'' ll", Aden M.T. Aden is in 2.^ 0" E. long., and therefore this is about 21^ 
March 16th, Q.M.T. ; whence from the Nautical Almanac we find tr the moon's 
parallax at Aden transit was 58'-2, and w - 57' = + 1-2. The longitude of 
moon's node was 108°, and cosSc= — -3,,Bin a — + I'O. 

Then referring to our table and interpolating between O"" 0" and 0* 20", 
and taking the upper signs of i and tli 'we find 
I+( = 8''4°, ?5H-fi = 6-89ft., M = 0, N = + 9'», B = -l"'-2, 

P = + -03ft.. Q=.--08fli., S--H4ft. 
Hence Mcos8-|-NBin8 + R(w-67)- + 8'" 

and Pcoss + Qsina + S<w-57)-|-0-37- + 0-45ft. 

Therefore the interval is S*" 12'", and the time of H.W. 8'' 12" + 0»^ ll* or 
8'' 23° p.m., March 17th ; and the height is 734 ft. or 7 ft. 4 in. 

The Indian tide-table gives as time 8^ 12'° p.m., and as height 7 fb. 4 in. 

(B) On September 17th, 1889, the moon crossed the meridian at 
IS'-Sfi", w wa8 54'-2or w-57'=-2-8, a=-98°, C08S = --14, 8ina = + 1-0. 

Interpolating in our table between IS"" 20" and IS"" 40", and taking the 
lower signs of i and % we find 

I-i = ll''22», |^-b==4'34, M = + 60", K = -l-20", R=-30", . 
P- + -10, Q = --04, S = -l--06 
Hence M cob a + N sin S + R (w - 57) = + 97° = + l"" 37" 
and Pco8a-l-QBina + S(w-57) + 0-37= + 0-15ft;. 
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. Therefore the iDterval ie 12"' 59", and the time of H. W. 12'' 59" + IS"- 36" 
or SI"" 35" September 17th, i.e., 7^ 35" p.m. September 18th, and the height 
is 4-49 or 4 ft. 6 in. 

The Indian tide-table gives " no inferior H.W." 

This example shows our table at its worst, for it is clear that a nomimilly 
gmall correction to the time which amounts to an hour and forty minutes 
must give unsatiefactoiy results. At this time of year mean water has a 
height of 3 ft. 10 in., hence our prediction only shows a rise of 8 inches. 
Although there was probably in reality no maximum (as predicted in the 
Indian table), I should expect that the water stood at about 4 ft. 6 in. at 
half-past seven of the evening of September 18th, 1889. 



Part III. Comparison and Discussion. 
GompariBon. 

As stated in the Introduction, Mr Alhintt computed a complete H.W. 
tide-table for 1889 for Aden in order to compare the results with the Indian 
tide-tables, which are made with the tide-predicting instrument. When this 
comparison was made our tables had not been brought into exactly the form 
given above, and Mr Allnutt's work was considerably more laborious than it 
would have been if undertaken later. 

The mechanical predictions were probably made with constants which are 
the means of the results derived trom eight years of observation, whereas the 
constants used in our tables are derived from only four years. Mr Roberts 
has supplied me with six weeks of prediction for the year 1887, worked 
mechanically in duplicate, namely, with the eight-year and the four-year 
constants. In the latter case the times of H.W. seem to run about 6" later 
than in the former, but the difference often rises to 10", occasionally to )5", 
and at rare intervals to 20°'. The two sets of constants also give a systematic 
difference in the heights amounting to about 2 inches, but the difference 
often rises to S inches or falls to 1 inch, and occasionally reaches 4 inches and 
zero. It follows, therefore, that a sensible part of the discrepancy, or error as 
it may be called, of our computation is due to the difference of constants. 
£at not nearly all of the " error " can be set down to this cause ; it is due to 
a combination of causes, namely, flaws in the interpolation, imperfect repre* 
sentation of the elliptic tides, and partial inclusion in our method of all the 
lunar inequalities which are totally neglected in the machine. The principal 
cause of " error," however, is the imperfect correction for longitude of mocm's 
node aod parallax about the time in each lunation when there is partial or 
total evanescence of the inferior H.W, 

31—2 
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Omitting, as we must do, the cases of evanescence, there were 689 H.W, 
computed by Mr Allautt, and he finds " the probable errois " in the time and 
height to be 9" and r2 inches. 

In the course of the year there were thirty-two occasiona on which the 
time " error " amounted to 30™ or more. All of these occur in the inferior 
H.W. at the times of approximate evanescence, where the nodal and parallactic 
corrections are targe. At these times there is always a period of four or five 
hours of nearly slack water, and the time at which a small maximum occurs 
is of BO importance fix}m a navigational point of view. If these thirty-two 
cases be taken away the probable error falls to 7", A cursory inspection of 
the table shows also that nearly all the " errors " of 25° to 30" fall about the 
time of evanescence and are therefore unimportant. We are accordingly 
justified in saying that our predictions do not differ materially from the 
Indian tables. 

It has been already mentioned that I have six weeks of mechanical 
prediction for 1887, made with the identical constants used in our table. 

1 have, therefore, taken a month, or 58 H.W., out of these six weeks, and 
compared them with my predictions, made without cross interpolation for 
date, I find that the errors of time are 27 from 0° to 5", 13 from 6°° to 10", 
10 from 10" to 15", 4 from 15" to 20", one error of 26", and one of 34". 
These give a probable error of 7". All the large errors tall on the inferior 
H.W., at the time when it is very small, and they are, therefore, practically 
unimportant. 

In the heights there are 16 cases of agreement, 22 errors of 1 in., 15 of 

2 in., and 5 of 3 in. These give a probable error of I'O inch. 

The errors of 3 inches all &1] about the time when the moon's parallax 
was small, and I also observe that this was commonly a time when the height 
errors rose to their greatest in 1889. This is probably due to the imperfect 
representation of the elliptic tides, which, as shown in § 3, is inherent to our 
method. 

The concordance between the two is good enough, but less perfect in the 
heights than I expected. 

The last comparison is between our predictions and actuality. The 
observed times and heights for part of 1884 have been furnished me by 
Colonel Hill, R.E., by the direction of Colonel Strahan, RE., Deputy Surveyor- 
General in India. For the purpose of testing the present method, I have 
computed a H.W. tide-table from 10th March to 9th April, and again frY>m 
12th November to 12th December, 1884. In these periods, there are 117 
actual and one evanescent H.W. The observation of one H.W. is missing 
through an accident to the tide-gauge ; there are, therefore, 117 H.W. for the 
purpose of comparison. 
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The following is a table of errors, regardless of signs : 



Time 


Hdght 


Bfagnitnda or error 


N». of H.W. 


Hkgnitnde of error 


No. of H.W. 






Inches 




to 5 


36 





15 


„ 10 


32 


1 


48 


10 „ 15 


19 


2 


28 


16 „ 20 


19 


3 


14 


20 „ 25 


5 


4 




26,28 


2 






33,36 


2 






66,67 


2 








1 




1 




117 




U7 



Omitting the case of evanescence and assuming the errors to conform in 
distribution to the normal exponential law (which is not accurately the case), 
the probable error is about 9" in time, and I'4 inch in height. 

When the rise from the higher L.W. to the lower H.W, is nil there is 
evanescence, and when that rise is small there is approximate t 
1 have accordingly examined the 12 cases in which the error of time i 
to or greater than 20", and the following table gives the result. 



fiiae from L.W. 

to aw. 


TimeenorB 


m 

6^to8l» 

13^ 

17<" 

IB"- 
2" 10^ 
3« 9i» 
3ft iim 


22,' 26, 28, 66, 67 miuutas 
36 niinutoa 
22 „ 
33 „ 

22 „ 

23 „ 
20 



It appears that where the errors of time were 56" and 57" the tide was 
very nearly evanescent, and that the two other considerable errors of time, 
viz., 36" and 33", pertain to very small tides. 

It has been already pointed out that in such cases a considerable error in 
the time is of no importance, and it is justifiable, in testing the calculations, 
to set aside the nine tides in which the rise is less or equal to 19 inches. 

There remain 108 H.W., and the greatest error in the times amounts to 
only 23 minutes. In 58 cases the error is 7 minutes or less, and in 61 cases 
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it is 6 minuteB or less ; as the half of 108 is 54, it follows that the probable 
error ia a little over 6 minutes. i 

The Indian predictions maintain their standard of excellence fairly well 
through the periods of approximate evanescence, but out of 116 tides there 
are 59 cases with time errors of 10 minutes or less ; as the half of 116 is 58, 
the probable error is about 10 minutes. 

Turning now to the heights I find that both mine and the Indian 
predictions present 63 out of 116 H.W. with zero errors or errors of 1 inch. 
We may take it then that the probable error for both modes of prediction is 
about 1 inch. The Indian predictions have, however, the disadvantage that 
several errors of 5, 6, 7 inches occur. On the other hand, the 11 cases of 
4 inches of error which occur in mine have a systematic character; they are 
all positive (actuality the greater), and all but one affect the higher H.W. 
about the time when the moon's parallax is small. This defect is doubtless 
due to the imperfect representation of the elliptic, evectional, and variational 
tides inherent to my method. 

The slight superiority shown over the mechanical prediction must be 
attributed to the feet that I have used better values of the tidal constants 
than were available in 1883, when the Indian predictions must have been 
made. 

I learn from Colonel Hill that two independent observers reading the 
same tide-curve will frequently differ by 5" and sometimes by 10" in their 
estimate of the time, and by 1 and sometimes by 2 inches in the height. 
Accordingly, predictions which agree with a reading of a tide-curve with 
probable errors of 6^" in time and 1 inch in height may claim to possess a 
high order of accuracy. 

I conclude from the preceding discussion that with good values of the 
tidal constants the present method leads to excellent predictions, and that 
they ore even better than are required for nautical purposes. 

Discussion. 

It is probable that methods may be invented by which some abridgement 
of the computations may be made, but 1 am, of course, unable to suggest such 
improvements. 

The last-mentioned comparison seemed to show that but little accuracy 
would be lost if P, Q, were entirely omitted, and if t' were treated as zero, so 
that I) would consist simply of the annual tide. Indeed, the only advantage 
gained by the retention of P, Q, f appeared to be the avoidance of a few 
considerable errors in the inferior H.W. about the time of approximate 
evanescence. Experience must decide whether the computation and the 
tables may be lightened by the omission of these qaantities. 
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The advantage gained from M and N is marked, but as these quantities 
arise almost entirely from the diurnal tides, I am inclined to think that, at 
places whore the diurnal tide is not extremely large, a very fair tide-table 
might be made without them. 

The present method will probably be applied to ports of second-rate 
importance, where there are not sufficient data for very accurate determination 
of the tidal constants. In such cases it wilt be best to omit the computation 
of P, Q. i)', and to postpone that of M, N, and perhaps also of R and i, until 
the simple tide-table has been tested as to its adequacy for navigational 
purposes. At most places the annual tide is so large that f) cannot be 
omitted, and it is impossible to dispense with the value of S. But it is 
possible that it might suffice to attribute to S a constant value*, although 
this would certainly cause very perceptible error in the heighte of the lower 
H.W. and higher ItW. A tide-table which only gave I, ^, % and a constant 
S would be &irly short, even if computed for every ten days in the year ; and 
this would be a great gain. 

The question of how far to go in each case must depend on a variety of 
circumstances. The most important consideration is, I fear, likely to be the 
amount of money which can be spent on computation and printing; and after 
this will come the trustworthiness of the tidal coostanls and the degree of 
desirability of an accurate tide-table. 

My aim has been to reduce the tables to a simple form, and if, as I 
imagine, the mathematical capacity of an ordinary ship's captain will suffice 
for the use of the tables, whether in full or abridged, I have attained the 
principal object in view. 

* I nujsbppoae the elliptic tides nn known, and I ahould then tftke S = ^Hm + '036H„. For 
Aden tbis would gjve 8 = 'lS9,'(irMy t. 
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ON THE CORRECrriON TO THE EQUILIBRIUM THEORY OF 
TIDES FOR THE CONTINENTS. 

I. By G. H. Darwin. II. By H. H. Turner. 

[Proceedings of tiie Royal Society of London, xu (1886), pp. 303—316.] 

I. 

In the equilibriuDi theory of the tides, as worked out by Newton and 
Bernoulli, it is assumed that the figure of the ocean is at each instant one of 
equilibrium. 

But Sir William Thomson has pointed out that, when portions of the 
globe are occupied by land, the law of rise and fiiU of water given in the 
usual solution cannot he satisfied by a constant volume of water*. 

In Part I. of this paper Sir William Thomson's work is placed in a new 
light, which renders the conclusions more easily inbelUgible, and Part 11. 
contains the numerical calculations necessary to apply the results to the case 
of the earth. 

If m, r, 2' be the moon's mass, radius vector, and zenith distance ; g mean 
gravity ; p the earth's mean density ; o- the density of water; a the earth's 
radius ; and ( the height of tide ; then, considering only the lunar influence, 
the solution of the equilibrium theory for an ocean-covered giobe is 

6 3nt 1 / . ,\ /-.^ 

-a-2P(>TWF)'""-^^ *" 

This equilibrium law would still hold good when the ocean is interrupted 
by continents, if water were appropriately supplied to or exhausted from the 
sea as the earth rotates. 

■ Thomuin and Tail's Naturai Phiioiophy, U8S, § BOa. 
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Sinee whea water is supplied or exhausted the height of water wiil rise 
or &11 everywhere to the same extent, it follows that the rise and fall of tide, 
according to the revised equilibrium theory, must be given by 

- = ii--ri — ir-r {<»8»^ - i) - « (2) 

where a is a constant all over the earth for each position of the moon 
relatively to the earth, but variea for different position^. 

Let Q be the fraction of the earth's sur&ce which is occupied by sea; let 
\ be the latitude and / the longitude of any point ; and let ds stand for 
cos XdKdl, an element of solid angle. Then we have 



4nTQ = jjda 



integrated all over the oceanic area. 

The quantity of water which must be subtracted from the sea, so as to 

depress the sea level everywhere by aa, is iva'aQ ; and the quantity required 

to raise it by the variable heiebt -^ — - . — ; — ,* is the intenal of this function, 
J * 2sfr» 1 - f (t/p * 

taken all over the ocean. But since the volume of water must be constant, 

continuity demands that 

"-2j(i-T.//.).'-sg//<"'''-«* '^> 

integrated all over the ocean. 

On substituting this value of a in (2) we shall obtain the law of rise 
and tall. 

Now if X, / be the latitude and W, longitude of the place of observation ; 
h the Greenwich westward hour-angle of the moon at the time and place of 
observation ; and S the moon's declination, it is well known that 

COB* 2 - i = i coa'X COS* Sco82(A — + sin2\sinScoeScos(A-i) 

+ |(i-8in'«)(i-8in'X) (4) 

We have next to introduce (4) under the double integral sign of (3), and 
integrate over the ocean. 

To express the result conveniently, let 
J— qII C0€i*Xco8 2^(^ = cob*X,cob2/„ j— Tjjl cos'Xsin2ida = cos'X,sin2i, 
j—Q 1 1 siu 2X. COB Ids = sin 2Xi cos I,, j— ^ 1 1 sin 2X sin ^d« = sin 2X, sin ^ 

^j"j'(Ssin'X-i)d« = 5sin%-i (6) 

the integrals being taken over the oceanic area. 
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These five integrals are called by Sir William Thomson M, 3S, IS, 9, 'S, 
but by introduciDg the five auxiliary latitudes and longitudes, X,, 2,, X, , /■ , X«, 
we Bhall find for the conclusions an easily intelligible physical interpretation. 

It may be well to observe that (5) necessarily give real values to the 
auxiliaries. For consider the first integral as a sample : — 

Every element of /f coa*X. cos 2lda' is, whether positive or negative, neces- 
sarily numerically less than the corresponding element of iirQ, and therefore, 
even if all the elements of the former integral were taken with the same sign, 
(47rQ)~' //cos'X cos 2/(is would be numerically less than unity, and a foHiori 
in the actual case it is numerically less than unity. 

Now using (5) in obtaining the value of Jf{coa*t ~ ^) da, and substituting 
in (3), we have 

--;- - /I _ 3 / \-j = Jco8'S[cos'\cos 2(/i — i) — co3'X,co3 2(A— i,)] 

+ sin 28 [sin \ cos X cos (A — /) — sin Xi cos X, cos (A — li)} 

+ 5(i-8in'fi)(8in*X,-sin'X) (6) 

The first term of (6) gives the semi-diurnal tide, the second the diurnal, and 
the third the tide of long period. 

The meaning of the result is clear. The latitude and longitude X*, 4 give 
a certain definite spot on the earth's surface which has reference to the semi- 
diurnal tide. Similarly X,, I, give another definite spot which has reference 
to the diurnal tide; and X, gives a definite parallel of latitude which has 
reference to the tide of long period. 

From inspection we sec that at the point X,, !, the semi-diurnal tide is 
evanescent, and that at the point Xs, It + 90° there Is doubled tide, as com- 
pared with the uncorrected equilibrium theory. At the place X,, I, the 
diurnal tide is evanescent, and at — \i, J, there is doubled diurnal tide. 

In the latitude \ the long period tide is evanescent, and in latitude 
{sometimes imaginaiy) are sin Vil - sin'X,] there is doubled long period tide. 

Many or all of these points may fall on continents, so that the evanescence 
or doubling may only apply to the algebraical expressions, which are, unlike 
the sea, continuous over the whole globe. But now let us consider more 
precisely what the points are. 

It is obvious that the latitude and longitude X, and It, being derived from 
expressions for co8%cos2/i and co3'X,8in2!,, really correspond with four 
points whose latitudes and longitudes are 

X,,/,; -X,,^; x„i,+ 180°; -X,, (,-1-180° 

Thus there are four points of evanescent semi-diurnal tide, situated on a 
single great circle or meridian, in equal latitudes N. and S., and antipodal 

/ 
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two and two. Corresponding to these foar, there are four points of douWed 
semi-diurnal tide, whose latitudes and longitudes are 

Xj.U + W; -X,, 1^ + 90"; X„i, + 270*'; -\,i, + 270° 
and these also are on a single great circle or meridian, at right angles to the 
former great circle, and are in the same latitudes N, and S. as are the places 
of evanescence, and are antipodal two and two. 

Passing now to the case of the diurnal tide we see that X,, I,, being 
derived from expressions for sin 2\i cos t, and sin 2X, sin I,, really correspond 
with four points whose latitudes and longitudes are 

^i,'i; -\,li + lS0'';90'--\„l,; -dO" + X„ I, + 180° 

Thus there are four points of evanescent diurnal tide, situated on a single 
great circle or meridian, two of them ai'e in one quadrant in complemental 
latitudes, and antipodal to them are the two others. Corresponding to these 
four there are four points of douhled diurnal tide lying in the same great 
circle or meridian, and situated similarly with regard to the S. pole as are 
the points of evanescence with regard to the N. pole ; their latitudes and 
longitudes are 

-\J,; X,.f, + 180°; -90°+X,,i,; 90° - X,, /, + 180° 

Lastly, in the case of the long period tide, it is obvious that the latitude Xg 
is either N. or S., and that there are two parallels of latitude of evanescenb tide. 
In case sin'Xg is less than ^, or X, less than 54° 44', there are two parallels of 
latitude of doubled tide of long period in latitnde J arc sin V|$ — sin^X^j. 

From a consideration of the integrals, it appears that as the continents 
diminish towards vanishing, the four points of evanescent and the four points 
of doubled semi-diurnal tide close in to the pole, two of each going to the 
K. pole, and two going to the S. pole ; also one of the points of evanescent 
and one of doubled diurnal tide go to the N. pole, a second pair of points of 
evanescence and of doubling go to the S. pole, a third pair of points of evan- . 
escence and of doubling coalesce on the equator, and a fourth pair coalesce at 
the antipodes of the third pair; lastly, in the case of the tides of long period 
the circles of evanescent tide tend to coalesce with the circles of doubled 
tide, in latitudes 35° 16' N. and S. 

We are now in a position to state the results of Thomson's corrected 
tfaeoiy by comparison with Bernoulli's theory. 

Consider the semi-diumnl tide on an ocean-covered globe, then at the 
four points on a single meridian great circle which correspond to the points 
of evanescence on the partially covered globe, the tide has the same height; 
and at any point on the partially covered globe the semi-diurnal tide is the 
excess (interpreted algebraically) of the tide at the corresponding point on 
the ocean-covered globe above that at the four points. 
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A similar statement holds good for the diurnal and tides of long period. 

By laborious quadratures Mr Turner has evaluated in Fart II. the five 
definite integrals on which the corrections to the equilibnum theory, as 
applied to the earth, depend. 

The values found show that the points of evanescent semi-diurnal tide 
are only distant about 9° from the N. and S, poles; and that of the four 
points of evanescent diurnal tide two are close to the equator, one close to 
the N. pole, and the other close to the S. pole ; lastly, that the latitudes of 
evanescent tide of long period are 34° N. and S., and are thus but little 
affected by the land. 

Thus in all cases the points of evanescence are situated near the places 
where the tides vanish when there is no land. It follows, therefore, that the 
correction to the equilibrium theory for land is of no importance. 

a. H. D, 



IL 

For the evaluation of the five definite integrals, called by Sir William 
Thomson Si, 33, Qt, 3, S, and represented in the present paper by functions 
of the latitudes and longitudes X„ X,, \„ and l„ It, respectively similar in 
form to the functions of the "running" latitude and longitude to be integrated, 
it is necessary to assume some redistribution of the land on the earth's 
surface, difiering as little as possible from the real distribution, and yet with 
a coast line amenable to mathematical treatment. The integrals are to be 
taken over the whole ocean, but since the value of any of them taken over 
the whole sphere is zero, the part of any due to the sea is equal to the part 
due to the land with its sign changed ; and since there is less land than sea, 
it will be more convenient to integrate over the land, and then change the 
sign. 

TTnless specially mentioned, we shall hereafter assume that the integra- 
tion ia taken over the land. 

The last of the integrals has already been evaluated by Professor Darwin*, 
with an approximate coast line, which follows parallels of latitude and longi- 
tude alternately. 

' Thomson uid Tufa Natural PMlotophy, 18S3, | 808 [not reprodDOed in thia volnme]. 
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Hijs diatribation of land is given in the following table :— 



N.Ut. 


W.lM* 


B.lODg. 


lAt. 80° to 90° 


20° to 60°. 




TO ,,'80 


82° to 56°: 85° to 115°. 


66° to 60°: 90° to 110°. 


60 „ 70 


35°to6r: 66° to 80°: 90° to 165°. 


10* to 180°. 


50 „ 60 


O°toe°: 90° to 78°: 90' to 130°. 


10° to 140°: 166° to 160°. 


40 „ 60 


0°to6°: 66° to 123". 


0° to 135°. 


30 „ 40 


0°to8°; 78° to 130°. 


0°tolSO°: 135° to 138°. 


30 „ 30 


0° to 15° : 80° to 82° : 97° to 110*. 


0° to iir. 


10 „ 20 


0° to 17° : 87* to 96°. 


0°to50°: 76° to 85°: 

96° to 108°: lSS*tol25*. 


„ 10 


53° to 78°. 


0°to48°: ft8°tol05'': 

112° to iir. 


8.1>t. 


W.long. 


B.long. 


0°tolO° 


37° to 80° 


ir to«)°: 110° to 130°. 


10 „ SO 


37 „ 74 


12° to 38° : 45° to 60° : 

1S6° to 144*. 


SO „ 30 


46 „ 71 


16° to 33°: 116° to 151°. 


30 „ 40 


65 „ 73 


S0°to23°: 13S°tol40°. 


40 „ 60 


66 „ 73 


170° to 172°. 


50 „ 60 


67 „ 7B 




60 „ 70 


66 „ 66 


ISO" to 130°. 


70 „ 80 


about S0*o 


lon^tode. 


80 „ 90 


„ 180° 


" 



N.3. — Th£ Mediterranean, beii^ approxiitiately a lake, is treated cu land. 

The limits of the 20" and 180° of longitude between S. latitudes 70° and 
90" are not specified. For the evaluation of the last int^ral this is not 
necessary, for restricting 

I (3 ain'X — I) cos \dKdl 



//<= 



to a representative portion of the land bounded by parallels Xi and X,, I, and /,, 
we get -\(ti-li) sinX + sinSX ^T^'> ^^^ similarly for Q; so that if 
ti and t, be the number of degrees of longitude N. and S. of the equator 
respectively between latitudes X, and X,, the last of the integrals becomes 



Si((, + <,)[j 



sin X + sin 3X 



But for {e.g.) 



720-2((, + w[8inXp 



n X + sin 3X sin 2l\ 
the actual limits ^ and 2) most be given, and not merely their difference. 



i I COB'XcO6 2/c0BXdX(J{ = 7r7 
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It is, however, obvious, on inspection of these inbegrals, that the land in 
high latitudes affects them hut little ; and we shall not lose much by neglect- 
ing entirely the Antarctic continent in their ergiluation. 

- This evaluation is reduced by the above process to a series of multiplica- 
tions, and on performing them bhe following values of 9, ^, 1$, 9, IE, and Q 
are obtained on the two hypothcises -.-^ 

(1) That there is as much Antarctic land as is given in the schedule, 
which is, however, only taken into account in the last integral IE, and the 
common denominator AnrQ of each. 

(2) That there is no land between S. latitude 80° and the pola 

The value of Q is given in tenns of the whole surface, and represents the 
fraction of that surface occupied by land ; it must be remembered that the 
Mediterranean Sea is treated as land. Professor Darwin quotes Kigaud's 
estimate* as 0'266 : — 





l«t faypothMU 


ih.dhjpothe«B 




-t-o-oaoss 

+0-00539 
-0-01976 
+0-(B910 
- 0-01520 
0-283 


+0-03008 
+ O-O0637 
-0-01966 
+0-08895 
-000486 
0-278 




e 

B 

E 

e 



These results for IE and Q have already been given by Professor Darwin 
in Thomson and Tait's Natand Phitosophif, and I have found them correct. 
We then find for the set of latitudes and longitudes of evanescent tide : — 



NatDie of tide 






2Ddbj;otbMi. 




1.1. X. 
lat. X, 
long. I, 
1.1. X, 
long. I, 


M- xrtl. 

1 S. 

56 eo E. 

79 HN. 

saw. 


35° 4'N. 

I S. 
55 50 E. 
79 66 N. 

6 4 W. 


Muml j 

SemlMliuroAl | 



The other points of evanescence are of course ea^ly derivable from these, 
as shown in the first part of this paper. 

As a slightly closer approximation to truth, I have calculated these 
integrals on another supposition. There are cases where lines satisfying the 
equations' . 

I = const, or \ = const. ', 

■ ZtwttwtitDiu of tht Omnbridge PkU/MopMeal S(kU^, Vol. n. 
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divei^ somewhat widely from the actual coast line, but a line 

± ai ± 6X ■= const, 
(where a and 6 are small integers) can be found following it more faithfully. 
An approximate coast line of the land on the earth is defined in the following 
schedule, west longitudes and north latitudes being considered positive. 



LimiU of 




Limita of 


longitDdB (i) 


Equation 


Utitade (X) 


+ 20'to+ 10- ... 


... -X.-i-40 


.. + 20" to + 30" 





1.10 


.. +30 „ +40 


+ 10 „ - 23 ... 


... -X-1-50 


... +40 „ +73 


- 23 „ +120 ... 


X-73 








(-120 


... +73 „ +80 


+ 120 „ + 20 ... 


J.-80 








1-20 


... +80 „ +70 


+ 20 „ + 50 ... 


... -3»,-l-230 .... 


... +70 „ +60 


+ 60 „ + 70 ... 


Jl-i + 10 


.. +60 ,. +80 


+ 70 „ + 80 ... 


X-80 





+ 80 „ + 50 ... 


\-l 


... +80 „ +50 


+ 50 „ + 90 ... 


... -2)1-1-150 .... 


.. +60 „ +30 


+ 90 „ +100 ... 


)i-30 





+ 100 „ + 80 ... 


)i = I-70 .... 


.. +30 „ +10 


+ 80 „ + 70 ... 


V-10 





+ 70 „ + 30 ... 


2)1-1-50 


... +10 „ -10 


+ 30 „ + T3 ... 


... -X-1-20 


... -10 „ -68 





1-73 


... -53 „ -14 


+ 73 „ + 80 ... 


X-2i-160 .... 


... -14 „ 


+ 80 „ +140 ... 


X-1-80 .... 


„ +60 


+ 140 „ -150 ... 


X-60 





-160 „ -100 ... 


... -X-1 + 90 


... +60 „ +10 


-100 „ - 90 ... 


... +X-I+110 ... 


... +10 „ +20 


- 90 „ - 80 ... 


... -X.-i + 70 


... +20 „ +10 


- 80 „ - .65 ... 


X = l + 90 


.. +10 „ +25 


- 65 „ - 40 ... 


... -X-1 + 40 


... +25 „ 





1--40 


„ -20 


- 40 „ - 20 ... 


... -X-1 + 60 


... -20 „ -40 


- 20 „ - 8i ... 


il-41 + 40 ... 


... -40 „ + 5 


- 8}„ + 12i ... 


X-5 





+ 121 „ + 20 ... 


X-21-20 ... 
New Guinea. 


... + 5 „ +20 


-130 to -150 ... 


2X-1 + 130 ... 


to - 10 


-150 „ -140 ... 


X--10 





-140 „ -130 ... 


X-i + 180 ... 


... -10 „ 
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Australia. 
Limita of Limits ot 

longitude (I) Eqaation latitude (X) 

- 140° to - 150° X = i + 130 -lO" to -20° 

l = -150 -20 ,,-35 

-160 „ -115 X = -35 

l = -115 -35 „ -22i 

-115 ., -140 -2X=f+160 -22J ,,-10 

It will be seen that it is only rarely necessary to depart from the forms of 
e<]uation ±\ = l + x and the two original forms X = const., I = const, to repre- 
sent the coast line with considerable accuracy. There are still left one or two 
outlying portions, of which mention will be made later. 

Now supposing we arc to find the value of the first integral for the 
portion of land indicated by the shaded portion of the diagram, EQ being 
the equator: 



the equations to its boundaries being written at the side of each. 
We have 
/|cos'XdXco8 2i(i( = jgl 9sinX + sin3X cm2ldl 

= ^ J (9 sin (I + x) +'8in 3 (/ + «)) cos 21<U 

+ j (9 6inc + 8in3c)co8 2/(U 

+ J'- [9 sin i (^ + y) + ain 3 (^ + !/)] cos 



2{dt 

We may thus simply travel round the boundaiy omitting the places 
where X = constant : being careful to go round all the pieces of land in the 
same direction. If we suppose 2 = a to be the meridian of Greenwich, and 
the land to be in the northern hemisphere, the direction indicated above is 
the wrong one for obtaining the value of the integrals over the land, for the 
longitudes increase to the left; but by following this direction we shall 
obtain the values over the sea as is in reality required. 

The result of integration has, of course, a difierent form for each form of 
the relation between I and X representing the boundary. In computing the 
numerical values of the integrals, it is convenient to consider together all the 
parts of the boundary represented by similar equations. 
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Below are given as repreeeDtative the forms which the numerator of the 
first integral ^ aaaumes for different forms of the boundary, the quantitiea 
within square brackets being taken within limits. 

Form Value of lotegral 

T X = I + a: ± t/, [i cos (5i + ac) + 3 cos {31 -f «) + cos (/ 4- 3a:) 

- 9 COS (- f + a:)] 

\ = a; +5'j(98ina; + 8in3a;)[sin2i] 

l = w ...... Zero 

\ = 2l + x -^[JcoB(4i + a:)-9f Bina: + icos(8f + 3a!) 

+ icos(4i + 3a!)] 

\='U + x -^[fco9(6( + a:) + |cos(2f + ar) + ^C08(14f + 3a;) 

+ T^ cos (10/ + 3a;)] 

T2\ = /+j; ±5l,[J^co8i(5/ + a;)-6c08 4(-3i + a;) 

+ f cos i (7/ + 3fl:) - 2 sin i (- i + Sx)] 

-S\ = l + W +3l^[J^C08i(7/ + 'c)-¥cOSi(-5f + ar) ' 

+ J cos (3/ + ir) - COS (- / + «)] 
Evaluating these integrals on this supposition, we obtain 



"'^Z^^...^ 


iHt hypotheais 

+ 0-02119 
+ Ot)0778 
-0-01890 
+0-03159 
-0-043eM 
0-283 


and hjpotheidB 


+0O2110 
+0-00775 
-0-01882 
+ 0-03128 
-0-03319 
0-378 


■ 

E 

« 



It will be noticed that the values of Q are exactly the same as before. 
From these we deduce 



NktDra of tide 




lit hypothMiE 


3i)d liypothems 


Lon nod 


Ut X, 
Iftt X, 
long, ti 

long. (, 


33-29'N. 
1 3 8. 
59 7 E. 
81 22 N. 
10 6 W. 


33" 66' N. 
I 3 8. 
58 68 E 
81 23 N. 
10 5 W. 


Diumal j 

Semi-diurad j 



The t^reement of these values of the quantities with the values calculated 
on the previous supposition is not quite so close as I anticipated, but it 
should be remarked that the numeratore of the quantities 33i, 39, <S, 9, TE 
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are the difiereDces of positive and negative quantities of very much greater 
mf^nitude, as becomes obvious on proceeding to the numerical calculation ; 
and thus a comparatively small change in one of the large compensating 
quantities, due to large tracts of land in different portions of the globe, affects 
the integrals to a considerable extent. 

In this connexion I was led to investigate the effect of counting various 
small islands and promontories as sea, or small bays and straits as land. For 
instance, a portion of sea in the neighbourhood of Behring's Straits is 
included as land, and a corresponding correction must be applied to the 
integrals. This correction I have estimated as follows : — The area of the sea 
is estimated in square degrees, by drawing lines on a large map corresponding 
to each degree of latitude and longitude and counting the squares covered by 
sea, fractions of a square to one decimal place being included, though the 
tenths have been neglected in the concluded sum. This area has then been 
multiplied by the value of (say) cos*X cos 21 for the approximate centre of 
gravity of the portion, to find an approximate value of the integral 

JJ co^\ cos 21 dXtU 
over its sur&ce. 

By drawing the assumed coast line on a map, it will become obvious that 
such corrections may be applied for the following portions, defined by the 
latitude and longitude of their centres of gravity; remarking that when there 
is a portion of land which may be fairly considered to compensate a 
portion of sea in the immediate neighbourhood, no correction has been 
applied. For instance, it would be seen that part of the Kamschatkan 
Peninsula is excluded from the coast line, and part of the Sea of Okhotsk is 
included ; but these will produce nearly equal effects on the integrals in 
opposite directions, and are thus left out of consideration. 



Aim in 

4 160 


+ 172° - 


Latitude 

+ 64° 


+ 240 


+ 160 


+ 711 


+ 166 


+ 85 


+ 60 


+ 80 


+ 60 


+ 52 








20 


+ 76 




69 


+ 55 




+ 43 


+ 34 




+ 22 


37 


20 


- 48 


47 


19 


+ 66 


53 




- 16 


107 




- S4 






- 49 


-114 


+ 1 
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Area in 
- 27 


123° 


Ltktitnde 
+ 12° 


- 11 


118 




- 43 


138 




- 39 


-173 


-42 



N.B. — Land-areas are considered positive, sea negative. 

We then find the following corrected values of the integrals :- 





Irt hypotheBU 




« . 


+ 0-02237 
+ 0-00230 

-0-01962 

+0-02665 

-0-01775 

0-279 


+0-03247 
+ 0-OO231 
-0-01961 
+ 0-02676 

-0-02810 
0-274 






9 

s . 


« 



and finally the following values of the latitudes and longitudes of evanescent 
tides : — 



NMnie ol tide 


lat. Xo 
lat. Xt 
long, h 
lat X, 

loDg. h 


lit hTpothwU 






34° 33' N. 

57 S. 
63 47 E. 
81 23 N. 

2 56 W. 


34* 7'N. 

57 S. 
53 46 E. 
81 81 N. 

2 66 W. 


Diurnal | 

Somi-diunml j 



The eatimatioQ of corrections due to these supplementary portions has 
been checked in two cases by a detailed extension of the method of square 
blocks of land used previously for evaluation of the whole integrals ; that is 
to say, two of these portions were separately divided into square degrees 
(instead of squares whose sides were each ten degrees), and the integral 
evaluated in a similar manner to that previously described. The agreement 
of the values so calculated with those obtained by the above method of 
estimation was sufficiently exact to justify a certain confidence in the cloee 
agreement of the finally corrected values of the integrals with their theoreti- 
cally perfect values. 

H. H. T. 
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ATTEMPTED EVALUATION OF THE RIGIDITY OF THE EARTH 
FROM THE TIDES OF LONG PERIOD. 



[This is § 848 of the second edition of Thomson and Tait't Natural 
Philosophy (1883). There have been some changes 0/ notation, so as to make 
the inveetiga^n consistent with the othm- papers in this volvme. Some 
portioM have been omitted, where omissions could be made without any 
interference with the main remdt^ 

It appears from Schedule B iii. of the Report to the British Aaaociatioti 
of 1883 (p. 22 of this volume) that the fortnightly tide Mf is expressed by 

f^(-ya.(i-|siii'X)(l-K)-is"»'^«»2(g-f) 

and the lunar monthly tide Mm by 

^~R {.I '*(4"48'"'M8(1 — fain'/) cos (« — p) 

Bub in the paper on the correction to the equilibrium theory for the 
coDlinentB (p. 330 of this volume) it is shown that the factor 

J-58in»X = $(i-sin'X) = j(Bin'35''16'-8in'X) 
should be replaced by |(sin'X, — sin"X,). It appears further from that paper 
that X, is 34° 39' according to one hypothesis and 35' 4' according to another 
as to the distribution of land on the earth. Hence we may with sufBcieat 
accuracy replace this factor by | sin (35" - X) sin (35° + X). 

.. .'^(^)' 

tide, and ^ the equilibrium monthly tide, we have 

^ = Jra (1 - \i?) sin' / sin (35° - \) sin (35° + X) cos 2 (« - f ) 
M = JToe ( I - 5 sin' /) sin (36° - X) sin (36° + X) cos (« - p) 
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Thus the actual fortnightly and monthly tides must be expressed in the 
forms 

= Jto (1 - Je") sin' / sin (35"- X) sin (85°+ \){xcx>a2(s-^) + y sin 2(s - f» 1 
M = |Tac(l-f8in'/)8in(35°-X)8in(35° + X){MCos(«-p) + o8in(s-p)j } 

(19) 

where X, y, u, v are numerical coefficients. If the equilibrium theory be 
nearly true for the fortnightly and monthly tides, y and v will be small ; 
and x and u will be fractions approaching unity, in proportion as the 
rigidity of the earth's mass approaches infinity. 
If we now put 

a = |Ta(l-5e')8in'7sin(35°-X)ain(35° + Ml gO) 

e = fTfM (1 - 1 sin' /) sin (35° - X) sin (35° + X) J 
and for the fortnightly tide write 

""^1 (21) 

ay-BI 

and for the monthly tide write 

™-^[ m 

we have ^ = A cos 2 (» - f ) + B sin 2 (« - f) 

/* = C cos (» — p) + D sin (« — p) 
Every set of tidal observations will give equations for x, y,u,v; and the 
most probable values of these quantities must be determined by the method 
of least squares. 

For places north of 35° N. lat., or south of 35° S. lat. the coefficients a 
and c become negative. This would be inconvenient for the arithmetical 
operations of reduction, and therefore it is convenient to regard the co- 
efficients a and c as being in all cases positive, for we may suppose (X — 35°) 
to be taken for places in the northern hemisphere North of 35°, and 35° — X 
for places in the same hemisphere to the South of 35° ; and similarly for the 
southern hemisphere. 

[This is merely an artifice for avoiding the insertion of many negative 
signs, and it makes no difierence in the result.] 

In collecting the results of tidal observation I have to thank Sir William 
Thomson, General Strachey, and Major Baird* for plEicing all the materials 
in my hands, and for giving me every facility. The observations are to 
be found in the British Association Reports for 1872 and 1876, and in the 
Tide-tables of the Indian Qovemment. 

* [Now Lord KelTin, Sir Richard Btracbe;, uid Oolond Bsiid.] 
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The results of the harmonic analysia of the tidal observations are given 
altogether for 22 different ports, but of these only 14 are used here. The 
following are the reasons for rejecting those made at 8 out of the 22 ports. 

One of these stations is Cat Island in the Gulf of Mexico ; this place, in 
latitude 30° 14' N., lies so near to the critical latitude of evanescent fortnightly 
and monthly tides, that considering the uncertainty in the exact value of 
that latitude, it is impossible to determine the proper weight which should 
be a&signed to the observation. The result only refers to a single year, viz. 
1848, and as its weight must in any case be very small, the omission can 
exercise scarcely any effect on the result. 

Another omitted station is Toulon ; this being in the Mediterranean Sea 
cannot exhibit the true tide of the open ocean. 

Another is Hanstal in the Quif of Cutch. The result is given in an 
Indian Blue Book. I do not know the latitude, and General Strachey informs 
me that he believes the observations were only made during a few months 
for the purpose of determining the mean level of the sea, for the levelling 
operations of the great survey of India. 

The other omitted stations are Diamond Harbour, Fort Gloster and 
Kidderpore in the Hooghly estuary, and Rangoon, and Moulmein. All these 
are river stations, and they all exhibit long period tides of such abnormal 
height as to make it nearly certain that the shallowness of the water has 
exercised a large influence on the results. The observations higher up the 
Hoc^hly seem more abnormal than those lower down. I also leam that the 
tidal predictions are not found to be satisfactory at these stations. 

The following tables exhibit the results for the 14 remaining ports. 



No attempt has been made to assign weight to' each year's observations 
according to the exact number of months over which the tidal records extend. 
The data for such weighting are in many cases wanting. In computing the 
value for a the factor 1 — ^ was omitted, but it has been introduced finally 
as explained below. 
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OBSERVATIONS AT THE SEVERAL STATIONS. 



British and French Ports, North of I^atitude 35°. 

ITidal Rrporu of Brit. Anoc. 1879 and 1676.] 







BAMSQATa 

61° 31' 




Liverpool 






Bust 

48=33' 


N. Latitude... 


58" 40- 


64" 41' 




■ 


S 


> 


4 


B 


e 


T 


a 


» 




Ybib 


1864 
^■0112 


1857-8 


1868-9 


1S6S-60 


1866-7 


1868-9 


1869-60 


1860-1 


1876 
-■0244 




A 


f-0617 


+ ■0337 


-■0016 


-■0346 


+ ■0497 


+ ■0297^ + ■0729 


B 


+ ■0311 


-■0166 


-■DIM 


-■0240 


+ ■0095 


+ ■0153 


+ ■0438 


-■0027 


-■0969 


a 


■0439 


■0955 


■0946 


■0906 


■0416 


■0996 


■0962 


■0884 


0684 


C 


-■0223 


-■0153 


-1687 


+ ■1508 


+ ■0127 


-■0688 


+ 1347 


-■0261 


-■0279 




D 


-■0224 


+ ■0434 


-1038 


-■0190 


+ ■0708 


-■0299 


-■oioo 


-1366 


+ ■0178 


*= 


-0332 


0302 


■0304 


■0312 


■0382 


■0320 


■0328 


■0339 


■0218 



Indian Ports. 

[Indian Tide Tablet for 1881.] 



1! 


PlACl 

lAtitnde.. 


13° 47- 


34=47' 




10 

1877-8 


11 


U 


IS j 14 


IP 


U 


IT 


11 


M 


Y.AB 


1879-80 


186fr-9 


18119-70 [ 1879-1 

+ <M21 '-■0076 

-■0482-0343 

■0248 [ ■0287 


1873-4 


1874-S 


1875-6 


1876-7 


1877-8 


A 

B 


+ ■0606 
+ ■0131 

■0818 


+ ■0597 

+ ■0167 

■0706 


+ ■0287 

-■0249 

■0218 


-■0123 

-■0102 
■04U 


+ ■0429 

+ ■0328 

■0440 


+ ■0131 

+ ■0050 
■0456 


+ ■0460 

-■0012 

■0459 


+•0608 

+ ■0406 

■0448 


H 


C 
D 


+ ■0194 

-■0158 

-0268 


+ ■0329 

+ ■0027 

■0286 


-■0288 

-■0703 

■0185 


-■0429 --0140 

+ ■0035 +^028e 

■0180 -0113 


+ ■0281 

+ ■0414 

■0153 


+ ■0522 
+ ■0229 

■0148 


-■0133 

+ ■0666 

■0145 


+ ■0631 

+ ■0670 

■0145 


+ ■0722 

+ ■0831 

■0147 
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OBSERVATIONS AT THE SEVEBAL STATIONS. 



Indian Ports (continuecl). 

llndian Tidr TaMa /«r ISSl-^S.] 





Puce 

Latitude.. 


Okha Point 
andBrtt 
Harbodb 

22° 28' 


Bon RAi— Apollo Buhdkk 


14° 48' 


Bripobe 
11° Iff 




ao 


« 


n 


>3 


M 


w 


M 


„ 


■XWB 


1874-6 


1876^7 


1878-9 


1879-80 


1878-9 

+ ■0849 

-■0168 

■0726 


lB70-eO 


1878-9 


1879-80 


A 

B 


+ -0530 

+ ■0469 

■0526 


+ ■0699 

+ ■0121 

■0671 


+ ■0888 

-■0199 

■0617 


+ ■0663 

+ ■0100 

■0566 


+ ■0699 

+ ■0025 

■0666 


+ 1040 

+ ■0208 

■0803 


+ O907 

+ ■0281 

0736 


C 
D 


+■0331 

-■0376 

■0177 


-■0048 

+ ■0266 

■0212 


+ •0372 

-■0378 

■0220 


+ ■0469 

-■0036 

■0229 


+ ■0415 

-■0069 

■0260 


+ ■0062 

+ ■0143 

■0270 


+ 0687 
+ ■0072 

■0287 


+ ■0057 

+ ■0708 

■0298 



v\ 


Pwo« 

Latitude... 


Padhbih Pub, 
bland of 

9=18' 


VuAOAr^TAH 

17° 41' 


Hadbab 
18=4' 


Post Blub, 

Boee Island 

11" 401' 




ss 


» 


M 


M 


S3 


St 


Ybah 


1878^9 


1879-80 


1879-80 


1880-1 


1880-1 


1880-1 


A 

B 

C 
D 

c 


■0560 

-0010 
■0836 


■0448 

-■0043 
■0764 


+ ■0328 

+■0148 

■0697 


+ 05S4 

-■0167 

■0634 


+ ■0318 

+ ■0037 

■0626 


+ ■0589 

-■0029 

■0649 


+ ■0579 

-■0113 

■0296 


+ ■0279 

+ ■0438 

■0310 


+ ■0194 

+ ■0080 

■0242 


+ ■0468 

+ ■0611 

■0263 


+ ■0304 

+-0860 

■0296 


+ ■0196 

+ ■0046 

■0307 



QauBfi's notation is adopted for the reductions*. That is to say, [AA] 
denotes the sum of the squares of the A's, and [Aa] the sum of the products 
of each A into its corresponding a. 

* See Oaaas'i works, or the Appendix to OhanTeuet'i Atlnmtmrif. 
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In computiBg the value of a for the fortnightly tide the fector (1— !«•) 
which occure therein wae treated as being equal to unity; since |e* = •00754, 
it follows that the [aa], which would be found from the numbers given in 
the table, must be multiplied by (1 --01508), and the [Aa] and [Ba] by 
(I - '00754). After introducing these correcting foctors the following results 
were found : 

[aa] = -14673, [AA] = -09831, [BB]=02576. [Aa] = -09836, [Ba]--00291 
[cc]= 02253, [CC]^ -11588, [DD] = -07552. [Cc]= 01533, [Dc]= 00202 
Then according to the method of least squares, the following are the most 
probable values otx, y, u, v. 

[A»] [B.] [Oc] [DC] 

■"-[«]■ !'-M' M- M 

And if m be the number of observations (which in the present case is 33) the 
mean errors of x, y, u, v are respectively 

J^ /[AAl[aa]-[Aa]' J_ /[BB][aa]-[Ba]- 

[aa]V m-1 ' [aa]V m-1 

J_ /[CC][cc]-[Cc]' J_ /[DD][tx]-\phV 

[cc]V m-1 ■ [cc]V m-1 

The probable errors are found from the mean errors by multiplying by 
•6746. 

I thus find that 
a; = -675 ±056, y- -020 ±-055, «- -680 ±-258, 0=090 ±-218 
The smallness of the values of y and v is satis&ctoiy ; for, as stated in 
I 848 (d) of the Natural Philosophy, if the equilibrium theory were true for 
the two tides under discussion, they should vanish. Moreover the signs 
are in agreement with what they should be, if friction be a sensible cause 
of tidal retardation. But considering the magnitude of the probable errora, 
it is of couise rather more likely that the non-evanescence of y and v is due 
to errors of observation*. 

If the solid earth does not yield tidally, and if the equilibrium theory is 

* Shortly after the«e oomputfttioti* were completed Profaawr Adinu happened to obserrs m 
tDuprint in the Xidftl Beport tor ISTS. Thia Report givea the method employed in the rednotion 
bj harmonic analTiie ol the tidal obMrratioDB, and the erroneoni tormuta relates to the redaction 
of the tidea of long period. On inqniring of Mr Boberts, who has superintended the harmonie 
analyili, it appeara that the erroneoos fonnnla has been nsed Ihrongbont in the reductions. 
A diaonuion of this mistake and of its eHecti will be (omid in a paper communicated to the 
Britiab AMoeiaticoi by me in 1883. It appean that the valnea of the fortnightly tide are not 
■erionsly vitiated, bat the monthly elliptic tide will buTe auffered mnob mora. This will probably 
aoooaat for the larga probable error which I have tonad for the valne of the monthly tide. If a 
reoompntation of all the long-period tides should be oariied out, I think thecs is good hope that 
the jffobable error of the valae of the fortnightly tide may also be redoeed. 
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fulfilled, 3! aad u should each be approximately unity, and if it yielda tidally 
they should have equal values. The very close agreement between them is 
probably somewhat due to chance. From this point of view it seems reason- 
able to combine all the observations, resulting fi'om 66 years of observation, 
for both sorts of tides together. 

Then writing X and Ffor the numerical factors by which the equilibrium 
values of the two components of either tide are to be multiplied in order to 
give the actual results, I find 

X = -676 ± -076, ?"= -029 ± -065 

These results really seem to present evidence of a tidal yielding of the 
earth's mass, showing that it hns an effective rigidity about equal to that of 
steel*. 

But this result is open to some doubt for the following reason : 

Taking only the Indian results (48 years in all), which are much more 
consistent than the English ones, I find 

X = -931 ± -056, r = -155 ± 068 

We thus see that the more consistent observations seem to bring out the 
tides more nearly to their theoretical equilibrium-values with no elastic 
yielding of the solid. 

It is to be observed however that the Indian results being confined 
within a narrow range of latitude give (especially when we consider the 
absence of minute accuracy in the evaluation of the critical latitude X,) a leas 
searching test for the elastic yielding, than a combination of results from 
all latitudes. 

On the whole we may fiiirly conclude that, whilst there is some evidence 
of a tidal yielding of the earth's mass, that yielding is certainly small, and 
that the effective rigidity is at least as great as that of steel. 

[Postsei'ipt. It is interesting to compare this conclusion with the results 
obtained by Dr O. Hecker by means of the horizontal pendulum (" Beobach- 
tungen an Horizontalpendeln Uber die Deformation des E>dkorper8," K. 
Preiaa. Oeoddt. Inat., Neue Folge, No. 32, 1907), for he finds the defiections 
of the pendulum to be two-thirds as great aa they would be on a rigid earth.] 

* It U rem&tkable that elutis yielding ot the upper strsts of tbe e&rtb, in the case wtiare the 
Bea doeR not cover the whole surface, may lead to an apparent angmentatioD ot ooeanic tides at 
some places, situated on the coasts of ooQtinents. This subject is inTeatigSited in the Report for 
1B82 of the Committee of the British Auociation on " The Lanar Dlatarbancs ot QntTitir." 
(Paper 14 in this Tolmne.) It is there, hovever, erroneonsl; implied that this kind of elastic 
yielding vonld muM an apparent augmealatioD ol tide at all stations of observation. 
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10. 

DYNAMICAL THEORY OF THE TIDES. 

[This cotUains certain sections from the article "TiDBs" written in 1906 
/or the new edition of the Encyclopiedia Britannica, h^ng based on the cor- 
responding paragraphs in the original edition and on the article " TlDES " 
in the supplementary volumes. Reproduced by special permission of the 
Proprietors of the Enc. Brit] 

§ 12, Form of Equilibrium. 

Consider the shape assumed by aD ocean of density a- on a planet 
of ma8S M, density & and radius a, when acted on by disturbing forces whose 
potential ia a solid spherical harmonic of degree i, the planet not being 
in rotation. 

If jS( denotes a surface spherical hannooic of order t, such a potential 
is given at the point whose radius vector is /> by 

i'-^©'* m 

In the case considered in an earlier section m is the moon's mass and 
r her distance, and i = 2, while 8^ becomes cos* (moon's z. d.) - ^ ; [in the 
present instance the form of the coefficient is immaterial, save that its 
dimensions shall be correct]. 

The theory of harmonic analysis tells us that the form of the ocean, when 
in equilibrium, must be given by the equation 

p = a + eiS( (2) 

Our problem is to evaluate et. 

We know that the external potential of a layer of matter, of depth SiSi 
and density a, has the value 

^txa 



+i(-p) "* 
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Hence the whole potential externally to the pliuiet and up to its sur&ce is 

M Sma* fp\* - iiraa fa\*+' „ 

p+ 2^ [a) ^'+2iTl\-p) "^^^ ^ <^> 

The first and most important term is the potential of the planet, the 
second that of the disturbing force, and the third that of the departure from 
sphericity. 

Since the surface of the ocean must be a level surfece, the expression (3) 
equated to a constant must be another form of (2). Hence if we put 
p = a + eiSi in the first term of (3) and ^ = u in the second and third terms, 
(3) must be constant; this can only be the case if the coefiicient of iS< vanishes. 

Hence on effecting these substitutions and equating that coefGcient to 
zero, we find 

M 3ma* Anrra . 

But by definition of S and a we have M = |ir8a' = jra', where g is gravity, 
and therefore 



3ff ■ 
'(2t + l)S 



If o were very small compared with B the attraction of the water on 
itself would be very small compared with that of the planet on the water; 

hence we see that 1 /[ 1 — - . ' ^ -^] is the factor by which the mutual 

gravitation of the ocean augments the deformation due to the external 
forces. This factor will occur frequently hereafter, and therefore for brevity 
we write 

''-'-(wfirs ''' 

and (4) may be written 

3ma' ,». 

"-^rt, <"* 

Comparison with (1) then shows that 

v-jt,(e]'<,s, (7) 

is the potential of the disturbing forces under which 

p^a+eiSi (8) 

is a figure of equilibrium. 



Digitized by L.tOO'JIC 



1906] BECEITT ADVANCES IN DYNAMICAL THEORY. 349 

We are thus provided with a convenient method of specifying any dis- 
turbing force by means of the figure of equilibriura which it is competent 
to maintain. In considering the dynamical theory of the tides of an ocean- 
covered planet, we shall specify the disturbing forces in the manner expressed 
by (7) and (8). 

This way of specifying a disturbing force is equally exact whether or 
not we choose to include the effects of the mutual attraction of the ocean. 
If the augmentation due to tnutual attraction of the water is not included, 
6( becomes equal to unity ; in this case there is no necessity to use spherical 
harmonic analysis, and we see that if the equation to the surfiice of an 
ocean be 

p = a + S 
where iS is a function of latitude and longitude, it is in equilibrium under 
forces due to a potential whose value at the surbce of the sphere (where 
p.a)i,gS. 



§ 14. Recent Advances in the Dynamical Theory of the Tides. 

The problem of the tidal oscillation of the sea is essentially dynamical. 
In two papers in the second volume of Liouville's Journal (1896), M. Foincar^ 
has considered the mathematical principles involved in the problem, where 
the ocean is interrupted by land as in actuality. He has not sought to 
obtain numerical results applicable to any given configuration of land and 
sea, but he has aimed rather at pointing out methods by which it may some 
day be possible to obtain such solutions. It would hardly be in place to 
attempt to follow the details of an investigation of this character, but we 
may say that it affords a conspicuous example of M. Poincar^'s power ot 
reaching the very heart of a difficult problem. 

Even when the ocean is taken as covering the whole earth, the problem 
presents formidable difficulties, and this is the only case in which it has been 
solved hitherto*. 

Laplace gives the solution in Bks i. and iv. of the M^canique (jileate ; but 
his work is unnecessarily complicated. In the first edition of the present 
work we gave Laplace's theory without these complications, but the theory 
is now accessible in Lamb's Hydrodynamics, and perhaps in other works 
of the kind. It will not, therefore, be reproduced here. 

In 1897 and 1898 Mr S. S. Hough undertook an important revision of 
Laplace's theory, and succeeded not only in introducing the effects of the 

* Lord Eelvio's (Sir W. Thomson's) paper on the " OraviUtional oaeiUationt of rotating 
water," Phil. Mag., Oct. tSSO, b«ftn on this snhjact. It is the only attempt to obtain anmerical 
reinlta in raspeot to the effeot ot the earth's rotation on the osulUtioDi of land-looked seas. 
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mutual gravitation of the ocean, but also in debemiining the nature and 
periods of the free oscillations of the sea*. A dynamical problem of this 
character cannot be regarded as fully solved unless we are able not only 
to discuss the " forced " oscillations of the system but also the " free." 
Hence we regard Mr Hough's work as the most important contribution 
to the dynamical theory of the tides since the time of Laplace. We shall 
accordingly present the theory in the fown due to Mr Hough, although 
limitations of space compel us to omit many points of interest. 

The analysis is more complex than that of Laplace, where the mutual 
attraction of the ocean was neglected, but this was perhaps inevitable. 

Our first task is to form the equations of motion and continuity, which 
wilt be equally applicable to all forms of the theory. 

§ 15. Equations of Motion. 

Let r, ^, ^ be the radius vector, colatitude, and east longitude of a point 
with reference to an origin, a polar asis, and a zero-meridian rotating with a 
uniform angular velocity n from west to east. Then if i2, ^, H be the 
radial, colatitudinal, and longitudinal accelerations of the point, we have 



If the point were at rest with reference to the rotating meridian, we 
should have jB = — n'r sin' fl, E = — n'rain 6*008 S, K = 0. When these con- 
siderations are applied to the motion of an ocean relative to a rotating 
planet, it is clear that these accelerations, which still remain when the ocean 
is at rest, are annulled by the permanent oblateness of the ocean. As then 
they take no part in the oscillations of the ocean, and as we are not con- 
sidering the figure of the planet, we may omit these terms from R and S. 

This being so, we must replace (-^ +nj as it occurs in R and H by 

Now suppose that the point whose accelerations are under consideration 
never moves far from its zero position, and that its displacements f, i; sin 
in colatitude and longitude are very large compared with p, its radial dis- 
placement. Suppose further that the velocities of the point are so small 

> Phil. Tram. Bos. Soe., VoL 189 A, pp. Wl— 366, ud VoL 101 X pp. 1B»— 1S5. 
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that their sqnares and prodncts m negligiUe cucnpiutd with R'r*; then 
we have 

^ -■ ^, a ven- small ^niuitity 

dS d^ 

SiDce the radial wlocity always remains ^■e^J' smttll. it is not mT^wsary 
to coDceni ouraelves further with the value of R. and we only requite the 
two other components which have the approximate forms 

We have now to consider the forces by which an element of the ocean 
is urged in the direction of colatitude and longitude. The^e forces are those 
due to the external disturbing forces, to the pressure of the water surrounding 
an element of the ocean, and to the attraction of the ocean its«''lf. 

If e denotes the equilibrium height of the tide, it is a function of co- 
latitude and longitude, and may be expanded in a series of spherical Burfiw» 
harmonics tj. Thus we may write the equation to the equilibrium tide in 
the form 

Now it appears from <7) and (8) that the value of the potential, at the 
surface of the sphere where p=a, under which this is a figure of equi- 
librium, is 

We may use this as specifying the external disturbing force duo to 
the known attractions of the moon and sun, so that tt may be regarded 
as known. 

But in our dynamical problem the ocean is not a figure of equilibrium, 
and we may denote the elevation of the surface at any moment of time by II. 
Then the equation to the surfiice may be written in the form 

r = a + \f = a + t\h 
where ih denotes a spherical harmonic just as tt did before. 

The sur&ce value of the potential of the forces which would maintain the 
ocean in equilibrium in the shape it has at any moment is Xgbtlli. 

Hence it follows that in the actual case the forces due to fluid pressure 
and to the attraction of the ocean must be such as to balance the potential 
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just determined. Therefore these forces are those due to a potential — ^gbi^. 
If we add to this the potential of the external forces, we have a potential 
which will include all the forces, the expression for which is — gl.bi (|li — ti). 
If further we perform the operations djadS and dja sin 6d<f> on this potential, 
we obtain the colatitudinal and longitudinal forces which are equal to the 
accelerations H and H. 

It follows, then, from (9) that the equations of motion are 



dp dt aaiaff d<t> } 

It remains to find the equation of continuity. This may be deduced 
geometrically from the consideration that the volume of an element of the 
fluid remains constant ; but a shorter way is to derive it from the equation 
of continuity as it occurs in ordinary hydrodynamical investigations. If <t> 
be a velocity potential, the equation of continuity for incompressible fluid is 



i<f>\ r sin d a<ft J 



'^ d<f>\ r sin d<ft 

The element referred to in this equation is defined by r, 8, ^, r + Sr, 
+ h6, + S^. The colatitudinal and longitudinal velocities are the same 
for all the elementary prism defined by 6, <^, + S0, <f> + S^, and the sea 

bottom. Then —ta = -n . — ■ — jtit = sin ^ t7 ! *nd, since the radial velocity . 

is dbjdt at the sur&ce of the ocean, where r«a + 7, and is zero at the sea 

bottom, where r = a, we have -j- = -^ . Hence, integrating with respect 

to r from r = a + 7 to r = a, and again with respect to t from the time t 
to the time when {), ^, 17 all vanish, and treating 7 and f| as small compared 
with a, we have 

&osine + ^{7fsin^ + ^(7.7sin(3)=:0 (11) 

This is the equation of continuity, and, together with (10), it forms the 
system which must be integrated in the general problem of the tides. The 
difficulties in the way of a solution are so great that none has hitherto been 
found, except on the supposition that 7, the depth of the oce&u, is only a 
function of latitude. In this case (11) becomes 
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§ 16. Adaptation to Forced Osdllationa. 
Since we may Buppose that the free oscillations are annulled by friction, 
the solution required is that corresponding to forced oscillations. Now e, 
which is proportional to V, has terms of three kinds, the first depending on 
twice the moon's (or sun's) hour-angle, the second on the hour-angle, and 
the third independent thereof. The coefficients of the first and second vary 
slowly, and the whole of the third varies slowly. Hence t has a semi-diurnal, 
a diumal, and a long-period term. We shall see later that these terms may 
be expanded in a series of approximately semi-diurnal, diumal, and slowly 
varying terms, each of which is a strictly harmonic function of the time. 

Thus, according to the usual method of treating oscillating systems, we 
may make the followiag assumptions as to the form of the solution 

I = 2ti = 2«j cos (2n/i + 8<f> + a)\ 

\l = l\h = V>iCOB (2n/l! -I- «0 + a) f 

* f=26iiE(CO8(2n/J! + B0-l-'») [ 

tf = 2ftiyi sin (2nfi + «^ -t- a) ; 

where et, hi, Xf, yt are functions of colatitude only, and et', kt are the 
aasociated functions of colatitude corresponding to the harmonic of order i 
and rank s. 

For the semi-diurnal tides 8-2, and / approximately unity ; for the 
diumal tides 8 = 1, and / approximately J ; and for the tides of long period 
8 = 0, and / is a small fraction. 

Substituting these values in (12), we have 

^[^^(7bi'riSm0) + syb,yi + hia^=Q (H) 

Then if we write U( for Aj - C(, and put m = n*ajg, substitution from (13) 
in (14) leads at once to 

1 d . 



..(13) 



/' Bin 5 2fr<y< +/COS 5 Sfc,., = ^ ^ g| 



..(15) 



Solving (16), we have 



c«..,(/.-c«.«-±(^"'.;.T|...) 1 


..,.(16) 


(%,,).in-<'(/--»»-^-3i;(^'-^^.'^) ■ 


J. L 


23 
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Then substituting from (16) in (14), we have 



1 d 
sindd0 



,(.i„.j^,|^.,^ 



f d0 aintf 
*^ sm^(/«-C08'^) 



+ 4mo2(«i + e,) = (17) 

This is closely analogous to I^place's equation for tidal oscillatioiiB in an 

ocean whose depth is only a function of latitude ; indeed the only difference 

is that we have followed Mr Hough in introducing the mutual attraction of 

the water. 

When tii is found from this equation, its value substituted in (16) will 

give Xi and i/(. 

§ 17. Zonal OadUationa. 

We might treat the general harmonic oscillations first, and proceed to the 
zonal oscillations by putting a = 0. These waves are, however, comparatively 
simple, and it is well to begin with them. The zonal tides are those which 
Laplace describes as of the first species^ and are now more usually called the 
tides of long period. 

As we shall only consider the case of an ocean of uniform depth, y the 
depth of the sea is constant. Then since in this case s = 0, our equation (17) 
to be satisfied by ui or hi — ei becomes 



e\ f'-m 



de \ /'-COS'S / ■* 

This may be written 

d taa/v-c«^f' _^^_,^^^_„ 

do y Sin u } 

where A is a constant. 

Let us assume hi = dPi, e,- = EiPi 

where Pj denotes the ith zonal harmonic of cos $. The coefBcients d are 
unknown, but the Ei are known because the system oscillates under the 
action of known forces. 

If the term involving the integral in this equation were expressed in 
terms of differentials of harmonics, we should be able to 'equate to zero the 
coefficient of each dPijdd in the equation, and thus find the conditions for 
determining the G's. 

The- task then is to express -a — J Pt^vaOdd in differentials of 

zonal harmonics. 



d by Google 



1906] ZONAL OSCILLATION8. . 35i 

It is well known that Pi satisfies the differential equation 

|(tf„8§) + i(i + l)P,ri„«.0 (19) 



1 . .dP, 

r(r+T)"°*w 



Therefore [PfSini 

-"J(7TI)" -''w-7(rFT)"° *W 

Another well-known property of zonal harmonics is that 

-"w-tr^'*^--^-) w 

If we difieredtiate (20) and use (19) we have 

■^('-^■-"Si+'C+i'^'-'-^-o (^') 

Multiplying (20) by sin 0, and using (21) twice over 

^ d0 2i + l 1 2r-|-3Wtf de)/^2i-l\d0 del] 
ITierefore 



/* - cos' 



-jP.Bi> 



sin* J"" ""''(2.-l)(2i+l) de 






dA-. 



V(»" + l)^(2i-l)(2i + 3)) df* ^(2i + l)(2i + 3) d^ 
This expression, when multiplied by ima/y and by Of and summed, is the 
second terra of our equation. 

The firet term is £6* (C, - Ei) ^ 

In order that the equation may be satisfied, the coefficient of each dPijdB 
must vanish identically. Accordingly we multiply the whole by fjima and 
equate to zero the coefficient in question, and obtain 

hy ff, «.._ Gi-. ( /'-I , 2 1 

+ _ '^'■t?- - = 0... (22t 

This equation (22) is applicable for all values oft fix)m 1 to infinity, provided 
that we take (?„ Eo, C-i. J?-i m being zero. 

We shall only consider in detail the case of greatest interest, namely that 
of the most important of the tides generated by the attraction of the sun and 

23—2 
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moon. We know that in this case the equilibrium tide is expressed by a 
zonal harmoiiic of the second order ; and therefore all the Ei, excepting Et, 
are zero. Thus the equation (22) will not involve Ei in any case excepting 
when 1=2. 

If we write for brevity 

J _PjL^ . 2 iiX 

the equation (22) becomes 



..(23) 



(2t-|-3)(2i + 5) ' '^(2»-3)(2i-l)~ 
save that when t = 2, the right-hand side is t^ E,, a known quantity ex 
hypotkeei. 

The equations naturally separate themselves into two groups, in one of 
which all the suffixes are even and the other odd. Since our task is to 
evaluate all the C's in terms of Et, it is obvious that all the C'a with odd 
suffixes must be zero, and we are left to consider only the cases where 
i = 2, 4, 6, &c. 

We have said that G, must be regarded as being zero ; if however we take 

Gt= — 7—^ Et, so that Go is essentially a known quantity 

the equation (23) has complete applicability for all even values of t from 2 
upwtu^ 

The equations are 

Co 



1.3 



-i,C.-t 



It would seem at first sight as if these equations would suffice to deter- 
mine all the G'b in terms of (7„ and that 0, would remain indeterminate ; but 
we shall show that this is not the case. 

For very large values of i the general equation of condition (23) tends to 
assume the form 

Ui ma 

By writing successively i + 2, » -I- 4, t + 6 in this equation and taking the 
differences we obtain an equation from which we see that, unless Gi/Ci+t tends 
to become infinitely small, the equations are satisfied by Gi = Ci+a in the limit 
for very large values of i 

Hence, if Gi does not tend to zero, the later portion of the series for h 
tends to assume the form Gi(Pi + Pi+t + Pt+t...). All the P's are equal to 
unity at the pole ; hence the hypothesis that Gi does not tend to zero leads to 
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the conclusion that the tide is of infinite height at the pole. The expansion 
of the height of tide is essentially convei^nt, and thus this hypothesis is 
negatived. Thus we are entitled to assume that Ci tends to zero for large 
values of i. 

Now writing for hrevity 



"^ t2i+l)(2i + 3)*(2t + 5) 
we may put (23) into the form 

(2i-3)(2.--i)=-^~ a^iff,^— 

(2i+l)(2i + 3) 
By successive applications of this formula, we may write the right-haud side 
in the form of a continued Iraction. 



Let 
Then we have 






(2i-3)(2.-l) K, 
or A.(2,_l)(2< + l)ir, 

Thus 

C; = 3.5iC,C„; C=-3.5.7.9^.ir.C,; 0', = 3.5.7.9.11 .13^,/f,^,Co &c. 

If we assume that any of the higher O's, such as <7„ or C,„ is of negligible 

smallness, all the oontinned fractions Kt, K^, K, &c. may be computed ; and 

thus we find all the C'b in terms of (?,, which is equal to — j~ Ei. 

The height of the tide is therefore given by 

ft=.2AjCos(2n/i! + a) 

~-f^E,{S.SK,P, + 3.5.1.9K,K,P,+ ...]QO>i{%i/t + a) 
4ima ' 

It is however more instructive to express ft as a multiple of the equi- 
librium tide (, which is as we know equal to £,P, cos {inft + a). Whence we 
find 

6 = -7^-s-l3-5if,i*, + 3.5.7.9Ar.if.P. + 8.5...13/f.ir.fi'.n+-l 

The number / is a fraction such that its reciprocal is twice the number of 
sidereal days in the period of the tide. The greatest value of / is that 
appertaining to the lunar fortnightly tide (Mf in notation of HMmonic 
Analysis) and in this case / is in round numbers Jj, or more exactly 
/• = -00133. 
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The ratio of bhe density o- of sea-water bo S the meaa density of the earth 
is '18093 ; which value gives us 

6. = 1 - |j = -89144 

The quantity m is the ratio of equatorial centrifugal force to gravity, and 
is equal to ^^. 

Finally 7/a la the depth of the oceaa expressed as a fraction of the earth's 
radius. 

With these numerical values Mr Hough has applied the solution to 
determine the lunar fortnightly tide for oceans of various depths. Of his 
results we give two : — 

First, when 7 = 7260 ft, = 1210 fathoms, which makes t-^ — Ai he finds 

\t = ~ 1-2669P, - -1678^, + -OiSdP, - -OOSlP, + "OOOOP^ - -OOOIP,, . . .] 
If the equilibrium theory were true we should have 

thus we see how widely the dynamical solution differs from the equilihrium 
value. 

Secondly, when 7= 58080 ft. = 9680 fathoms, and •^- = \, he finds 
II = i- {■7208P, - -0973^4 + -0048^,- -OOOIP, ...} 

From this we see that the equilihrium solution presents some sort of 
approximation to the dynamical one; and it is clear that the equilibrium 
solution would be &iHy accurate for oceans which are still quite shallow 
when expressed as fractions of the earth's radius, although far deeper than 
the actual sea. 

The tides of long-period were not investigated by Laplace in this manner, 
for he was of opinion that a veiy small amount of Motion would sufBce to 
make the ocean assume its form of equiUbrium. In the arguments which he 
adduced in support of this view the Motion contemplated was such that the 
integral effect was proportional to the velocity of the water relatively to the 
bottom. It is probable the proportionality to the square of the velocity 
would have been nearer the truth, but the distinction is unimportant. 

The most rapid of the oscillations of this class is the lunar fortnightly 
tide, and the water of the ocean moves northward for a week and then 
southward for a week. In oscillating systems, where the resistances are 
proportional to the velocities, it is usual to specify the resbtance by a 
' modulus of decay,' namely the time in which a velocity is reduced by 
friction to r"> or l/2'78 of its initial value. Now in order that the result 
contemplated by Laplace may be true, the friction must be such that the 
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modulus of decay is abort compared with the semi-period of oscillation. It 
seems ptsctically certain that the friction of the ocean bed would not reduce 
a slow ocean current to one-third of its primitive value in a day or two. 
Hence we cannot accept Laplace's discussion as satisfactory, and the investi- 
gation which has just been given becomes necessary *. 

§ 18. Teaseral Oseillations. 
The oscillations which we now have to consider btb those in which the 
form of aur&oe is expressible by the tesseral harmonics. The results will be 
applicable to the diurnal and semidiurnal tides — Laplace's second and third 
species. 

If we write o" = ^ the equation (17) becomes 



[ sin ^ ja + o- cos ^ I S&(Uf 



( o- cos fl j» + s" cosec 5] S6iM( 



..<24) 



If i) be written for the operation sinS -j^, the middle term may be arranged 
in the form 

<r cot tf (i) + q- cos f*) Sfrjltj y , . „ 

~ a'-o-'cos'S ~ *"* 

Therefore on multiplying (24) by sin 6 it becomes 

{h-acmO) -~-i -, — ,^ \ -i&ittjH -iAism'd = ...(25) 

* ' L 8* - CT* cos' P J 70-* 

We now introduce two auxiliaty functions, such that 

Xhi (hi — Bi) = SiiMi 

= (Z>-<rcose)* + (s'-(r«coa»5)* (26) 

It is easy to prove that 

(i) + <r cos 5) (D - <r cos ^) = i)" - fi" + <r sin* 5 + (s" - a* cos' 

Also 



+ («^-a-cos'^)| ^27) 
(/> - ff cos ^) (i> + <r cos 5) = l)" - s* - <r sin" 5 -Krf' - ff' coB» «)]■ 



(i) + cr cos e) («■ - a> cos* 5) * = («" - (H cos' ^ (i) + <r cos 5) * 

+ 2<T*sin'ecoB^* (28) 

Now perform i> + o" cos 5 on (26), and use the first of (27) and (28), and we 
have 

(/) + <T cos e) th^i = (ZP- «' + <r sin* e + «»- ff» cos" ^) * 

+ (s'-<j*coe'e)(i> + <rco8^)*+2<7"sin»eoo8^* (29) 

* [k [oUar diBoiudoii of tbia HnbjMt is ooubuned in Paper 11 belov.] 
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The functions ? and 4> are as yet mdetenuiDabe, and we may impose 
another condition on them. Let that condition be 

(i>'-«* + <r8in'^* = -2ff*ain»5coa51> (30) 

Then (29) may be written 

a*— it" cos' tf ■ ^ ' 

Substituting from this in (25), and using the second of (27), the function 
* disappears and the equation reduces to 

(iJ'-«'-<rsin'fl)* + ^SAi8in*^ = (31) 

Since by (30) - *• cos' 5 * = i ^^ {i?" - «» + ^ sin' 5) *, (26) may be 
written 

26jUi= r/)-ffC08^+i^^(D>-«» + ffsin»fl)l* + s'4> (32) 

The equations (30), (31), and (32) define ^ and $, and furnish the 
equation which must be satisfied. 

If we denote cos ffhy /t the zonal harmonics are defined by 



" 2'i I \dfij 
The following are three well-known properties of zonal harmonics : 



(33) 



/iP, + ii>t.,.0 

.(2i+l)P, (35) 



(.+ l)P,H.,-(2l+l),iP, + ii>t.,.0 (31) 

dfi dft 

ll P'i . s<i> are the two tesseral harmonics of order t and rank e, it is also 
sin ^ 

known that 



^=a-/*')*'^' <36) 

Let us now assume 

These must now be substituted in our three equations (30), (31), (32), 
and the result must be expressed by series of the i*| functions. It is clear 
then that we have to transform into i^ functions the following functions of 
Pj, namely 

-X^(D'-i'±<ram^8)P't. cos^Pl 

fi) - ff cos e + i ^^ (!>• - s» + o- 8ln» ^)1 P; 
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If we differeatiate (33) s times, and express the result by moans of the 
operator D, we find 

(C-«')i^ + >(. + l)f;sm'» = (37) 

Again, differentiating (34) s times and using (35), we find 

(.■-»+l)P;+,-(2i + l)cos9i^ + (V + s)P;.,-0 (38) 

lastly, differentiating (86) once and using (33), (35), and (38) 
np._.-(.-.+ l)„ _(m)(i+£)„ 

By means of (37), (38), and (39) we have 

j^(J>--»"±-'!to'«)i1-[-i(«' + l)±^]P; 



[^-' + i^<^-'' + '"^'«>]« 



(.-« +i)[^+i(i-i)] p. _(i+«M5+(»>i)ii+2ap. 

2(2. + l) '+' 2(2i + l) *-' 

Therefore the equations (30), (31), (32) give 

x[.!(-i(i+i)+.ip:+2^,3;{it?ji>:_,+':ji^p;«)].o 

s[«j-.-(i+l)-.r)P: + ^CK]=0 

(.■ + .)[,7 + (.- + l)(.- + 2)]„ Ifl.^p.'l.o 
+ 2("2i+l) ' '-'] t^''"^]'" 

Since these equations must be true identically, the coefficients of PJ in 
each of them must vanish. Therefore 



:^l,T-i(.+i)i+2,Hk„'-i 



-+«-.S-o 



-ff,\^^■Hi■^^] + *^O•,.0 






(i-.)[,rH-«-l)(.--2)] 
-' 2(2i-l) 

i H-t + l) {<r 4.(. + 2)(i + 3)] 
2(2< + 3) 



jSls-sO 



..(40) 
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If we elimin&te the it's and ffa from the third equation (40) by means of 
the first two, we find 



it, 

where 



S-.c;-.-uc;+vU.ou.-^E- (41) 



i:-:.r^T^.; 



«'-f)[,r-Hi-l)(i-2)] 



[lii+iy-i ' ][, + (i + 2)(i + S )] 7Jj_ 

-(. + l)(i + 2)][<r+i(i+l)] ima 
-(i-,)(i-a-l) 



S-,- 



*?t+l — 



{2i-l)(2i-3)[ff-(i-l)i] 
(i + <+l)(t + 8 + 2) 



"(2»+3)(2i + 5)[<r-(i+l)(i+2)] 
In the case of the luni-solar semi-diurnal tide (called K, iq the notation 
of hannonic analysis) we have t=:2, « = 2, o- = 2. Hence it would appear that 
these formulae for L', fj_, fiiil by becoming indeterminate, but i and s are 
rigorously integers whereas <r depends on the 'speed' of the tide ; accordingly 
in the case referred to we must regard terms involving » ~ s as vanishing in 
the limit when o- approaches to equality with t(^~l)- ^^' ^^^ particular 
case then we find 



The equation (41) for the successive G's is available for all values of » 
provided that C_,, ,B_,, C^, E^ are regarded as being zera 

As in the case of the zonal oscillations, the equations with odd suffixes 
separate themselves from those with even suffixes, so that the two series may 
be treated independently of one another. Indeed, as we shall see immediately, 
the series with odd suffixes are satisfied by putting all the C'a with odd 
suffixes zero for the case of such (wcillations as may be generated by the 
attractions of the moon or sun. 

For the semi-diurnal tides i = 2, 8 = 2, and / is approximately equal to 
unity. Hence the equilibrium tide is such that all the E^, excepting E\, are 
zero. 

For the diurnal tides i = 2, « = 1, and/ is approximately equal to ^. 
Hence all the S'l, excepting E\, are zero. 

Since in neither case is there any E with an odd suffix, we need only 
consider those with even suffixes. 



In both cases the first equation among the G's is 

-L\Cl + v'4G\~fi-E\ (« = 2orl) 
4ma ' ^ ' 
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It follows that if we were to write 



the equation of condition amongst the C's would be of general applicability 
for all even valuea oft fix>m 2 upwards. 

The symbols ^, % do not occur in any of the equations, and therefore we 
may arbitrarily define them as denoting unity, although the general formulsB 
of f and 1} would give them other values. Accordingly we shall take 

* " 4ma ' ^ ' 

With this definition the equation 

ti-*GU-L\a[ + 7iU,GU, = (s^ 2 or 1) 
is applicable for i = 2, 4, 6, etc 

It may be proved as in the case of the tides of long period that we may 
regard Oj/C^, as tending to zero. 

Then our equation may be written in the form 

and by succeseive applications the right hand side may be expressed in the 
form of a continued faction. 

Let ua write fl|.S=ll! &iy |r%'- 

Hence our equation may be written 

"-• c; m 






It follows that 

Then since we have defined 

,;=1 and Ct^-^E{ 
all the C's are expressed in terms of known quantities. 

Hence the heightof tide f) is given by 
il = 2A(Cos(2n/i + *^ + a) 
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But the equilibrium tide t is given by 

t = ElPt coa {2nft + «0 + o) 

Hence we may write our result in the following form, which shows the 
relationship between the true dynamical tide and the equilibrium tide : — 

From a formula equivalent to this Mr Hough finds for the lunar semi- 
diurnal tide (a= 2), for a sea of 1210 fathoms (t^= A) > 

I) = ^, J10396J^ + '57998/=^ - -19273;^ + -03054/^8. ..} 

This formula shows us that at the equator the tide is 'inverted,' and has 
2'4187 times as great a range as the equilibrium tide. 

For this same ocean he finds that the solar semi-diurnal tide is 'direct' at 
the equator, and has a range 7*9548 as great as the equilibrium tide. 

Now the lunar equilibrium tide is 22 times as great as the solar equili- 
brium tide, and since 2*2 x 2-4187 is only 5'3 it follows that in such an ocean 
the solar tides' would have a range half as great again as the lunar. Further, 
since the lunar tides are 'inverted' and the solar 'direct,' spring-tide would 
occur at quarter-moon and neap-tide at full and change. 

We give one more example from amongst those computed by Mr Hough. 



-= il.be 
a V 






6 = -^, (1-7646PS - -06057/^ + -QOIUTK-} 

At the equator the tides are 'direot' and have a range l'd225 as great as 
the equilibrium tide. In this case the tides approximate in type to those 
of the equilibrium theory, although at the equator, at least, they have nearly 
twice the range. 

Our space will not permit us to give others of the remarkable conclusions 
reached by Mr Hough. 

We do not give any numerical results for the diurnal tides, for reasons 
which will appear from the following section. 
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§ 19. DiuTTial tide approximaiehf evanescent. 

The equilibriutu diurnal tide is given by 

e = E\P\ cos (2n/J + ^ + a) 

where/ is approximately J and the associated function for t = 2, s=l is 

i^, = 3 sin (? COS 5 

Now the height of tide is given by 

t = tG'iFi cos (2n/i + + a) 

and the problem is to evaluate the constants 0% 

If possible suppose that g is also expressed by a single term like that 
which represents t, so that 

6 - ZC\ sin d cos d cos (2n/% + </> + a) 

Then the differential equation (17) to be satisfied becomes 

rt dw 1 rt\ cos ^ dw 

I , J / sm " *> ^ 

t{G\-E\) 



(/ . rt dw 1 rt\ cos ^ dw « 1 



where u is written for brevity in place of sin cos ff. 

Now when /is rigorously equal to i, it may be proved by actual differen- 
tiation that the expression inside ( } vanishes identically, and the equation 
reduces to Og = 0. 

We thus find that in this case the differential equation is satisfied by 
zero oscillation of water level. In other words we reach Laplace's remarkable 
conclusion that there is no diurnal rise and fall of the tide ; there are, it is 
true, diurnal tidal currents, but they are so arranged that the water level 
remains unchanged. 

In reality/ is not rigorously ^ (except for the tide called K,) and there 
will be a small diurnal tide. The lunar diurnal tide called O has been 
evaluated for various depths of ocean by Mr Hough and is found always to 
be small. 
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ON THE DYNAMICAL THEORY OF THE TIDES OF 
LONG PERIOD. 

[pToceedinga of the Royal Society of London, XLi. (1886), pp. 337 — 342.] 

In the following note an objectioD is raised a^inst Laplace's method of 
treating these tides, and a d3mamieal solution of the problem, founded on 
a paper by Sir William Thomson, is ofiFered. 

Let 0, <j>he the colatitude and longitude of a point in the ocean, let f and 
17 sin $ be the displacements from its mean position of the water occupying 
that point at the time t, let il be the height of the tide, and let t be the 
height of the tide according to the equitibrium theory; let n be the angular 
velocity of the earth's rotation, g gravity, a the earth's radius, and 7 the 
depth of the ocean at the point 0, t^. 

Then Laplace's equations of motion for tidal oscillations ats 

And the equation of continuity is 



..(1) 



»"+rosjCf"<''+''^-» « 

The only case which will be considered here is where the depth of the 
ocean is constant, and we shall only treat the oscillations of long period in 
which the displacements are not functions of the longitude. 

As the motion to be considered only involves steady oscillation, « 
t = e cos (2ii/( + o) 
^ = hcoB{2n/t + a) 

^ = xcoBi^n/t + a) ■ 

1} = y sin (2nft + a) 
U"A— e 



..(3) 
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Hence, by aubstitntion ia (1), we have 



«</--co,-«)-j^j5 

COI 

~7~de 

Then substituting for x and y in (2), which, when 7 \b coustant and 17 is 
not a fiinction of 0, becomes 

This is Laplace's equation for tidal oscillations of the first kind*. In 
these tides ^ is a small fraction, being about ^ in the case of the fortnightly 
tide, and e the coefficient in the equilibrium tide is equal to E{^ — co&*0), 
where £ is a known function of the elements of the orbit of the tide-gene- 
rating body, and of the obliquity of the ecliptic. 

If now we write j8 = Amajf, and ^ = cos 5, our equation becomes 



|.[.V:-^r:]-^[«-^«-'"M c) 



In treating these oscillations Laplace does not use this equation, but 
seeks to show that friction suffices to make the ocean * assume at each 
instant its form of equilibrium. His conclusion is no doubt true, but the 
question remains as to what amount of friction is to be regarded as sufficing 
to produce the result, and whether oceanic tidal friction can be great enough 
to have the effect which he supposes it to have. 

The friction here contemplated is such that the integral effect is repre- 
sented by a retarding force proportional to the velocity of the fluid relatively 
to the bottom. Although proportionality to the square of the velocity would 
probably be nearer to the truth, yet Laplace's hypothesis suffices for the 
present discussion. In oscillations of the class under consideration, the water 
moves for half a period north, and then for half a period south. 

Now in systems where the resistances are proportional to velocity, it is 
usual to specify the resistance by a modulus of decay, namely, that period in 

* Mieaniqu* Otiute. 
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■which a velocity is reduced by friction to e~' or X -^ 2'783 of it8 initial value ; 
and the friction contemplated by Laplace is auch that the moduluB of decay 
ia abort compared with the semi-period of oBcillation. 

Tbe quickest of the tides of long period is the fortnightly tide, hence for 
the applicability of Laplace's conclusion, the modulus of decay must be abort 
compared with a week. Now it seems practically certain that the irictiou 
of the ocean bed would not much affect the velocity of a slow ocean curreDt 
in a day or two. Hence we cannot accept Laplace's hypotheais as to the 
effect of friction. 

We now, therefore, proceed to tbe solution of the equation of motion 
when friction is entirely neglected. 

The solution here offered is indicated in a footnote to a paper by 
Sir William Tbomaon (Phil. Mag., Vol u, 1875, p. 280), but has never 
been worked out before. 

Ilie symmetry of the motion demands that u, when expanded in a aeries 
of powers of ft, shall only contain even powers of ft. 
Let us assume then 

^^V-l--^'" ■'*'"■'•■•■' *'^"'"'-'- 

Then 



r,\}^.P^-B.*S(B.-B,)^',...+&i + lHB^.-B,^.)^'. 



..(6) 



Again 

^.-/•S„. + (B.-/-B.),.'+...+(B^.-/'B.„)^«" + ... 
».0-!/-S.'+}(S,-/'5.)^'+...+i(B^-/'fi^,),.« + ... 

(6> 

where (7 is a constant. 

Then substituting Irom (5) and (6) in (4), and equating to zero the 
successive coefficients of the powers of ft, we find 

a — iE+Bjff J 

B,-B,(l-^fm + iffE.O 



..(7) 



ThuB the conatantB C and B„ Bt, &c., are all expressible IR terms of £,. 
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We may remark that if 

-i.i.j8B-, = i/3fi^, or B-^ = -2E 

then the geDeral equation of condition in (7) may be held to apply for all 
values of i trom 1 to infinity. 

Let us now write it in the form 

S^^ * «(«+!)/ P'^'ii&i-fnP ff^^ \°f 

When i ie large, B^^^jBii^i either tends to become infinitely small, or it 
does not do so. 

Let us suppose that it does not tend to become infinitely small. Then it 
is obvious that the successive Bs tend to become equal to one another, and 
so also do the coefiScients S^-i — /'■Bii+, in the expreseion for dujdfi. 

Hence -i- = L + ^ ., where L, M are finite, for all values of it. Hence 

o/* 1 — /*' 

-,^ = — L'Jl — uf+ i-^ , and therefore x is infinite when u = 1 at the pole, 

de '^ ■Jl-ft* 

and d^jdt is infinite there also. 

Hence the hypothesis, that Bti^j/B^-, doea not tend to become Infinitely 
small, gives ua infinite velocity at the pole. But with a globe covered with 
water this is impossible, the hypothesis is negatived, and £^,/£,(_, tends to 
become infinitely small. 

This being established let us write (8) in the form 

^it-i _ ~a.(8i+i)P ,Q^ 

■Si" l-ii<i«|/"'9--B«-,/B^. 

By repeated applications of (9) we have in the form of a continued 
fraction 

Btir-i _ _ ~ti(M-n)P i"*" (iPt-a )(M+3> P 1"*" (M+« )( aitB) P I +<*♦'- 

(10) 

And we know that this is a continuous approximation, which must hold 
in order to satisfy the condition that the water covers the whole globe. 

Let us denote this continued fiwjtion by — Ni. 
Then, if we remember that B_i = — 2E, we have 

B, = iEN^, § = -N„ |^ = + JV„&c 
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SO that 

fi, = - 2AW,^■„ B, = - 2ENrS'jN„ B, = - ^EN^N^N^N^, &c. . 

and C = -ii;+2:^ 

Then the height of tide t is equal to A coe (2n/l + a), the equilihrium 
tide t is equal to £ (| — /i*) coe (2n/2 + a), and we have 
*.» + £«-,.■) 

.C+ti--(£+ !/•£,),,• + J (A -/■B.)^'+ J(-B.-/'£.),.'+... 
t_2J, 
E ff 

Now when ^ = 40, we have y == ^ X 4ma = ^^ a .> 7260 feet ; so that 
j9 = 40 gives an ocean of 1200 fathoms. 

With this value of /3. and with / = -O365012. which is the value for the 
fortnightly tide, I find 
if,-3'0«e92, ff,-l'2013r, N, = -6el44, i»",.-42819, if, =-29819 
S,- -21950, Jf,. -1681*, if,--13287, Jf.-lOJ, ir„ = 'l, &c 
These values give 

|a',--16203, l+/'Jf,. 1-0041, 4if,(l+/'ir0.1-S228 

JJfiJf.Cl -f/'if J - 1-2187, iS,N,N,(l +f'N,) - -6099 

Jjr,... J".(l+/'Jf,)- -2089, JJT, ... Jf,(l+/'Jf,) = -0619 

tjr,...jr,(i-i-/'ir,)- -0098, is,... nai+/'N,)--oou 
J jf, . . . jf, (1 + /-if,) - 00017, &c 

So that 
^ - -1520 - 1-0041/«" + 1-5228^' - 1-2187^' + -emSii' - -2089/." 

+ -0519/*" - -0098^" + -001 4/t" - -0002/*" + ... 
At the pole, where ^=1, the equilibrium tide is — ^E; at the equator it 
is+}J^. 

Nowatthepole * = - J X -1037=i-}£x -1556 
and at the equator A.>4-^x ■1520=- ^£!x-4561 

In a second case, namely, with an ocean four times as deep, so that 
/9-10, I (nd 

A = -2363 - 1-0016,.' + -5910;!' - -1627/i' + -0268/.' - -002e,i» + •0002,i» - . .. 

At the pole *--£x -3137--Jf x-471 

at the equator A = + £x -2363- + J£x '709 
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With a deeper ocean we should soon arrive at the equilibrium value for 
the tide, for JV„ Nt, &&, become very small, and 2iVi/^ becomes equal to J. 

These two cases, /3 = 40, ^ = 10, are two of those for which Laplace has 
given solutions in the cases of the semi-diurnal and diumal tides. We notice 
that, with such oceans as we have to deal with, the tide of long period is 
certainly less than half its equilibrium amount. 

In Thomson and Tait's Natwat Philosophy (edition of 1883) [Paper 9, 
p. 340 above] I have made a comparison of the observed tides of long period 
with the equilibrium theory. The probable errors of the results are large, 
but not such as to render them worthless, and iu view of the present in- 
vestigation it is surprising to find that on the average the tides of long 
period amount to as much as two-thirds of their equilibrium value. 

The investigation in the Natural Philosophy was undertaken in the belief 
of the correctness of Laplace's view as to the tides of long period, and was 
intended to evaluate the effective rigidity of the earth's mass. 

The present result shows us that it is not possible to attain any estimate 
of the earth's rigidity in this way, but as the tides of long period are dis- 
tinctly sensible, we may accept the investigation in the Natural Philosophy 
as generally confirmatory of Thomson's view as to the great eflfective rigidity 
of the whole earth's mass. 

There is one tide, however, of long period of which Laplace's a);gumeat 
from friction must hold true. Li consequence of the regression of the nodes 
of the moon's orbit there is a minute tide with a period of nearly nineteen 
years, and in this case friction must be far more important than inertia. 
Unfortunately this tide is very minute, and as I have shown in a Report 
for 1886 tu the British Association on the tides [p. 166, above], it is entirely 
masked by oscillations of sea level produced by meteorological or other causes.- 

Thus it does not seem likely that it will ever be possible to evaluate the 
effective rigidity of the earth's mass by means of tidal observations. 



Digitized by L.tOO'JIC 



12. 

ON THE ANTARCTIC TIDAL OBSERVATIONS OF THE 
'DISCOVERY.' 

[To be published hereafter aa a cotUribution to the adentific 
results of the voyage of the ' Discovery.'^ 

The 'Discovery' wintered in 1902 and in 1903 at the south-eastern 
extremity of Robs Island, on which Mount Erebus is situated, in south 
latitude 78° 49' and east longitude 166° 20'. 

The station is near the west coast of a great bay in the Antarctic 
Continent, and the westerly coast line nins northward from the station for 
about 9° of latitude. To the eastward of the bay, however, the coast only 
attains a latitude of about 75° and follows approximately a small circle of 
latitude. Since the tide-wave comes from the east and travels to the west 
the station is not sheltered by the coast to the westward, and the continent 
to the eastward can do but little to impede the fiill sweep of the tide-wave 
in the Antarctic Ocean. It is true that Ross Island itself is partially to the 
east of the anchorage, but it is so small that its influence cannot be important. 
Of course the westward coast line must exercise an influence on the state of 
tidal oscillation, for regarding the tide-wave as a free wave coming in Irom 
the east, it is clear that it will run up to the end of the bay and then wheel 
round northward along the westerly coast. It would seem then that the 
situation is on the whole a good one for such observations. Of course their 
value would have been much increased if it had been possible to obtain other 
observations elsewhere. 

The following account by Lieutenant Michael Bame, R.N., explains the 
manner in which the tidal observations were made. 

" On our arrival in the vicinity of our winter quarters on Feb. 8th, X902, 
a good deal of the previous year's ice remained attached to the land. As 
there was no foreshore, and pieces of this ice were constantly moving out, it 
was impossible to erect a tide-pole. With the final departure of the old ice. 
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the temperature fell, and young ice formed continually, only to be quickly 
broken up by the almost incessant easterly winds. 

" As this state of affairs promised to last for a considerable time, an effort 
was made to obtain records of the tides. A stout graduated pole was erected 
alongside the ice foot in about 10 feet of water, the lower end being heavily 
weighted and the upper end securely guyed. Some intermittent observa- 
tions were secured in this manner, but they are probably of little value, as 
the ice was continually forming round the pole, which was only with difficulty 
freed &om it. Besides this, communication with the shore, and consequently 
approach to the tide-pole, was constantly interrupted. 

" On the ship being finally frozen in, a tide gauge of the following nature 
was erected (Fig, 1). 



■Indicator 

25lb. ainkera 




"A single length of pianoforte wire (sounding wire) was led through 
a block, secured to the head of a tripod. One end of this length was attached 
to eight 25 lb. sinkers, which were lowered to the bottom. Four 25 lb. 
sinkers were secured to the other end in such a manner as to allow of their 
free movement, between the ice and the block, as the ice, with the tripod, 
rose and fell with the tide. An indicator was clamped to the wire, and a 
suitable scale secured to the tripod. 

"It was thought that the motive force supplied by the weight of four 
sinkers, would be sufficient to draw the smooth surface of the wire through 
the ice, as the water rose and fell ; whilst, in case it should &il to do so, the 
weight of eight sinkers would not be sufficient to break the wire. 

" As it was considered possible that the ice, owing to the proximity of the 
land, might not maintain a uniform position relative to the surface of the 
water, a small hole was occasionally opened close to one of the tripod legs. 
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to which was attached a mark, indicating the height to which the water 
should rise. A few obeervations shewed that no error from this cauae was to 
be apprehended. 

" This gauge was placed about 200 yards from the ship, and two-hourly 
readings with but slight intemiptioii were continued from April 12th to 
April 28th. 

" Some sluggishness in its movement which was eventually noticed, and 
its final breakdown was possibly partly due to the thickening of the ice, but 
principally I think to the fact that too small a block was employed at the 
tripod head. The scale was, by accident, secured so that the readings 
increased upwards; consequently they have to be inverted*. 

" It was originally intended to place a tide gauge in the ship, owing to the 
far greater convenience of position, but it was thought that the position 
of the ship relatively to the water surface might alter and this might lead 
to errors. It was hoped that, by placing one on the ice as well as one in 
the ship, check observations might be obtained to detennine if this source 
of error existed. This was eventually accomplished on April 25th, but by 
the time the ship gauge was erected, the outside gauge had ceased to be 
entirely aatisfectory for the reasons given. The observations however shew a 
close approximation of movement. 

" The ship gauge was arranged as shewn in Fig. 2. The supporting blocks 
were secured rigidly, and, until May 10th, the wire was led directly through 
the ice. As the friction was gradually increasing, a suggestion made by 
Dr Wilson was adopted on that date, and the wire was taken through a tube, 
filled with paraffin oil, and closed at the top and bottom with a hard wooden 
plug through which the wire passed. A maximum and minimum arrange- 
ment, with balanced weights, was added as shewn in the sketchf. Un- 
fortanately, both on May lOth and May 12th, in re-fitting the gauge, the 
indicator had to be fixed afresh, and therefore the observations cannot be 
referred to a common zero. 

"A mark was placed on the ship's side to ascertain any vertical move- 
ment of the ship relatively to the water surface, and a long plummet was 
secured in the engine-room, to shew any alteration in her inclination to 
the vertical. 

" On April 6th, 1903, the tide gauge was re-erected, and observations con- 
tinued ; but, owing to the large number of observers employed, the maximum 
and minimum arrangement was not fitted. 

" The height of the mark (6) on the ship's side above the water, was 
ascertained about once a month, in the same manner as during the winter 

■ This ovenight was rectified ttefore Ha; 13. Q. H. D. 
t No use has been made of tbia arrangemeDt, Q. H. D. 
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of 1902, i.e. by digging a hole through the ice below the mark, and measuring 
its height. Oo these occaaions the difference between the heights of the 
leading blocks was measured in the following manner. A wooden scale (c) 
marked in half-inches was secured to the beam {a), in a vertical position. 




close to the outer block, with its zero mark on a level with the top of the 
sheave. A wooden instrument, shaped like the letter T, and having a lead 
weight attached to its lower end, and a hole A (see Fig. 3) in the centre of 
its upper end, was hung, freely, on a nail, in such a manner that its upper 
side was horizontal, and on a level with the top of the sheave of the inner 
block. By bringing the eye on a level with the upper side of this T-piece, 
and noting the position on the scale at which the upper side, if produced, 
would cut it, the reading of the scale was obtained which gave the difference 
in height of the blocks. 



Digitized by L.tOO'JIC 



376 UEUTENANT BARNE ON THE METTHOD OP OBSKEVATION. [12 

" By taking periodical measurements of the height of the mark, and the 
difference between the heigbta of the blocks, data were obtained, by which 
readings could be corrected for alteration of the trim and the list of the ship 



L 



D 



respectively and reduced to a common zero, namely that on April 6th, when 
the tide gauge was erected for the winter of 1903. 

"On Sept. 2lBt, 1903, the wire carried away close to the place where it 
was secured to the weight resting on the bottom. On examination, the wire 
was found to be greatly eaten away, from the point of attachment to a height 
of several feet, presumably on account of an action between the caat-iron 
sinkers, and the steel pianoforte wire." 

The series of hourly observations was occasionally interrupted by accidents, 
and the trim and list of the ship changed a little from time to time. 
Accordingly it is not possible to treat the observations as a continuous whole. 
The series was therefore broken into a succession of months, so chosen as to 
avoid periods of manifest irregularity or of accidental interruption, and each 
month was treated independently. 

The choice of the method of harmonic analysis to be employed seemed 
to lie between that explained in the Admiralty Sci^itific Manual and that 
devised for the use of the tidal Abacus*. The method of the Manual is 
considerably more laborious than the other, and it was highly desirable 
that the Abacus should be used if it could be trusted for a short series of 
observations. I therefore asked Mr Wright, who carried out the reductions 
and was bmiliar with the use of the Abacus, to reduce the first month in 
duplicate by the two methods. Curves were drawn through ordinatea repre- 

* ifumtdl of Seientijie Inquiry, Article Tidet; and "On an ^p>n(iu for fooilitatiiig the 
cedDction of tidal obaentMoaa," Ptvc. H«y. Soc., Vol. o3, p. 345. [Papers 4 »nd6in thisTolnme.] 
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senting the mean height of water at the 24 hours of mean lunar time, as 
derived in the two waya Although the whole ninge of height in the 24 
mean lunar hours was only about six inches, the two curves shewed a 
substantial agreement. The same process was then applied with 0-time, 
when the range was found to be about 15 inches, and the i^eement of 
the two curves was very close. The method of the Manual shewed several 
sharp peaks or irregularities in the curves which were nearly smoothed out 
by the use of the Abacus. Such peaks would not affect the values of semi- 
diurnal or of dinmal components to a sensible amount, and as they are 
clearly accidental, I concluded that the use of the Abacus was quite satis- 
factory, and accordingly that method was adopted throughout. 

In the use of harmonic analysis it is necessary that the month under 
discussion should differ a little in length according to the tide which is being 
evaluated. For finding the M,-tide months of 30 days or of 29 days would 
be almost equally advantageous, but as 30 days gives us one more day of 
observation that period was adopted. Similarly 30 days is appropriate for 
the Sg-tide. For a short period of observation it is necessary to regard this 
tide as compounded of the S, and K, tides, and we must also suppose its 
range to vaiy with the sun's parallax. The separation of these two tides 
trom one another depends on theoretical considerations, which appear to be 
well founded. 

Similarly in a short series of observations the K, and F tides must be 
treated as fused together in a single tide, and they are separable by 
theoretical considerations only. For these two tides a month of 27 days is 
appropriate. 

Lastly the analysis for the 0-tide demands the use of a month of 
28 days*. 

I determined, then, to separate the months in such a way that the 
shortest months (27 days) should follow one another as closely as possible, 
while the longer months should overlap slightly. Whenever any event 
occurred, whereby it seemed likely that the observations might be vitiated, 
the months were chosen so as to omit the time of possible or actual ab- 
normality. 

It was clearly desirable that the largest possible number of independent 
or nearly independent months should be discussed This consideration led 
in one case to an overlap of as much as six days; thus the fiflih month of 
27 days ended on October 19, while the sixth month began on October 13. 

In the few cases where hourly observations were missing, the delects were 
made good by interpolation. Although the observations began in April, 1902, 
the first satisfiictory continuous period began on May 12. It will be well to 

* This DM of miHitiM of Tarioat lengths UMOuitete* some bihkII arithroeUoftl ohuigM in the 
method as eiplained in the paper on the Appftratna referred to aboTe. [See p. 236 above.] 
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state the epochs for the succession of twelve months which it was possible 
to obtain, and to add a few comments on the observations. 

First month. This begins with C" May 12, 1902. The observations 
really begin at 2'', but extrapolated values were used for C and 1". 

Second month. This begins with O"" June 5, 1902. 

On the afternoon of July 5 the wire attached to the sinker parted and 
the observations ceased. The apparatus was only reinstalled at 5 p.m. on 
Jnly 23rd. 

l%ird month. This begins with C" July 24, 1902. 

Fourth month. This begins with 0^ Aug. 23, 1902. 

Fifih month. This begins with 0^ Sept. 23, 1902. The height for 6" on 
October 20 was interpolated. 

On October 1 it was found that the ship bad shifted so as to affect the 
readings by one inch. The date at which the shift had occurred was un- 
known, and moreover so small a change could not affect the results sensibly. 

8icah month. This begins with 0^ Oct. 13, 1902. On Nov. 9, the four 
hourly values, l"" to 4" inclusive, were missing and were supplied by inter- 
polation. 

As already remarked this month considerably overlaps the one before 
it. This was necessary if a seventh month was to be secured before the 
observations ceased for the season, but the choice of the stage at which 
the overlapping should be made to occur was more or less arbitrary. 

Seventh moath. This begins with C' Nov. 13, 1902. The observation for 
22'' of Dec. 9 is missing and was supplied by interpolation. On Dec. 18 the 
wire parted and the series ended for the year. 

In the second winter, that of 1903, somewhat greater care seems to have 
been taken to note the small shifting of the ship. 

Eighth month. This begins with tf" April 6, 1903. Between April 22 and 
May 3 the ship shifted so as to make the readings too high by 3 inches, 
compared with the earlier ones. As an arbitrary correction I deducted one 
inch from all heights from 0^ April 24 to O'' April 27 ; from l*" April 27 to 
0* April 30 I deducted two inches ; and for the rest of the month the full 
three inches. These arbitrary corrections were submitted to independent 
harmonic analysis, and it appeared that they afforded corrections so minute 
as to leave the tidal constants virtually unchanged. 

yinth month. This begins with tf" May 9, 1903. The ship shifted 
considerably at some time about June 12, and as it is only possible to obtain 
one month before that date, there is an unutilized gap of a few days between 
this month and the one before it. 
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Tenth month. This begine with 0* June 15, 1903. On July 10 a sensible 
ahift in the trim and height of the ship was discovered. This necessitates 
the addition of 4} inches to all heights, 2} inches being due to angular 
movement and 2 inches to vertical movement. As an arbitrary correction 
I added 2 inches to all heights from C* July 8 to (y* July 9 ; and afterwards 
I added the full 4^ inches. 

Eleventh month. This begins with 0^ July 14, 1903. 

Twelfth month. This begins with O"" August 14, 1903. 

After Sept. 8 the observations were only taken every two hours, and for 
the remainder of the month the values at the odd hours were interpolated. 

The observations stop on Sept, 20, but are not used in the reductions 
after Sept. 13. 

No corrections have been applied for changes in the barometric pressure. 
As the application of such a correction would have been very laborious and 
moreover somewhat speculative, I have relied on the automatic elimination 
of the inequalities produced by taking mean values. 
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The values of U and k are somewhat irregular from month to month, and 
it is therefore nob permissible to adopt the mean values of H and k as 
rejo^senting the mean tide. I have therefore formed H cos k and H sin k for 
each month and have taken the mean of each as giving the mean values of 
H cos K and H sin k. It is easy to compute frvm these the proper mean 
values of H and « for each tide. The results are given in the following 
table :— 

Mean values of tidal constants. 





Semidiamftl tides 




Diurnal tidei 


M, 


H = 1-966 inches = 0-164 feet 


Ei 


H = 9-24S inohes = 0-770 feet 




« - 8°-9 = 10° 




« _ 14°-06 - U" 


8. 


E - 1-142 iDches == 0-096 feet 


P 


H .^ 3-082 inches = 0-2fiT feet 




K = STS'-l = 272° 




. = 14°-0fi = 14* 


K, 


H - -311 inches - 0-026 feet 





H = 8-264 inches - 0-772 feet 




E - STS--! = 272'' 




< =359'-5 - 0° 



The sum of the semi-ranges of the three diurnal tides is 21'6 inches and 
of the three semidiurnal tides is only 3'4 inches. This result corresponds 
with the fact that little trace of the semidiurnal tide is to be discovered 
from mere inspection of the tide curve. 

When tidal observations have been reduced it is always important to 
verii^ that the constants found do really represent the tidal oscillation, for in 
computations of such complexity it is always possible that some gross mistake 
of principle may have slipped in unnoticed. Such a verification is especially 
important in a case where the tides are found to be very abnormal, as here, 
and where the results from month to month are not closely consistent. 
I accordingly asked Mr Glazebrook to run off curves for two periods with the 
Indian tide-predicter at the National Physical Laboratory. The constants 
used were the means for the tides evaluated. It is probable that a better 
result would have been attained if a number of other tides, with constants 
assigned by theoretical considerations from analogy with the constants actually 
evaluated, bad also been introduced ; but I did not think it was worth while 
to do so. Evidence will be given hereafter to shew that the smaller elliptic 
diurnal tides must exercise an appreciable influence. 

The periods chosen for the comparison were about three weeks beginning 
on May 12, 1902, and nearly, the same time in November. It does not seem 
worth while to reproduce the whole of the observed and computed curves 
for these periods. The observed tide-curve has frequently sharp irregularities 
presumably produced by weather or by unperceived shifts of the ship, and 
the maxima are sometimes sharp peaks instead of Sowing curves. However, 
on the whole the computed and observed curves follow one another very well, 
at least throughout all those portions where the diurnal tide is pronounced. 
Where the diurnal inequality is nearly evanescent, and the semidiurnal tide 
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becomes perceptible the discordance is sometimes considerable, although even 
in these cases every rise and fall of the water is traceable in the computed 
curve. Such discordance was inevitable, for at this part of the curve all 
those tidal oscillations which have any importance have disappeared, and 
only those tides remain which are veiy small ; moreover most of these tides 
are avowedly omitted from the computed curve. 

I give two figures. The first (Fig. 4) shews the two curves where the 
diurnal tide is large, viz. from 0^ May 24tb to 0*" May 25th, 1902 ; it is a 
rather iavourable example of the general agreement referred to above. The 
second figure (Fig. 5) la selected because it exhibits by fiir the worst discord- 
ance which occurred in the six weeks under compariaon. 

I conclude that the reductions are quite as good as could be expected 
from tide-curves which present as much irregularity as these do. It would 
not be possible to make a very good tide-table from the constants, but no 
one wants a tide-table for Ross Island, We only need sufficient accuracy to 
obtain an insight into the nature of the Antarctic tides, and the constants 
are quite sufScient for that end. 

When the mean heights of water at the 24 hours of mean lunar time 
were plotted in curves for each month, it became obvious that a pure serai- 
diurnal inequality did not represent the fects very closely, and that there 
remained also a sensible diurnal inequality. Such an inequality is given by 
the tide M,, and if we neglect the minute portion of the tide M, which 
depends on the terms in the tide-generating potential which vary as the 
fourth power of the moon's parallax, such an inequality is found to depend 
on the composition of two elliptic tides with speeds >y — tr — « and 7 — o- + w. 
The genesis of this compounded tide is explained in the report to the British 
Association for 1883 [Paper 1], 

I accordingly thought it worth while to evaluate the M, tide for each of 
the twelve months under reduction. The results come out sufficiently dis- 
corduit to render it impossible to assign any definite value to the tide, yet 
there appean to be some sort of method in the phases. Thus the phases for 
the twelve months come out for 1902 9", - 8°, - 46°, 6°, - 32°, 70°, 12°, aitd 
for 1903 6°, - 159°, - 179°, - 42°, - 10°. 

Two of the phases, those for the 9th and 10th months, are very discordant, 
but for these months the amplitude of Mi is small ; it is also very small for 
the 6th month with phase 70°. The mean of all the other phases is such 
that K is pretty small, and this agrees with what is to be expected because k 
for the tide O is small. It thus appears pobable that there has been 
a sensible disturbance fi»m the M, tide of the values of the mean heights of 
water as arrai^ed in mean lunar time. It should be noted that the whole 
amplitude of oecillation is so small that it is really surprieiog that this effect 
should be traceable at alL 
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SEASONAL CHANGE IN LUNAR SEMIDIURNAL TIDE. 



(12 



There is one feature in the results which is so 8in{|;ular that it ia well to 
refer to it. If we look at the heights and phases of the M,-tide it will be 
observed that there is a progressive change both in amplitude and phase as 
the season of 1902 advances, and this change is repeated in 1903. 

Mere inspection does not convince one of the degree of regularity, and 
I have therefore prepared a figure which exhibits the march of H coa k and 
of H sin K. The values for each month may be taken to appertain to the 
middle of the month, and the points surrounded by rings in Fig. 6 give the 
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values for the season of 1902, while thoee marked with crosses give the values 
for 1903. The broken line shews conjectural curves which appear to satisfy 
the observations. The conjectural curves are such that (in inches) 

Hcos« = l-66--7Scos(.j*+ 2°) 

Hsin*- -23 + -53 cos (i/t + 79°) 

where »j is 360° per annum and t is expressed in months. 

There would thus be an annual inequality in H cos x and H sin «, and 
their mean values, viz. I'65 and 0*23 inches, would shew that the mean lunar 
semidiurnal tide is expressed by H — 1 J inches, k = 8°. 

The mean given previously as derived only from the observations was 
H = 2 inches, * - 10°. 

It will be noticed that the greatest retardation occurs about midsummer, 
and at the same season there is a considerable decrease of amplitude It is 
almost impossible to believe that the thawing of the sea could decrease the 
amplitude of the tide, although it might possibly increase it. 

It would be strange if this result, depending as it does on 12 independent 
observations, should arise from mere chance. Yet there is no astronomical 
tide which can give an annual inequality in the lunar semidiurnal tide. 
I note that if the observations of 1903 were pushed backward one month 
the whole of the observations would fall into a more perfect curve. Hence 
an inequality of 13 months would satisfy the conditions more perfectly than 
one of 12 months. There is theoretically a minute tidal inequality of long 
period (Laplace's first species) with a period of 14 months due to the variation 
of latitude ; but it is difficult to see how any perturbation of the lunar 
semidiurnal tide could be produced in this way. 

But if we have found a true physical phenomenon, the same kind of effect 
ought probably to be produced on all the other tides. Yet when the 
observations for the other tides are plotted out in the same way, the points 
appear to be arranged almost chaotically. It is true that some slight 
tendency may be perceived for an increase of amplitude towards mid-winter, 
but the effect is too uncertain to justify reduction to numbers. 

A much longer series of observations would be needed to throw a clear 
light on the point raised, but the result is so curious that it would not have 
been right to pass it by in silence. 

Tidal observations were oiade at Ross Island (called Erebus Island on 
the memorandum) by Dr Wilson &om 2*' Jan. II, 1904 to 8" Jan. 13. The 
place of observation was some 40 or 50 miles to the northward of the winter 
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statioQ, As there seemed some reason to euspect a seasonal vaiiabUity in 
the tides, it seemed worth while to compare with actuality a tide-curve 
computed with the constants derived from the winter observations, A curve 
was therefore run off at the National Physical Laboratoiy for a few da^ 
beginning with 0** Jan. 11, 1904. Although the sites of the two sets of 
observations are not identical, comparison with actuality shews a satifi- 
foctory agreement. It is unfortunate that these observations were made just 
after the time when the diurnal inequality has vanished and is beginning to 
increase again ; for at these times the agreement is liable to be imperfect 
between computed and observed curves. On these grounds no surprise need 
be felt on account of the tact that the semidiurnal tide is somewhat more 
clearly marked in tlje observed tide-curve than in the computed one, and 
that the whole range of the diurnal tide on Jan. 11 was three inches greater, 
and on Jan. 12 about six inches (out of 28 inches) greater than appears 
from the computed curve. The computed and observed times of high and 
low water agree closely with one another. We may, on the whole, accept 
these summer observations as proving that our tidal constants are sub- 
stantially correct. 

The semidiurnal tides, although small, exhibit clearly another peculiarity; 
it is that (k of S,) — (k of M*) exhibits a seasona] change of roughly the same 
character in both years. 

In all cases 'the age of the tide' is negative and its mean value is about 
— 4 days ; in other words spring-tide occurs four days beftyre or ten days after 
full and change of moon. 

If the phases of M, and S, differed by 180° we should have neaps at full 
and change, and springe at half moon. This case corresponds to 'direct' 
lunar tide and ' inverted ' solar tide. In the actual case 

(« of M.) - (k of S.) - 370° - 272° - 98° 

thus the observations shew a result a little nearer to this condition than to 
the ordinary one where springs coincide with full and change of moon. 

The unusual relationship between the M, and S, tides is such as to make 
it worth while to examine what would be the condition of affairs in an ocean 
of uniform depth covering the whole planet. From the few soundings which 
have been made it would eieem that the ocean may be about 600 &thom8 in 
depth, although further north the depth appears to be consider&bly greater. 
I have therefore taken the forraulse of Mr Hough {Phil. Trana. A, 191 (1878), 
pp. 177, 180) and evaluated the lunar and solar semidiurnal tidea for an 
ocean of 7260 ft. in latitudea 60°, 85°, 70°, 75° with the following 
results : — 
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Lana/r semidiurnal tide. 



Latitude 


60° 


66= 


70° 


IS" 


H of equilihrium tide 


6-052 cm. 


4-324 om. 


2-832 cm. 


1-628 c 












utunicftltids 


1-933 


1-486 


1-098 


•766 


H of dynamical tide for ooean) 

of 7260 a (direct tide) / 


ll-«8cm.l 


6-47 om. 1 
ii iacheej 


3-11 cm. 1 
1} inobeej 


1-28 en 


4iiDch«| 


iinoh 


Solar eemidiumal tide. 






LkUtude 


60" 


ftS" 


70° 


76° 


HofequiUbriumtide 


s-sie cm. 


2-012 om. 


1-318 cm. 


0-765 CI 












uamicaltide 


-6-441 


-4-390 


-8-666 


-1-003 


H of dynRirucal tide for oceanl 
of 7SeO ft. (iDverted tide) J 


-1814cni.l 
'7 inches | 


-8-83 cm. 1 
-3Jii,che6/ 


-3-37 om. 1 


-0-751 01 


- U itu^mf 


-iioch 



We thus fiad that in these high latitudes the solar tide is more magnified 
than the lunar, and is inverted. Thus in latitude 60° the solar tide is much 
larger than the lunar and is inverted, whereas in latitude 70° they are nearly 
of equal magnitude and the inversion of the solar tide still continues. 

For an ocean of twice the depth both the tides are direct, and they ate 
not 80 much mE^^nified. 

Although the Antarctic Ocean runs all round the globe it is of course 
unjustifiable to apply these results directly to the oscillations of the actual 
ocean, but they serve to shew that we have no reason to expect considerable 
semidiurnal tides so near to the pole, and also that the great discrepancy 
between the phases of M, and S, is not so surprising a fact as might appear 
at first sight. 

It is useless to cany out a similar investigation for the diurnal tides, 
because the variations in the depth of ocean exercise so large an influence 
on the result. We know in fact that for an ocean of uniform depth the E, 
tide vanishes completely, and the 0-tide nearly vanishes. 

I find that the equilibrium 0-tide is 8^ inches in lat. 60° and falls to 
2 inches in lat. 76°. Thus the amplitudes of the diurnal tides observed by 
the ' Discovery ' are very much larger than the equilibrium values. 

The Scottish Antarctic Expedition passed the winter of 1903 in S. lat. 
60° 44' and W. long. 44° 39' at the South Orkney Islands ; they were thus 
nearly opposite to the station of the 'Discovery.' Their station was well 
adapted for determining the general character of the tides in the Antarctic 
Ocean. The reduction of their observations was made by Mr Selby at the 
National Physical Laboratory, and gave the following results : — 

U, B, E, E, F 

H 1-522 ft. -902 ft. -246 ft. -486 ft -166 ft. -569 ft. 
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It will be noticed that these results are quite Dormal, save that the S^t-ide 
is rather large compared with U,; and there is a well-marked diurnal in- 
equality. They acquire a special interest when considered in connection with 
the ' Discovery's ' results. We see that the semidiurnal tides are ' inverted ' 
but have little or no retardation ; whereas the M^tide of the ' Discovery ' is 
small, but ' direct ' also with little retardation. We are thus led to suspect 
that to the northward of the latitude of the South Orkneys, where the 
'Scotia' wintered, the semidiurnal tides are inverted with small retardation; 
that somewhere between the South Orkneys and near to the Antarctic 
Continent there is a nodal line for the M|-tide. There must be also a 
similar node for the S,-tide, and we may perhaps suppose that the node 
of the S^tide is nearer to Ross Island than that of the M^tide, 

When we torn to the diurnal tides we find an entirely different condition, 
for at both places the phases are virtually identical, and there seems a primA 
fcune case for maintaining that the phase of the diurnal tide throughout the 
whole Antarctic Ocean is approximately the same as in the equilibrium 
theory. I cannot venture to offer any theory in explanation of the greater 
magnitude of the diurnal tide at Boss Island than at the South Orkneys. 
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ON AN INSTRUMENT FOR DETECTING AND MEASUEINO 
SMALL CHANGES IN THE DIRECTION OF THE FORCE 
OF GRAVITY. 

By G. H. Darwin and Horace Dabwin. 

[Report of the Committee, coneietiDg of Mr G. H. Dabwin, 
ProfesBor Sir William Thomson, FioteaaoT Tait, Professor 
Grant, Dr Siemens, Professor Purser, Professor G. Forbes, 
and Mr Horace Dabwin, appointed for the Measurement of 
the Lunar Disturbance of Gravity. This Report is written 
in the name of G. H. Dabwin merely for the sake of verbal 
convenience. Briiiek Assodaiion Report /or 1881, pp. 93 
—126.] 

I. Account of the eaiperimeiUs. 

We feel some difficulty as to the form which this report should take, 
because ve are still carrying on our experiments, and have, as yet, arrived 
at no final results. As, however, we have done a good deal of work, and 
have come to conclusions of some interest, we think it better to give at 
once an account of our operations up to the present time, rather than to 
defer it to the future. 

In November, 1878, Sir William Thomson suggested to me that I should 
endeavour to investigate experimentally the lunar disturbance of gravity, 
and the question of the tidal yielding of the solid earth. In May, 1879, we 
both visited him at Glasgow, and there saw an instrument, which, although 
roughly put together, he believed to contain the principle by which success 
might perhaps be attained. The instrument was erected in the Physical 
Laboratory of the University of Glasgow. We are not in a position to 
give an accurate description of it, but the tbllowing rough details are 
quite sufficient. 
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A Bolid lead cylinder, weighing perhaps a pound or two, was suspended 
by a fine brass wire, about 5 feet in length, from the centre of the lintel or 
cross-beam of the solid stone gallows, which is erected there for the purpose 
of pendulum experiments. A spike projected a little way out of the bottom 
of the cylindrical weight ; a single silk fibre, several inches In length, was 
cemented to this spike, and the other end of the fibre was cemented to 
the edge of an ordinary galvanometer-mirror. A second silk fibre, of equal 
length, was cemented to the edge of the mirror at a point near to the 
attachment of the former fibre. The other end of this second fibre was 
then attached to a support, which was connected with the base of the stone 
gallows. The support was so placed that it stood very near to the spike 
at the bottom of the pendulum, and the mirror thus hung by the bifilar 
suspension of two silks, which stood exceedingly near to one another in 
their upper parts. The instrument was screened from draughts by paper 
pasted across between the two pillars of the gallows ; but at the bottom, on 
one side, a pane of glass was inserted, through which one could see the 
pendulum bob and galvanometer-mirror. 

It is obvious that a small displacement of the pendulum, in a direction 
perpendicular to the two silks, will cause the mirror to turn about a vertical 
axis. 

A lamp and slit were arranged, as in a galvanometer, for exhibiting the 
movement of the pendulum, by means of the beam of light reflected fi^m 
the mirror. 

No systematic observations were made, but we looked at the instrument 
at various hours of the day and night, and on Sunday also, when the street 
and railway traffic is very small. 

The reflected beam of light was found to be in incessant movement, of so 
irregular a character that it was hardly possible to localise the mean position 
of the spot of light on the screen, within 5 or 6 inches. On returning to 
the instrument after several hours, we frequently found that the light had 
wandered to quite a different part of the rotun, and we had sometimes to 
search through nearly a semicircle before finding it again. 

Sir William Thomson showed us that, by standing some 10 feet away 
from the piers, and swaying fi^m one foot to the other, in time with the 
fi^e oscillations of the pendulum, quite a large oscillation of the spot of 
light could be produced. Subsequent experience has taught us that con- 
siderable precautions are necessary to avoid effects of this kind, and the 
stone piers at Glasgow did not seem to be well isolated from the floor, and 
the top of the gallows was used as a junction fiir a number of electric 
connections. 

The cause of the extreme irregularity of the movements of the pendulum 
was obsoire ; and as Sir William Thomson was of opinion that the instru- 
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ment was well worthy of careful study, we determined to undertake a aeries 
of experimentB at the Cavendish Laboratory at Cambridge. We take this 
opportunity of recording our thanks to Lord Rayleigh* for hie kindness in 
placing rooms at our disposal, and for his constant readiness bo help us. 

The pressure of other employments on both of us prevented our 
beginning operations immediately, and the length of time which we have 
now spent over these experiments is partly referable to this cause, although 
it is principally due to the. number of di£Bculties to be overcome, and to 
the quantity of apparatus which has had to be manu&ctured. 

la order to avoid the possibility of disturbance from terrestrial mag- 
netism, we determined that our pendulum should be made of pure copperf. 
Mr HuBsey Vivian kindly gave me an introduction to Messrs Elkington, 
of Birmingham; and, although it was quite out of their ordinary line of 
business, they consented to make what we required. Accordingly, they 
made a pair of electrolytically-deposited solid copper cylinders, 6) inches 
long, and 2J inches in diameter. From their appearance, we presume that 
the deposition was made on bo the inside of copper tubes, and we under- 
stand that it occupied six weeks to take place. In November, 1879, they 
sent us these two heavy masses of copper, and, declining any payment, 
courteously begged our acceptance of them. Of these two cylinders we 
have, as yet, only used onei but should our present endeavours lead to 
results of interest, we shall ultimately require both of them. 

Two months before the receipt of our weights, the British Association 
had reappointed the Committee for the Lunar Disturbance of Gravity, and 
had added our names thereto. Since that time, with the exception of com- 
pulsory intermissions, we have continued to work at this subject. My brother 
Horace and I have always discussed together the plan on which to proceed ; 
but up to the present time much the larger part of the work has consisted 
in devising mechanical expedients for overcoming difficulties. In this work 
he has borne by very far the larger share ; and the apparatus has been 
throughout constructed from his designs, and under hie superintendence, by 
the Cambridge Scientific Instrument Company. 

Near the comer of a stone-paved ground-floor room in the Cavendish 
I^boratoiy there stands a very solid stone gallows, similar to, but rather 
more massive than, the one at Glasgow. As it did not appear thoroughly 
free from rigid connection with the floor, we had the pavement raised all 
reund the piers, and the earth was excavated from round the brick base- 
ment to the depth of about 2 feet 6 inches, until we were assured that 
there was no connection with the floor or walls of the room, excepting 

* Profenor Maxwell had givsii hb permiaaioD to aee the ' pendnlnni room,' bat we had not 
Tet begun onr operatiiHU at the time of hia death. 

t Wa now think tbnt this ww probably » guperfluiCy at |jreaautioi). 
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through the earth. The ditch, which was left round the piers, was found 
very useful for enabling us to carry out the somewhat delicate manipulations 
involved in hanging the mirror by its two ailk fibres. 

Into the middle of the flat ends of one of our copper weights (which 
weighed 4797 grammes, with spec gr. 8'91) were screwed a pair of copper 
plugs ; one plug was square-beaded and the other pointed. Into the centre 
of the square plug was soldered a thin copper wire, just capable of sustaining 
the weight, and intended to hang the pendulum. 

A stout cast-iron tripod was made for the support of the pendulum. 
Through a hole in the centre of it there ran rather loosely a stout iron rod 
with a screw cut on it. A nut ran on the screw and prevented the rod fi^m 
slipping through the hole. The other end of the copper wire was fixed into 
the end of the rod. 

The tripod was placed with its three legs resting near the margin of 
the circular hole in the centre of the lintel of the gallows. The iron rod 
was in the centre of the hole, and its lower end appeared about six inches 
below the lower fiice of the linteL The pendulum hung from the rod by 
a wire of such length as to bring the spiked plug within a few inches 
of the base of the gallows. This would of course be a very bad way of 
hanging a pendulum which is intended to swing, but in our case the 
displacements of the end of the pendulum were only likely to be of a 
magnitude to be estimated in thousandths or even millionths of an inch, 
and it is certain that for such small displacements the nut &om which 
the pendulum hung could not poaeihly rock on its bearings. However, 
in subsequent experiments we improved the arrangement by giving the 
nut a flange, fiirim which there projected three small equidistant knobs, 
on which the nut rested. 

The length of the pendulum from the upper juncture with the iron rod 
down to the tip of the spike in the bob was 14S'2 cm. 

An iron box was cast with three short legs, two in front and one 
behind ; its interior dimensions were 15 x 15 x 17^ cm. ; it had a tap at 
the back; the front &ce (15 x I7t^) was left open, with arrangements for 
fixing a plate-glass face thereon. The top face (15 x 17^) was pierced by 
a large round hole. On to this hole was cemented an ordinary earthenware 
4-inch drain pipe, and on to the top of this first pipe there was cemented 
a second. The box was thus provided with a chimney 144 cm. high. The 
cubic contents of the box and chimney were about 3^ gallons. 

The box was placed standing on the base of the gallows, with the chimney 
vertically underneath the round hole in the lintel. The top of the chimney 
nearly reached the lower face of the lintel, and the iron rod of the pendulum 
extended a few inches down into the chimney. The pendulum wire ran 
down the middle of the chimney, and the lower half of the pendulum bob 
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•WBB visible through the open face of the iron box. The stone gallows faces 
towards the S.E., but we pUced the box askew on the base, bo that its open 
fece was directed towards the S. 

The three legs of the box rested on little metal discs, each with a conical 
hole in it, and these discs rested on three others of a somewhat Wger size. 
When the box was set approximately in position, we could by an arrangement 
of screws cause the smaller discs to slide a fraction of an inch on the larger 
ones, and thus exactly adjust the position of the box and chimney. 

A small stand, somethii^ like a retort stand, about 4 inches high, stood 
OD a leaden base, with a short horizontal arm clamped by a screw on to the 
thin vertical rod. This was the 'fixed' support for the biiilar suspension 
of the mirror. The stand was placed to the E. of the pendulum bob, and 
the horizontal arm reached out until it came very close to the spike of the 
pendulum. 

The suspension and protection from tarnishing of our mirror gave us 
much trouble, but it is useless to explain the various earlier methods 
employed, because we have now overcome these difficulties in a manner 
to be described later. The two cocoon fibres were fixed at a considerable 
distance apart on the edge of the mirror, and as they were very short they 
splayed out at nearly a right angle to one another. By means of this 
arrangement the free period of oscillation of the mirror was made veiy short, 
and we were easily able to separate the long free swing of the pendulum 
fivm the short oscillations of the mirror. 

The mirror was hung so that the upper ends of the silks stood within 
an eighth of an inch of one another, but the tip of the spike stood ^ or -j^ of 
an inch higher than the fixed support. The plate-glass front of the box was 
then fixed on with iudiarubber packing. 

It is obvious that a movement of the box parallel to the fr^nt from E, 
to W. would bring the two fibres nearer together ; this operation we shall 
describe as sensitising the instrument. A movement of the box perpen- 
dicular to the frvnt would cause the mirror to show its huse parallel to 
the front of the box; this operation we shall describe as centralising. As 
sensitising will generally decentralise, both sets of screws had to be worked 
alternately. 

The adjusting screws for moving the box did not work very well ; never- 
theless, by a little trouble we managed to bring the two silks of the bifilar 
suspension very close to one another. 

After the instrument had been hung as above described, we tried a 
preliminary sensitisation, and found the pendulum to respond to a slight 
touch on either pier. The spot of light reflected from the mirror was very 
unsteady, but not nearly so much so as in the Glasgow experiment; and 
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we were quite unable to produce any perceptible increase of agitation by 
stamping or swaying to and fro on tbe stone floor. This sbowed that the 
isolation of tbe pier was tar more satis&ictory than at Glasgow. 

We then filled the box ajid pipes with water. We had much trouble 
with slow leakage of the vessel, but the most serious di£Bculty arose from 
tbe air-bubbles which adhered to the pendulum. By using boiled water 
we obviated this fairly well, but we concluded that it was a great mistake 
to have a fiat bottom to the pendulum. This mistake we have remedied in 
the final experiment described in the present paper. 

The damping effect of the water on the oscillations of the pendulum 
and of the mirror was very great, and although the incessant dance of tbe 
light continued, it was of much smaller amplitude, and comparatively large 
oscillations of the pendulum, caused by giving the piers a push, died out 
afler two or three swings. A very slight push on the stone piers displaced 
the mean position of the light, but jumping and stamping on the pavement 
of the room produced no perceptible efifect. If, however, one of us stood on 
the bare earth in the ditch behind, or before the massive stone pier, a very 
sensible deflection of tbe light was caused; this we now know was caused 
by an elastic depression of the earth, which tilted the whole structure in 
one or the other direction. A pull of a few ounces, delivered horizontally 
on the centre of the lintel, produced a clear deflection, and when the pull 
was 8 lbs., the deflection of the spot of light amounted to 45 cm. We then 
determined to make some rough systematic experiments. 

The room was darkened by shutters over all the windows, and the doors 
were kept closed. The paraffin lamp stood at three or four feet to the S.E. 
of tbe easterly stone pier, but the light was screened from the pier. 

We began our readings at 12 noon (March 16, 1880), and took eight 
between that time and 10.30 P.H. From 12 noon until 4 P.M. the lamp was 
left burning, but afterwards it was only lighted for about a minute to 
take each reading. At 12 the reading was 595 mm., and at 4 P.H, it was 
936 mm.*; these readings, together with the intermediate ones, showed 
that the pendulum had been moving northwards with a nearly uniform 
velocity. Afler the lamp was put out, the pendulum moved southward, 
and by 10,30 P.Bf. was nearly in the same position as at noon. 

During the whole of the two following days and a part of the next 
we took a number of readings from 9 a.m. until II p.m. The observations 
when graphically exhibited showed a feirly regular wave, the pendulum 
being at the maximum of its northern excursion between 5 and 7 P.H., and 
probably furthest south between the same hours in the morning. But 



* I give the niimber« as recorded in the note-book, bat the readingB vonld Bometimea diSer 
bj 3 or S mm. within half- a -minute. The light always wares to and bo in on unoertaia sort of 
waj, BO tbat it is impossible to assign a mean position with an; oertainty. 
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besides tluB wave motion, the mean position for the day travelled a good 
deal northward. We think that a part of this diumal oscillation was due 
to the warping of the stone columns from changes of temperature. An 
increase of temperature on the south-east fftces of the piers carried the 
lintel towards the north-west, and of this displacement we observed only 
the northerly component. The lamp produced a very rapid effect, and the 
diurnal change lagged some two hours behind the change in the external 
air. The difference between the temperatures of the S.E. and N.W, feces 
of the pier must have been very slight indeed. At that time, and indeed 
until quite recently, we attributed the whole of this diurnal oscillation to 
the warping of the piers, hut we now feel nearly certain that it was due in 
great measure to a real change in the horizon. 

We found that warming one of the legs of the iron tripod, even by contact 
with the finger, produced a marked effect, and we concluded that the mode 
of suspension was unsatisfectory. 

Although we had thus learnt that changes of temperature formed the 
great obstacle in the way of success, there were a good many things to he 
learnt Irom the instrument as it existed at that time. 

After the box and pipes had been filled for some days the plate-glass 
front cracked quite across, and a slow leakage began to take place ; we were 
thus compelled to dismount the whole apparatus and to make a fresh start. 

It is obvious that to detect and measure displacements of the pendulum 
in the N. and S. direction, the azimuth of the silks by which the mirror is 
suspended must be E. and W., and that although any E. and W. displace- 
ment of the pendulum will he invisible, still such displacement will alter 
the sensitiveness of the instrument for the N. and S. displacements. In 
order to obviate this we determined to constrain the pendulum to move 
only in the N. and S. azimuth. 

Accordingly we had a T-piece about 4 inches long fixed to the end of 
the iron rod from which the pendulum hung. The two ends of a fine 
copper wire were soldered into the ends of the T-piece; a long loop of 
wire was thus formed. The square-headed plug at the top of the pendulum 
bob was replaced by another containing a small copper wheel, which could . 
revolve about a horizontal axis. The bearings of the wheel were open on 
one side. 

When the wheel was placed to ride on the bottom of the wire loop, and 
the pendulum bob hooked on to the axle of the wheel by the open bearings, 
we bad our pendulum hanging by a bifilar suspension. The motion of the 
pendulum was thus constrained to take place only perpendicular to the plane 
of the wire loop. 

The iron tripod was replaced by a slate slab large enough to entirely 
cover the hole in the lintel of the gallows. Through the centre of the slab 
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wag a round hole, of about one inch in diameter, through which passed the 
iron rod with the T-piece at the lower end. The iron rod was supported 
on the slate by means of the flanged nut above referred to. There was also 
a straight slot, cut quite through the slab, running from the central hole to 
the margin. The purpose of this slot will be explained presently. 

In the preceding experiment we had no mesjis of determining the abso- 
lute amount of displacement of the pendulum, although, of course, we knew 
that it must be very small. There are two methods by which the absolute 
displacements are determinable; one is to cause known small displacements 
to the pendulum and to watch the effect on the mirror; and the second is 
to cause known small horizontal forces to act on the pendulum. We have 
hitherto only employed the latter method, but we are rather inclined to 
think that the former may give better results. 

The following plan for producing small known horizontal forces was 
suggested by my brother. 

Suppose there be a very large and a very small pendulum hanging by 
wires of equal length from neighbouring points in the same horizon; and 
suppose the large and the small pendulum to be joined by a fibre which 
is a very little shorter than the distance between the points of suspension. 
Then each pendulum is obviously deflected a little fi^m the vertical, but 
the deflection of the small pendulum varies as the mass of the larger, and 
that of the larger as the mass of the smaller. If m be the mass of the 
small pendulum, and M that of the large one, and if a be the distance 
between the points of suspension, then it may be easily shown that if a be 
increased by a small length la, the increase of the linear deflection of the 
lai;ge pendulum is mhaj{m + M)- If / be the length of either pendulum, the 
angular deflection of the larger one is mSa/l(m + M), and this is the deflec- 
tion which would be produced by a horizontal force equal to mSall{m + M) 
of gravity. It is clear, then, that by making the inequality between the two 
weights m and M very great, and the displacement of the point of suspension 
very small, we' may deflect the large pendulum by as small a quantity as we 
like. The theoiy is almost the same if the two pendulums are not of exactly 
the same length, or if the length of one of them be varied. 

Now in our application of this principle we did not actually attach the 
two pendulums together, but we made the little pendulum lean up against 
the large one ; the theory is obviously just the same. 

We call the small pendulum * the disturber,' because its use is to disturb 
the large pendulum by known forces. A small copper weight for the dis- 
turber weighed '732 grammes, and the lai^e pendulum bob, with its pulley, 
weighed 4831'6. Therefore the one was 6600 times as massive as the other. 
The disturber was hung by a platinum wire about -ntW*'^ '^^ *^ i°<^^ ^ 
diameter, which is a good deal thinner than a fine human hair. 
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We must DOW explain how the diaturber was suspended, and the method 
of moving its point of suspension. 

Parallel to the aides of the slot in the slate slab there was riveted a pair 
of brass raib, one being V-sbaped and the other flat ; on these rails there 
slid a little carriage with three legs, one of which slid on one rail, and the 
other two on the other. A brass rod with an eyelet-hole at the end was 
fixed to the centre of the carriage, and was directed downwards so that it 
passed through the centre of the slot. The slot was directed ao that it was 
perpendicular to the T-piece from which the pendulum hung, and the brass 
rod of the little carriage was bent and of sach length, that when the carriage 
was pushed on its rails until it was as near the centre of the slab as it would 
go, the eyelet-hole stood just below the T-piece, and half-way between the 
two wires. A micrometer screw was clamped to the slab and was arranged 
for making the carriage traverse known lengths on its rails, and as the wires 
of the pendulum were in the K and W. plane, the carriage was caused to 
travel N. and S. by its micrometer screw. 

One end of the fine platinum wire was fastened to the eyelet, and the 
other (as above stated) to the small disturbing weight. The platinum wire 
was of such length that the disturber just reached the pulley by which the 
big pendulum hung. We found that by pushing the carriage up to the 
centre, and very slightly tilting it off one rail, we could cause the disturber 
weight to rest on either side of the pulley at will. If it was left on the side 
of the pulley remote ftwm the disturber-carriage, it was in gear, and the 
traversing of the carriage on its rails would produce a small pressure of the 
disturber on to the side of the pulley. If it was left on the aame side of the 
pulley as the disturber-carriage, the two penduluma were quite independent 
and the disturber was out of gear. 

On making allowance for the difference in length between the pendulum 
and the disturber, and for the manner in which the thrust was delivered at 
the top of the pendulum, but omitting the corrections for the weights of the 
suspending wires and for the elasticity of the copper wire, we found that 
one turn of the micrometer screw should displace the spike at the bottom 
of the pendulum through O'OOOl mm. or jn^nnF^b of an inch. The same 
displacement would be produced by an alteration in the direction of gravity 
with reference to the earth's surface by ^th of a second of arc 

A rough computation showed that the to and fro motion of the pendulum 
in the N.S. azimuth, due to lunar attraction, should, if the earth be rigid, be 
the same as that produced by 2{ turns of the micrometer acrew. 

We now return to the other arrangements made in re-erecting the 
instrument. 

A new mirror, silvered on the &ce, was used, and was hung in a slightly 
different manner. 
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The fluid in which the pendulum was hung was spirits and water. The 
physical properties of such a mixture will be referred to later. In order to 
avoid air-bubbles we boiled 3^ gallons of spirits Mid water for three hours in 
vacuo, and the result appeared satisfactory iu that respect 

After the mirror was hung, the plate-glass front to the box was fixed 
and the vessel was filled by the tap in the back of the box. The disturber 
was not introduced until afterwards, and we then found that the pendulum 
responded properly to the disturbance. 

As the heat of a lamp in the neighbourhood of the piers exercised a 
large disturbance, we changed the method of observing, and read the reflec- 
tion of a scale with a telescope. The scale was a levelling staff divided into 
feet, and tenths and hundredths of a foot, laid horizontally at 15 feet from 
the piers, with the telescope immediately over it. 

Since the amount of fluid through which the light had to pass was 
considerable, we were forced to place a gas-flame immediately in front of 
the scale ; but the gas was only kept alight long enough to take a reading. 

Afler sensitising the instrument we found that the incessant dance of 
the image of the scale was markedly less than when the pendulum was hung 
in water. A touch with the finger on either pier produced deflection by 
bending the piers, and the instrument responded to the disturber. 

The vessel had been filled with fluid for some days, and we had just 
begun a series of readings, when the plate-glass front again cracked quite 
across without any previous warning. Thus ended our second attempt. 

In the third experiment (July and August, 1880) the arrangements were 
so nearly the same as those Just described that we need not refer to them. 
The packing for the plate-glass front was formed of red lead, and this 
proved perfectly successful, whereas the indiarubber packing had twice 
failed. As we were troubled by invisible leakage and by the evaporation 
of the fluid, we arranged an inverted bottle, so as always to keep the 
chimney full. We thought that when the T-piece at the end of the shaft 
became exposed to the air, the pendulum became much more unsteady, but 
we now think it at least possible that there was merely a period of real 
terrestrial disturbance. 

From August 10 to 14 we took a series of observations from early morning 
until late at night. We noted the same sort of diurnal oscillatory motion as 
before, but the outline of the curve was far less regular. This, we think, may 
perhaps be explained by the necessity we were under of leaving the doors 
open a good deal, in order to permit the cord to pass by which Lord Bayleigh 
was spinning the British Association coil. 

Notwithstanding that the weather was sultry the warping of the stone 
columns must have been very slight, for a thermometer hung close to the 
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pier scarcely stowed r degree of change between the day and night, and the 
difference of temperature of the N. and S. faces must have been a very small 
fraction of a degree. At that time, however, we still thought that the whole 
of the diurnal oscillation was due to the warping of the columns. 

We next tried a series of experiments to test the sensitiveness of the 
instrument. 

As above remarked the image of the scale was continually in motion, and 
moreover the mean reading was always shifting in either one direction or 
the other. At any one time it was possible to take a reading to within 
^th of a foot with certainty, and to make an estimate of the y^Tfth of a foot, 
but the numbers given below are necessarily to be regarded as vety rough 
approximations. 

As above stated, the gallows faced about to the S.E., and we may describe 
the two square piers as the E. and W. piers, and the edges of each pier by 
the points of the compass towards which they are directed. 

On August 14, 1880, my brother stood on a plank supported by the 
pavement of the room close to the S.W. ec^e of the W. pier, and, lighting 
a spirit lamp, held the flame for ten seconds within an inch or two of 
this edge of the pier. The effect was certainly produced of making the 
pendulum bob move northwards, but as such an effect is fused in the 
diurnal change then going on, the amount of effect was uncertain. He 
then stood similarly near the N.E. edge of the E. pier, and held the spirit 
flame actually licking the edge of the stone during one minute. The effect 
should now be opposed to the diurnal change, and it was so. Before the 
exposure to heat was over the reading had decreased '15 feet, and after the 
beat was withdrawn the recovery began to take place almost immediately. 
We concluded afterwards that the effect was equivalent to a change of 
horizon of about 0""16. ^ 

When the flame was held near but not touching the lintel for thirty 
seconds, the effect was obvious but scarcely measurable, even in round 
numbers, on account of the unsteadiness of the image. 

When a heated lump of brass was pushed under the iron box no effect 
whatever was perceived, and even when a spirit flame was held so as to lick 
one side of the iron box during thirty seconds, we could not be sure that 
there was any effect. We had expected a violent disturbance, but these 
experiments seemed to show that convection currents in the fluid produce 
remarkably little effect. 

When a pull of 300 grammes was delivered on to the centre of the lintel 
in a southwarrl direction, we determi&ed by several trials that the displace- 
ment of the reading was about "30 feet, which may be equal to about 0"*8 
change of horizon. 
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Two-thirds of a watering-can of water was poured into the ditch at the 
back of the pier. In this experiment the swelling of the ground should 
have an effect antagonistic to that produced by the cooHng of the back 
face of the pier, and also to the diurnal changes then going on. The 
swelling of the ground certainly tilted the pier over, so that the reading 
was altered by '10 feet. A further dose of water seemed to have the same 
effect, and it took more than an hour for the piers to regain their former 
position. As the normal diurnal change was going on simultaneously, we 
do not know the length of time during which the water continued to ' 
produce an effect. 

On August 15 we tried a aeriesof experiments with the disturber. When 
the disturber was displaced on its rails, the pendulum took a very perceptible 
time to take up its new position, on account of the viscosity of the fluid in 
which it was immersed. 

The diurnal changes which were going on prevented the readings from 
being very accordant amongst themselves, but we concluded that twenty-five 
turns of the screw gave between '4 and '3 feet alteration in the reading on 
the scale. From the masses and dimensions of the pendulum and disturber, 
we concluded that 1 foot of our scale corresponded with about 1" change 
in horizon. Takii^ into account the length of the pendulum, it appeared 
that 1 foot of our scale corresponded with xVinF**' of a mm. displacement of 
the spike at the bottom of the pendulum. Now as a tenth of a foot of 
alteration of reading could be perceived with certainty, it followed that when 
the pendulum point moved through jjija tb of a mm, we could certainly 
perceive it. 

During the first ten days the mean of the diurnal readings gradually 
increased, showing that the pendulum was moving northwards, until the 
reading had actually shifted 8 feet on the scale. It then became necessary 
to shift the scale. Between August 23 and 25 t4ie reading had changed 
another foot. We then left Cambrit^e. On returning in October we found 
that this change had continued. The mirror had, however, become tarnished, 
and it was no longer possible to take a reading, although one could juat see 
a gas-fiame by refiection fix>m the mirror. 

Whilst erecting the pendulum we had to stand on, and in front of, the 
piers, and to put them under various kinds of stress, and we always found 
that after such stress some sort of apparently abnormal changes in the piers 
continued for three or four hours aftei 

We were at that time at a loss 
continued change in the mean positii 
to believe that it indicated any real cl 
after having read the papers of JAIi 
believe that such a real change was 
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By this coarse of ezperimente it appeared that an instrumeDt of the kind 
described may be brought to almost any degree of sensitiveness. We had 
seen, however, that a atone support is unfavourable, because the bad conduc- 
tivity of stone prevents a rapid equalisation of temperature between different 
parts, and even small inequalities of temperature produce considerable warping 
of the stone piers. But it now seems probable that we exaggerated the 
amount of disturbance which may arise from this cause. 

A cellar would undoubtedly be the best site for such an experiment, but 
unfortunately there is no such place available in the Cavendish Laboratory. 
Lord Rayleigh, however, placed the ' balance room ' at our disposal, and this 
room baa a northerly aspect. There are two windows in it, high up on the 
north wall, and these we keep boarded up. 

The arrangements which we now intended to make were that the 
pendulum and mirror should be hung in a veiy confined space, and should 
be immersed in fluid of considerable viscosity. The boundary of that space 
should be made of a beat-conducting material, which should itself form the 
support for the pendulum. The whole instrument, including the basement, 
was to be immersed in water, and the basement itself was to be carefully 
detached from contact with the building in which it stands. By these means 
we hoped to damp out the short oscillations due to local tremors, but to 
allow the longer oscillations &ee to take place; but above all we desired 
that changes of temperature in the instrument should take place with great 
slowness, and should be, as far as possible, equal all round. 

We removed the pavement irom the centre oi the room, and had a 
circular hole, about 3 feet 6 inches in diameter, excavated in the 'made 
earth,' until we got down to the undisturbed gravel, at a depth of about 
2 feet 6 inches. 

We obtained a large cylindrical stone 2 feet 4 inches in diameter and 
2 feet 6 inches in he^ht, weighing about three-quarters of a ton. This we 
had intended to place on the earth in the hole, so that its upper surface 
should stand flush with the pavement of the room. But the excavation had 
been carried down a little too deep, and therefore an ordinary flat paving 
stone was placed on the earth, with a thin bedding of cement underneath 
it. The cylindrical block was placed to stand upon the paving stone, with 
a very thin bedding of lime and water between the two stones. The sur&ce 
of the stone was then flush with the floor. We do not think that any satnifice 
of stability has been made by this course. 

An annuW trench or ditch a little less than a foot across is left round 
the stone. We have lately had the bottom of the ditch cemented, and the 
vertical sides lined with brickwork, which is kept clear of any contact with 
the pavement of the room. On the S. side the ditch is a little wider, and 
this permits us to stand in it conveniently. The bricked ditch is watertight. 
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and has a soaall overflow pipe into the diaina. The vater in the ditch stands 
slightly higher than the fiat top of the cylindrical stone, and thus the whole 
basement may be kept immei^ed in water, and it is, preeumably, at a very 
uniform temperature all roand. 

Before describing the instrument itself we will explain the remaining 
precautions for equalisation of temperature. 

On the flat top of the stone stands a large barrel or tub, 5 feet 6 inches 
high and 1 foot 10 inches in diameter, open at both ends. The diameter of 
the stone is about 2 inches greater than the outside measure of the diameter 
of the tub, and the tub thus nearly covers the whole of the stone. The tub 
is well payed with pitch inside, and stands on two felt rings soaked in tar. 
Five large iron weights, weighing altogether nearly three-quarters of a ton, 
are hooked on to the upper edge of the tub, in order to make the joint 
between the tub and the stone watertight. Near the bottom is a plate-glass 
window ; when it is in position, the window faces to the S. This tub is filled 
with water and the instrument stands immersed therein. 

We had at first much trouble from the leakage of the tub, aad we have 
to thank Mr Qordon, the assistant at the Laboratory, for his ready help in 
overcoming this difficulty, as well as others which were perpetually recurring. 
The mounting of the tub was one of the last things done before the instru- 
ment was ready for observation, and we must now return to the description 
of the instrument itself. 

We used the same pendulum bob as before, but we had its shape altered 
BO that the ends both above and below were conical sur&ces, whilst the 
central part was left cylindrical The upper plug with its pulley is replaced 
by another plug bearing a short round horizontal rod, with a rounded groove 
cut in it. The groove stands vertically over the centre of the weight, and is 
designed for takit^ the wire of the bifilar suspension of the pendulum ; when 
riding on the wire the pendulum bob hangs vertically. 

Part of this upper plug consists of a short thin horizontal arm about an 
inch long. This arm is perpendicular to the plane of the groove, and when 
the pendulum is in position, projects northwards. Through the end of the 
arm is bored a fine vertical hole. This part of the apparatus is for the 
modified form of disturber, which we are now using. 

The support for the pendulum consists of a stout copper tube 2| inches 
in diameter inside measure, and it just admits the pendulum bob with 
|th inch play all round. The tube is 3 feet 6 inches in height, and is 
closed at the lower end by a diaphragm, pierced in the centre by a round 
hole, about ^ inch in diameter. The upper end has a ring of brass soldered 
on to it, and this ring has a flange to it. The upper part of the brass I 
ring forms a short continuation } of an inch in length of the copper tube. I 
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The ring is only introduced as a means of feetemng the flange to the 
copper tube. 

The upper edge of the brasa continuation has three V notches in it at 
120° apart on the circumference of the ring, A brass cap like the lid of a 
pill-box has an inside measure i inch greater than the outside measure of 
the brass ring. The brass cap has three rods which project inwards from 
its oiroumference, and which are placed at 120° apart thereon. When the 
cap is placed on the brass continuation of the upper tube, the three rods 
rest in the three V notches, and the cap is geometrically fixed with respect 
to the tube, A fine screw works through the centre of the cap, and actuates 
an apparatus, not easy to explain without drawings, by which the cap can be 
slightly tilted in one azimuth. The object of tilting the cap is to enable us 
to sensitise the instrument by bringing the silk fibres attached to the mirror 
into close proximity. 

Into the cap are soldered the two ends of a fine brass wire ; the junctures 
are equidistant trom the centre of the cap and on opposite sides of it j they 
lie on that diameter of the cap which is perpendicular to the axis about 
which the tilting can be produced. 

When the pendulum is hung on the brass wire loop by the groove in the 
upper plug, the wires just clear the sides of the copper tube. 

It is clear that the tilting of the cap is mechanically equivalent to a 
shortening of one side of the wire loop and the lengthening of the other. 
Hence the pendulum is susceptible of a small lateral adjustment by means 
of the screw in the cap. 

To the bottom of the tube is soldered a second stout brass ring ; this ring 
bears on it three stout brass legs inclined at 120° to one another, all lying in 
a plane perpendicular to the copper tube. From the extremity of each leg 
to tbe centre of the tube is 8^ inches, The last inch of each leg is hollowed 
out on its under sur&ce into the form of a radial V groove. 

There are three detached short pieces of brass tube, each ending below 
in a flange with three knobs on it, and at the upper end in a screw with s 
rounded head. These three serve as feet for the instrument. These three 
feet are placed on the upper sui-face of our basement stone at 120° apart, 
estimated from the centre of the stone. The copper tube with its legs 
attached is set down so that tbe inverted V grooves in the legs rest on the 
rounded screw-head at the tops of tbe three feet, and each of the feet rests 
on its three knobs on the stone. The bottom of tbe copper tube is thus 
raised 5} inches above the stone. By this arrangement the copper tube is 
retained in position with reference to the stone, and it will be observed that 
no part of the apparatus is under any constraint except such as is just 
J to determine its position geometrically. 

26—2 
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The sorewa with rounded heads which form the three feet are susceptible 
of small adjustments in height, and one of the three heads is capable of more 
delicate adjustment, for it is actuated by a fine screw, which is driven by 
a toothed wheel and pinion. The pinion ia turned by a wooden rod, made 
flexible by the insertion of a Hook's joint, and the woodon rod reaches to the 
top of the tub, when it is mounted surrounding the instrument. 

The adjustable leg is to the N. of the instrument, and as the mirror 
faces S, we call it the ' back-leg.' When the copper support is mounted on 
its three legs, a rough adjustment for the verticality of the tube is made 
with two of the legs, and final adjustment is made by the back-leg. 

It is obvious that if the back-leg be raised or depressed the point of 
the pendulum is carried southwards or northwards, and the mirror turns 
accordingly. Thus the back-leg with its screw and rod afifords the means 
of centralising the mirrer. The arrangements for suspending the mirror 
must now be described. 

The lower plug in the pendulum bob is rounded and has a small hori- 
zontal hole through it. When the pendulum is hung this rounded plug 
just appears through the bole in the diaphr^m at the bottom of the 
copper tube. 

A small brass box, shaped like a disk, can be screwed on to the bottom 
of the copper tube, in such a way that a diameter of the box forms a 
straight line with the axis of the copper tube. One side of the box is 
of plate glass, and when it is fastened in position the plate glass ^ces 
to the S. This is the rairror-box ; it is of such a sisse as to permit the 
mirror to swing about 15° in either direction &om parallelism with the 
plate-glass front. 

The fixed support for the second fibre for the bifilar suspension of the 
mirror may be described as a very small inverted retort-stand. The vertical 
rod projects downwards &om the underside of the diaphragm, a little to the 
E. of the hole in the diaphragm ; and a small horizontal arm projects from 
this rod, and is of such a length that its extremity reaches to near the centre 
of the hola This arm has a small eyelet-hole pierced through a projection 
at its extremity. 

The mirror itself is a little laiger than a shilling and is of thin plate 
glass; it has two holes drilled through the edge at about 60° from one 
another. The mirror was silvered on both sides, and then dipped into 
melted paraffin; the paraffin and silver were then cleaned off one side. 
The paraffin protects the silver fi*om tarnishing, and the silver film seen 
through the glass has been found to remain perfectly bright for months, 
afler having been immersed in fluid during that time. A piece of platinum 
wire about n^th of an inch in diameter is threaded twice through each 
hole in opposite directions, in such a manner that with a continuous piece 
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of wire (formed by tying the tvo ends together) a pair of short loops are 
formed at the edge of the mirror, over each of the two holes. When the 
mirror is hung from a silk fibre passing through both loops, the weight of 
the mirror is sufficient to pull each loop taut. 

A single silk fibre was threaded through the eyelet-hole at the end of 
the blunt point of the pendulum bob, and tied in such a way that there was 
no loose end projecting so as to foul the other aide of the bifilar suspension. 
The other end of the silk fibre was knotted to a piece of sewing silk on 
which a needle was threaded. 

The pendulum was then hung from the cap by its wire loop, outside 
the copper tube, and the silk fibre with the sewing silk and needle 
attached dangled down at the bottom. The cap, with the pendulum 
attached thereto, was then hauled up and carefully let down into the 
copper tube. The sewing silk, fibre, and blunt end came out through 
the hole in the diaphragm. 

We then sewed with the needle through the two loops on the margin 
of the mirror, and then through the eyelet-hole in the little horizontal arm. 
The silk was pulled taut, and the end fastened ofi" on to the little vertical 
rod, fivm which the horizontal arm projects. 

The mirror then hangs with one part of the silk attached to the pendulum 
bob and the other to the horizontal arm. 

The two parts of the silk are inchned to one another at a considerable 
angle, so that the free period of the mirror is short, but the upper parts of 
the silk stand very close to one another. The mirror-box encloses the mirror 
and makes the copper tube watertight. 

There is another part of the apparatus which has not yet been explained, 
namely, the disturber. This part of the instrument was in reality arranged 
before the mirror was hung. 

We shall not give a full account of the disturber, because it does not 
seem to work very satisfactorily. 

In the form of disturber which we now use the variation of horizontal 
thrust is produced by variation in the length of the disturbing pendulum, 
instead of by variation of the point of support as in the previous exj^riment. 
It is not easy to vary the point of support when the pendulum is hung in 
a tube which nearly fits it. 

The disturber weight is a small lump of copper, and it hangs by fine 
sewing silk. The silk is threaded through the eyelet in the horizontal arm 
which forms part of the upper plug of the pendulum; thus the disturber 
weight is to the N. of the pendulum. The silk after passing between the 
wires supporting thje pendulum has its other end attached to the cap at the 
top at a point to the S. of the centre of the cap. Thus the silk is slightly 
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inclined to the plane through the wires. The arrangemeDt for varying the 
length of the disturhing pendulum will not be explained in detail, but it 
may suffice to say that it lb produced by a third weight, which we call the 
' guide weight,' which may be hauled up or let down in an approximately 
vertical line. This guide weight determines by its position how much of 
the upper part of the silk of the disturber shall be cut off, so as not to form 
a part of the free cord by which the disturbing weight hangs. 

The guide weight may be raised or lowered by cords which pass through 
the cap. If the apparatus were to work properly a given amount of displace- 
ment of the guide weight should produce a calculable horizontal thrust on 
the pendulum. The whole of the arrangements tor the disturber could be 
made outside the copper tube, so that the pendulum was lowered into the 
tube with the disturber attached thereto. 

After the mirror was hung and the mirror-box screwed on, a brass cap 
was fixed by screws on to the flange at the top of the copper tube. This 
cap has a tube or chimney attached to it, the top of which rises five inches 
above the top of the cap or lid fi^m which the pendulum hangs. From 
this chimney emerges a rod attached to the screw by which the sensitising 
apparatus is actuated, and also the silk by which the guide weight is raised 
or depressed. 

The copper tube, with its appendages, was then filled with a boiled 
mixture of filtered water and spirits of wine by means of a small tap 
in the back of the mirror-box. The mixture was made by taking equal 
volumes of the two fluids i the boiling to which it was subjected will of 
course have somewhat disturbed the proportions. FoiseuUle has shown* 
that a mixture of spirits and water has much greater viscosity than either 
pure spirits or pure water. When the mixture is by weight in the propor- 
tion of about seven of water to nine of spirits, the viscosity is nearly three 
times as great as that of pure spirits or of pure water. As the specific 
gravity of spirits is about '8, it follows that the mixture is to be made by 
taking equal volumes of the two fluids. It was on account of this remarkable 
&ot that we chose this mixture in which to suspend the pendulum, and we 
observed that the unsteadiness of the mirror was markedly less than when 
the fluid used was simply water. 

The level of the fluid stood in our tubular support quite up to the top 
of the chimney, and thus the highest point of the pendulum itself was 
5 inches below the sur&ce. 

The tub was then let down over the instrument, and the weights hooked 
on to its edge. The plate-glass window in the tub stood on the S. opposite 
to the mirror-box. The tub was filled with water up to nearly the top of 

" Poggendorff't AnnaUn, IMS, VoL i-Tio., p. 487. 
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the chimney, and the ditch round the stone basement was also ultimately 
filled with water. The whole instrument thus stood immersed from top to 
bottom in water. 

Even before the tub was filled we thought that we noticed a diminution 
of unsteadiness in the image of a slit reflected from the mirror. The filling 
of the tub exercised quite a striking effect in the increase of steadiness, and 
the water ia the ditch again operated &Tourably. 

We met with much difficulty at first in preventing serious leakage of 
the tub, and as it is still not absolutely watertight, we have arranged a 
water-pipe to drip about once a minute into the tub. A small overflow 
pipe from the tub to the ditch allows a very slow dripping to go into 
the ditch, and thus both vessels are kept fiill to a constant level. We 
had to take this course because we found that a rise of the water in the 
ditch through half an inch produced a deflection of the pendulum. The 
ditch, it must be remembered, was a little broader on the S. side than 
elsewhere. 

In May, 1881, we took a series of observations with the light, slit and 
scale. The scale was about 7 feet &om the tub, and in order to read it we 
found it convenient to kneel behind the scale on the ground. I was one 
day watching the light for nearly ten minutes, and being tired with kneeling 
on the pavement, I supported part of my weight on my hands a few inches in 
front of the scale. The place where my hands came was on the bare earth 
from which one of the paving stones had been removed. I was surprised 
to find quite a large change in the reading. After several trials I found 
that the pressure of a few pounds with one hand only was quite sufficient 
to produce an efiect. 

It must be remembered that this is not a case of a small pressure 
delivered on the bare earth at say 7 feet distance, but it is the difference 
of effect produced by this pressure at 7 feet and 8 feet ; for of course the 
change only consisted in the change of distribution in the weight of a small 
portion of my body. 

We have, however, since shown that even this degree of sensitiveness 
may be exceeded. 

We had thought all along that it would ultimately be necessary to take 
our observations trom outside the room, but this observation impressed it 
on us more than ever; for it would be impossible for an observer always 
to stand in exactly the same position for taking readings, and my brother 
and I could not take a set of readings together on account of the difference 
between our weights. 

In maVing preliminary arrangements for reading from outside the room 
we found the most convenient way of bringii^ the reflected image into 
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the field of view of the telescope was by shifting a weight about the room. 
My brother stood Id the room and changed his position until the image 
was in the field of view, and afterwards placed a heavy weight where he 
had been standing; after he had left the room the image was in the field 
of view. 

On the S.W. wall of the room there is a trap-door or window which opens 
into another room, and we determined to read fi-om this. 

In order to read with a telescope the light has to undergo two reflectioos 
ana twelve refractions, besides those in the telescope ; it has also to pass 
twice through layers of water and of the fluid mixture. In consequence of 
the loss of light we found it impossible to read the image of an illuminated 
scale, and we had to make the scale self-luminous. 

On the pavement to the S. of the instrument is placed a flat board on 
to which are flxed a pair of rails ; a carriage with three legs slides on these 
rails, and can be driven to and fix) by a screw of ten threads to the inch. 
Backlash in the nut which drives the carnage is avoided by means of a 
spiral spring. A small gas-flame is attached to the carriage ; in firont of it 
is a piece of red glass, the vertical edge of which is very distinctly visible 
in the telescope after reflection from the mirror. The red glass was intro- 
duced to avoid prismatic effects, which had been troublesome before. The 
edge of the glass was found to be a more convenient object than a line 
which bad been engraved on the glass as a fiducial mark. 

The gas-flame is caused to traverse by pullies driven by cords. The cords 
come to the observing window, and can be worked from there. A second 
telescope is erected at the window, for reading certain scales attached to 
the traversing gear of the canine, and we find that we can read the 
position of the gas-flame to within a tenth of an inch, or even less, with 
certainty. 

From the gas the ray of light enters the tub and mirror-box, is reflected 
by the mirror, and emerges by the same route; it then meets a looking- 
glass which reflects it nearly at right angles and a little upwards, and 
finally enters the object-glass of the reading telescope, fixed to the sill of 
the observing window. 

When the carriage is at the right part of the scale the edge of the red 
glass coincides with the cross wire of the reading telescope, and the reading 
is taken by means of the scale telescope. 

Arrangements had also to be made tor working the sensitiser, centraliser, 
and disturber from outside the room. 

A scaffolding was erected over the tub, but fi'ee of contact therewith, 
and this supported a system of worm-wheels, tangent-screws, and puUiea 
by which the three requisite movements could be given. The junctures 
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with the sensitising and centralising rods were purposely made loose, because 
it was found at first that a slight shake to the scafifolding disturbed the 
pendulum. 

The pullies on the scaGTolding are driven by cords which pass to the 
observing window. 

On the window-sill we now have two telescopes, four pullies, an arrange- 
ment, with a scale attached, for raising and depressing the guide weight, and 
a gas tap for governing the flame in the room. 

After the arrangements which have been described were completed we 
sensitised the instrument from outside the room. The arrangements worked 
so admirably that we could produce a quite extraordinary degree of sensi- 
tiveness by the alternate working of the sensitisiug and centralising wheels, 
without ever causing the imt^ of the lamp to disappear from the field 
of view. This is a great improvement on the old arrangement with the 
stone gallows. 

We now found that if one of us was in the room and stood at about 
16 feet to the S. of the instrument with his feet about a foot apart, and 
slowly shifted his weight from one foot to the other, then a distinct change 
was produced in the position of the mirror. This is the most remarkable 
proof of sensitiveness which we have yet seen, for the instrument can 
detect the difference between the distortion of the soil caused by a weight 
of 140 lbs. placed at 16 feet and at 17 feet. We have not as yet taken 
any great pains to make the instrument as sensitive as possible, and we 
have little doubt but that we might exceed the present degree of delicacy, 
if it were desirable to do so. 

The sensitiveness now attained is, we think, only apparently greater 
than it was with the stone gallows, and depends on the improved optical 
arrangementB, and the increase of steadiness due to the elimination of 
chtoiges of temperature in the support. 

From July 21 to July 25 we took a series of readings. There was 
evidence of a distinct diurnal period with a masimum about noon, when 
the pendulum stood furthest northwards ; in the experiment with the stone 
gallows in 1880 the maximum northern excursion took place between 
5 and 7 F.U. 

The path of the pendulum was interrupted by many minor zigzags, and 
it would sometimes reverse its motion for nearly an hour together. During 
the first four days the mean position of the pendulum travelled southward, 
and the image went off the scale three times, so that we had to recentralise 
it. In the night between the 24th and 25th it took an abrupt turn north- 
ward, and the reading was found in the mommg of the 25tb at nearly the 
opposite end of the scale. 
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Ob the 25th the dance of the image was greater than we had seen it at 
any time with the new insla-ument, so that we went into the room to see 
whether the water had fallen in the tub and had left the top of the copper 
tube exposed ; for on a previous occasion this had appeared to produce much 
uUBteadinese. There was, however, no change in the state of affairs. A few 
days later the image was quite remarkable for its steadiness. 

On July 25, and again on the 27th, we tried a series of observations with 
the disturber, in order to determine the absolute value of the scale. 

The guide weight being at a known altitude in the copper tube, we took 
a series of six readings at intervals of a minute, and then shifting the guide 
weight to another known altitude, took six more in a similar manner; and 
so on backwards and forwards for an hour. 

The first movement of the guide weight produced a considerable disturb- 
ance of an irregular character, and the first set of readings were rejected. 
Afterwards there was more or less concordance between the results, but it 
was to be noticed there was a systematic difference between the change 
from 'up' to 'down' and 'down' to 'up.' This may perhaps be attributed 
to friction between certain parts of the apparatus. We believe that on 
another occasion we might erect the disturber under much more favourable 
conditions, but we do not feel sure that it could ever be made to operate 
very satis&ctorily. 

The series of readings before and after the change of the guide weight 
were taken in order to detennine the path of the pendulum at the critical 
moment, but the behaviour of the pendulum is often so irregular, even 
within a few minutes, that the discrepancy between the several results and 
the apparent systematic error may be largely due to unknown changes, which 
took place during the minute which necessarily elapsed between the last 
of one set of readings and the first of the next. The image took up its 
new position deliberately, and it was necessary to wait until it had come 
to its normal position. 

Between the first and second sets of observations with the disturber, it 
had been necessary to enter the room and to recentralise the image. We 
do not know whether something may not have disturbed the degree of 
sensitiveness, but at any rate the results of the two sets of observations 
are very discordant*. 

The first set showed that one inch of movement of the gdS'AMBe, which 
formed the scale, corresponds with ^th of a second of arc of cbyig^ *>f 
horizon; the second gave |th of a second to the inch. y 

As we can see-a twentieth of an inch in the scale, it follows that a change 
of horizon of about 0"'005 should be distinctly visible. In this case ttP 
* See, however, the poEtsoript at the end of thii put. 
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point of the pendulum moves throagh 7^^711^'^ "^ ^ millimetre. At present 
we do not think that the disturber gives more than the order of the changes 
of horizon which we note, but our estimate receives a general confirmation 
horn another circumstance. 

From the delicacy of the gearing connected with the bock-leg, we esti- 
mate that it is by no means difficult to raise the back-leg by a millionth 
of an inch. The looseness in the gearing was purposely kept so great that 
it requires a turn or two of the external pulley on the window-sill before 
the backlash is absorbed, but after this a very small fraction of a turn is 
sufficient to move the image in the field. 

We are now inclined to look to this process with the back-leg to enable 
us to determine the actual value of our scale, but this will require a certain 
amount of new apparatus, which we have not yet had time to arrange. In 
erecting the instrument we omitted to take certain measurements which 
it now appears will be necessaiy for the use of the back-leg as a means 
of determining the absolute value of our scale, but we know these measure- 
ments approximately from the working drawings of the instrument. Now 
it appears that one complete revolution of a certain tangent-screw by which 
the back-leg is raised should tilt the pendulum-stand through almost exactly 
half a second of arc, and therefore this should produce a relative displace- 
ment of the pendulum of the same amount. We have no doubt but that 
a tenth of the turn of the tangent-screw produces quite a large deflection 
of the image, and probably a hundredth of a turn would produce a sensible 
deflection. Therefore, from mere consideration of the e£Fect of the back-leg 
we do not doubt but that a deflection of the pendulum through a aiuth of 
a second of arc is distinctly visible. This affords a kind of confirmation of 
the somewhat unsatis&ctory deductions which we draw from the operation 
of the disturber. 

Postaeript. — The account of our more recent experiments was written 
during absence firom Cambridge from July 29 to August 9. In this period 
the gradual southerly progression of the pendulum bob, which was observed 
up to July 28, seems to have continued; for on August 9 the pendulum 
was much too br S. to permit the image of the gas-flame to come into 
the field of view of the telescope. On August 9 the image was recen- 
tralised, and on the 0th and 10th the southerly change continued ; on 
the 11th, however, a reversal northwards again occurred. During these 
days the unsteadiness of the image was much greater than we have seen 
it at any time with the new instrument. There was some heavy tain 
and a good deal of wind at that time. We intend to arrange a scale for 
giving a numerical value to the degree of unsteadiness, but at present it 
is merely a matter of judgment. 

It seems possible that earthquakes were the cause of unsteadiness on 
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August 9, 10, and II, and we Bhall no doubt hear whether any earthquakes 
have takes place on those days. 

After August 11 we were both again absent firom Cambridge. On 
August 16 my brother returned, and found that the southerly progression 
of the pendulum bob had reasserted itself, so that the im^e was again 
far out of the field of view.' After recentralising he found the image to 
be unusually steady. 

This appeared a good opportunity of trying the effect of purely local 
tremors. 

One observer therefore went into the room and, standing neia- the instru- 
ment, delivered some smart blows on the brickwork coping round the ditch, 
the stone pavement, the tub, and the large stone basement underneath the 
water. Little or no effect was produced by this. Very small movements 
of the body, such as leaning forward while sitting in a chair, or a shift of 
part of the weight from heels to toes, produced a sensible deflection, and it 
was not very easy for the experimenter to avoid this kind of change whilst 
delivering the blows. To show the sensitiveness of the instrument to steady 
pressure we may mention that a pressure of three fingers on the brick coping 
of the ditch produces a marked deflection. 

On August 17 I returned to Cambridge, and noted, with my brother, that 
the image had never been nearly so steady before. The abnormal steadiness 
continued on the 18th. There was much rain during those days. 

On the afternoon of the Idth there was a high wind, and although the 
abnormal steadiness had ceased, still the agitation of the image was rather 
less than we usually observe it. 

The image being so steady on the 17th, we thought that a good oppor- 
tunity was aSbrded for testing the disturber. At 6.15 pm. of that day we 
began the readings. The changes from ' up ' to ' down ' were made as quickly 
as we could, and in a quarter of an hour we secured five readings when the 
guide weight was ' up,' and four when it was 'down.' 

When a curve was drawn, with the time as abscissa, and the readings 
as ordinates, through the 'up's,' and similarly through the 'down's,' the 
curves presented similar features. This seems to show that movement of 
the disturber does not cause irregularities or changes, except such as it is 
designed to produce. 

The displacement of the guide weight was through 5 cm. on each 
occasion. 

The four changes from ' up ' to ' down ' showed that an inch of scale cor- 
responded with 0"0897, with a mean error of 0"'0O21 ; the four irom ' down ' 
to ' up ' gave 0"-0909 to the inch, with a mean error of 0"'0042. Thus the 
systematic error on the previous occasions was probably only apparent. 
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Including all the eight changea together, we find that the value of an 
inch is 0"0903 with a mean error of 0"0030. 

A change in the scale reading amounting to a tenth of an inch is 
visible without any doubt, and even leas is probably visible. Now it will 
give an idea of the delicacy of the instrument when we say that a tenth 
of an inch of our scale correspontb to a change of horizon* through an 
angle equal to that subtended by an inch at 384 miles. 



IL On the work of previous observers. 

In the following section we propose to give an account of the various 
experiments which have been made in order to detect small variations of 
horizon, as for as they are known to us; but it is probable that other 
papers of a similar kind may have escaped our notice. 

In a report of this kind it is useful to have references collected together, 
and therefore, besides giving an account of the papers which we have con- 
sulted, we shall requote the references contained in these papers. 

In Poggendorff's Annalen for 1873 there are papers by Prof. F. ZOllner, 
which had been previously read before the Royal Saxon Society, and which 
are entitled "Ueber eine neue Methode zur Messung anziehender und 
abstossender Krafte," Vol. 150, p. 131, " Beschreibung und Anwendung des 
Horizontalpendels," Vol. 150, p. 134. A part of the second of these papers 
is translated, and the figure is reproduced in the supplementary number of 
the Philosophicai Magazine for 1872, p. 491, in a paper "On the Origin of 
the Earth's Magnetism." 

The horizontal pendulum was independently invented by Frof. ZOllner, 
and, notwithstanding assertions to the contrary, was probably for the first 
time actually realised by him; it appears, however, that it had been twice 
invented before. The history of the instrument contains a curious piece of 
scientific fi«ud, of which we shall give an account below. 

The instrument underwent some modifications under the hands of Pro- 
fessor Zollner, and the two forms are described in the above papers. ' 

The principle employed is as follows: — There is a very stout vertical 
stand, supported on three legs. At the top and bottom of the vertical 
shaft are fixed two projections. Attached to each projection is a fine 
straight steel clock spring; the springs are parallel to the vertical shaft 
of the stand, the one attached to the lower projection running upwards, and 

* We use the aipresBion ' ohange of horizon ' to deDole Telative moTemeiit of the e»rth, at the 
plMM of obEervatioD, >nd the plumb-line. Saoh ohangeB ma; ariie either from alteration in the 
■hape of the earth, or bom diiplaoement ol (he plumb-line ; oar experimenti do not determine 
whieh of theee two really takea plaoe. 
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that attached to the upper one ninning downwards. The springs are of 
equal length, each being equal to half the distance between their points 
of attachment on the projections. 

The springs terminate in a pair of rings, which stand exactly opposite 
to one another, so that a rod may be thrust through both. 

A glass rod has a heavy weight attached to one end of it, and the other 
end is thrust through the two rings. The rings are a little separated &om 
one another, and the glass rod stands out horizontally, with its weight at 
the end, and is supported by the tension of the two springs. It is obvious 
that if the point of attachment of the upper spring were vertically over 
that of the lower spring, and if the springs had no torsional elasticity, then 
the glass rod would be in neutral equilibrium, and would stand equally well 
in any azimuth. 

The springs being thin have but little torsional elasticity, and Professor 
Ziillner arranges the instrument so that the one support is veiy nearly over 
the other. In consequence of this the rod and weight have but a small 
predilection for one azimuth more than another. The iree oscillations of 
the horizontal pendulum could thus be made extraordinarily slow ; and even 
a complete period of one minute could be easily attained. 

A vety small horizontal force of course produces a large deflection of 
the pendulum, and a small deflection of the force of gravitation with 
reference to the instrument must produce a like result. He consideis 
that by this instrument he could, in the first form of the instrument, 
detect a displacement of the horizon through O"'0O036 ; in the second his 
estimate is 0"'001. 

The observation was made by means of a mirror attached to the weight, 
and scale and telescope. 

The maximum change of level due to the moon's attraction is at 
St Petersburg 0"01Y4, and from the sun 0"0080 [C. A. F. Peters, BtdL 
Acad. Imp. St Piterabourg, 1844, Vol. ill., No. 14]; and thus the instrument 
was amply sensitive enough to detect the lunar and solar disturbances of 
gravity*. 

* We ue of opiDion that H. Zdllner htu mftde % nuiUke in uiing at Leipdg Fsten' reaaltB 
for St Pelanburg. Beeidei this he ootuiden the ohuijes ot the vertical to be 0"'01T4 on taeh 
aide of a mean position, and thas tajs the change is 0"'034B altogether. Now a rough oompnto- 
tion nhioh I have made lor Cambridge shows that the maiimnm meridional horiiontal oomponoit 
of gravitation, aa due to lonar attraction, ia 4'12 x \Q~' of pure giavit;. Thia foroe wiU prodilM 
a defleotion of the plumb-line of ff'-OOSS, and the total ampliCade of meridional oaoillatioQ will be 
0"*01T0. The maiimnm deflection al Che plumb-tine ooonrs when the moon's hoar-angle is ^ 15° 
and ±136° at the place of obserration. The ebange at Cambridge when the moon ia B.E. and 
N.W. is (T'OSlft. The deflection of the plnmb-line varies as the cosine of the latitndc, and ia 
tberefore greater at Cambridge than at 8t Petersburg. Multipljing -0316 bj see 61° 13' ooa 60° 
we get -0171, and thus m; oaloolation agrees with that of Peters. 
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Professor Zsllner found, aa we have done, that the readings were never 
the same for two successive Instants. The passing of trains on the railway 
at a mile distant produced oscillations of the equilibrium position. He 
seems to have &iled to detect the laws governing the longer and wider 
oscillations performed. Notwithstanding that he took a number of precau- 
tions against the effects of changes of temperature, he remarks that " the 
external circumstances under which the above experiments were carried out 
must be characterised as extremely uu&vourable for this object (measuring 
the lunar attraction), so that the sensitiveness might be much increased in 
pits in the ground, provided the reaction of the glowing molten interior 
against the solid crust do not generate inequalities of the same order." 

Further on he says that if the displacements of the pendulum should be 
found not to agree in phase with the theoretical phase as given by the sun's 
position, then it might be concluded that gravitation must take a finite time 
to come from the sun. 

It appears to me that such a result would afford strong grounds for 
presuming the existence of frictional tides in the solid earth, and that 
Professor Z(>lIner'B conclusion would be -quite unjustifiable. 

Earlier in the paper he states that he preferred to construct his 
instrument on a large scale, in order to avoid the disturbing effects of 
convection currents. We cannot but think, firom our own experience, that 
by this course Professor ZQllner lost more thtm he gained, for the larger 
the instrument the more it would necessarily be exposed in its various 
parts to regions of different temperature, and we have found that the 
warping of supports by inequalities of temperature is a most serious cause 
of disturbance. 

The instrument of which we have given a short account appears to us 
very interesting from its ingenuity, and the account of the attempts to use 
it is well worthy of attention, but we cannot think that it can ever be made 
to give such good results as those which may perhaps be attained by our 
plan or by others. The variation in the torsional elasticity of the suspending 
springs, due to changes of temperature, would seem likely to produce serious 
variations in the value of the displacements of the pendulum, and it does not 
seem easy to suspend such an instrument in fluid in such a manner as to kill 
out the effects of purely local tremors. 

Moreover, the whole instrument is kept permanently in a condition of 
great stress, and one would be inclined to suppose that the vertical stand 
would be slightly warped by the variation of direction in which the tensions 
of the springs are applied, when the pendulum bob varies its position. 

In a further paper in the same volume, p. 140, "Zur Qeschichte des 
Horizontalpendels," Zallner gives the priority of invention to M. Perrot, who 
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had described a Bimilar instrument on March 31, 1862 {Comptes Bendue, 
Vol 54, p. 728), but aa tar as he knows U. Perrot did not actually 
construct it. 

He also quotes an account of an "Astronomisohe Pendelwage," by 
Lorenz Hengler, published in 1832, in Vol. 43 of Dingler's Polytechn. 
Jowm., pp. 81 — 92. In this paper it appears that Hengler gives the most 
astonishing and vi^e accounts of the manner in which he detected the 
lunar attraction with a horizontal pendulum, the points of support being 
the ceiling and floor of a room 16 feet high. The terrestrial rotation was 
also detected with a still more marvellous instrument. 

Zellner obviously discredits these experiments, but hesitates to charac- 
terise them, as they deserve, as mere fraud and invention. 

The university authorities at Munich state that in the years 1830-1 
there was a candidate in philosophy and theology named Lorenz Hengler, 
of Beicbenbofen, "der weder fruher noch spater zu finden ist." 

At p. 150 of the same volume Professor SafaHk contributes a " Beitrag 
zur Qeschichte des Horizontalpendels." He says that the instrument takes 
its origin from Professor Gruithuisen, of Munich, whose name has " keiaen 
guten Elang " in the exact sciences. 

This strange person, amongst other eccentricities, proposed to dig a 
hole quite through the earth, and proposes a catachthonic observatory. 
Gruithuisen says, in his Neuen Analekten filr Erd- und Himmdakunde 
(Munich, 1832), Vol. I., Part I. : "I believe that the oscillating balance 
(Schwung-wage) of a pupU of mine (named Hengeller), when constructed 
on a large scale, will do the best service." 

Some of the most interesting observations which have been made are 
those of M. d'Abbadie. He gave an account of his experiments in a paper, 
entitled " Etudes sur la verticale," Association Frangaise pmir ravancement 
des Sciences, Congrks de Bvrdeaux, 1872, p. 159. As this work is not very 
easily accessible to English readers, and as the paper itself has much 
interest, we give a somewhat full abstract of it. He has also published 
two short notes with reference to M. Plantamour's observations (noticed 
below), in Vol. 86, p. 1528 (1878), and Vol. 89, p. 1016 (1879), of the 
Comptea Rendus. We shall incorporate the substance of his remarks in 
these notes in our account of the original paper. 

When at Olinda, in Brazil, in 1837, M. d'Abbadie noticed the variations 
of a delicate level which took place from day to day. At the end of the 
two months of his stay there the changes in the E. and W. azimuth bad 
compensated themselves, and the level was in the same condition as at 
first; but the change in the meridian was still progressing when he bad 
to leave. 
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In 1842, at Goadar, in Ethiopia, and at Saqa, he noticed a similar 
thing. In 1852 he gave an account to the French Academy (Comptes 
Rendus, May, p. 712) of theae observations, as well as of others, by means 
of levels, which were carried out in a cellar in the old castle of Audaux, 
Basses Fyr^n^es. 

Leverrier, he says, speaks of sudden changes taking place in the level 
of astronomical instruments, apparently without cause. Airy has proved 
that the azimuth of an instrument may change, and Hough notes, in 
America, capricious changes of the Nadir. 

Henry has collected a series of levelling^ and azimuths observed at 
Greenwich during ten years, and during eight of the same years at 
Cambridge (Montidy Notices R, A. S., Vol. Vlll., p. 134). The results with 
respect to these two places present a general agreement, and show that 
from March to September the western ¥ of the transit instrument &lls 
through 2"'5, whilst it deviates at the same time 2" towards the north. 
Ellis has made a comparison of curves applying to Greenwich, during 
eight years, tor level and azimuth. He shows that there is a general 
correspondence with the curves of the external temperature {Memoira of 
the R. Ast. Soc., Vol. xxix,, pp. 45 — 57). 

In the later papers M. d'Abbadie says that M. Bouquet de la Qrye 
has observed similar disturbances of the vertical at Campbell Island, 
8. lat. 52° 34'. M. Bouquet used a heavy pendulum governing a vertical 
lever, by which the angle was multiplied*. He found that the great 
breakers on the shore at a distance gf two miles caused a deviation o£ 
the vertical of l"'l. On one occasion the vertical seems to have varied 
through 3"'2 in 3J hours. 

M. d'Abbadie also quotes Elkin, Yvon Villarceau, and Aiiy aa having found, 
from astronomical observations, notable variations in latitude, amounting to 
from 7" to 8". 

As M. d'Abbadie did not consider levels to afford a satis&ctory method 
of observation of the presumed changes of horizon, he determined to proceed 
in a different manner. 

The site of his experiments was Abbadia, in Subemoa, near Hendaye. 
The Atlantic was 400 metres distant, and the sea-level 62 metres below 
the place of observation. The subsoil was loamy rock (rocke marnsvee), 
belonging to cretaceous deposits of the south of Fiance, Notwithstanding 
the steep slope of the soil, water was found at about 5 metres below the 
sur&ce. 

* I do not find ■ referenoe to H. Boaqaet in the R.3. oatalogne of wsientifio papers. It 
appeara from what H. d'Abbftdie Mje that oertain obseiVBtioDs have been made with pendnlama 
in Italj, bat tbat it does not diatinotl; appear that (he variationB of level are umnltaneoaa over 
irida araai. No retereDOe la given aa to the ohserrera. 

D. I. 27 
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In this situation he had built, in 1863, a steep concrete cone, of which 
the external slope was ten in one (une inclinaison d'uue dixi&me). The 
concrete cone is truncated, and the flat eurbce at the top is 2 metres in 
diameter. It is pierced down the centre by a vertical hole or well 1 metre 
in diameter. This well extends to within half a metre of the top, at which 
point the concrete closes in, leaving only a hole of 12 centimetres up to the 
flat upper sur&ce. 

From the top of the concrete down to the rock ia 8 metres, and the 
well is continued into the rock to a further depth of 2 metres : thus from 
top to bottom is 10 metres. 

A tunnel is made to the bottom of the well in order to drain away the 
water, and access of the observer to the bottom ia permitted by means of 
an underground staircase. Access can also be obtained to a point half-way 
between the top and bottom by means of a hole through the concrete. At 
this point there is a diaphragm across the well, pierced by a hole 21 centi- 
metres in diameter. The diaphragm seems to have been originally made 
in order to support a lens, but the mode of observation was afterwards 
changed. The diaphragm is still useful, however, for allowing the observer 
to stand there and sweep away cobwebs. 

The cone is enclosed in an external building, from the roof of which, as 
I understand, there bangs a platform on which the observer may stand 
without touching the cone; and the two staircases leading up to the top 
are also isolated*. 

On the hole through the top of the cone is riveted a disk of brass 
pierced through its centre by a circular hole 21 mm. in diameter. The 
hole in the disk is traversed across two perpendicular diameters by fine 
platinum wires; at first there were only two wires, but afterwards there 
were four, which were arranged so as to present the outline of a right- 
angled cross. The parallel wires were very close together, so that the four 
wires enclosed in the centre a very small square space. 

At the bottom of the well is put a pool of mercury. The mercury 
was at first in an iron basin, but the agitation of the mercury was found 
sometimes to be so great that no reflection was visible for an hour together. 
At the suggestion of Leverrier the iron basin was replaced by a shallow 
wooden tray with a corrugated bottom, and a good reflection was then 
generally obtainable. Immediately over the mercury pool there stood a 
lens of 10 cm. diameter and 10 metres focal length, and over the brass 
disk there stood a microscope with moveable micrometer wires in the eye- 
piece, and a position circle. The platinum wires were illuminated, and on 
looking through the microscope the observer saw the wires both directly and 

* This psasage fippeara to me a little obscure, and I oaimot i^aite nndarBUDd the airange- 
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by reflection. The observations were taken by measuring the azimuth and 
displacement of the image of the central aquare relatively to the real 
square enclosed by the wires. 

One division of the micrometer screw indicated a displacement of 
vertical of 0""03, bo that the observations were susceptible of considerable 
refinement. 

The whole of the masonry was finished in 1863, and M. d'Abbadie then 
allowed the structure five years to settle before he began taking observa- 
tions. The arrangements for observing above described were made in 1868 
and 1869. 

In the course of a year he secured 2000 observations, and the results 
appear to be very strange and capricious. 

Throughout March, 1869, the perturbations of the mercury were so 
incessant that observations (taken at that time with the iron basin) were 
neaily impossible ; on the 29th he waited nearly an hour in vain in trying 
to catch the imi^ of the wires. Two days later the mercury was perfectly 
trauqnil. On April 6 it was much ^tated, although the air and sea were 
calm. A tranquil surfoce was a rare exception. 

In 1870 the corrugated trough was substituted for the iron basin; and 
M. d'Abbadie says : — 

"Cependant, ni le fond in4gal du bain rain^ ni sa forme ne m'ont 
empScb4 d'observer, ce que j'appelle des ombres fuyantes. Ce sont des 
bandes sombres et parall^les qui traversent le champ du microscope avec 
plus on moins de vitesse, et qu'on explique en attribuoQt au mercure des 
ondes tres t4nues, caus^es par une oscillation du sol dans un seul sens. Le 
plus souvent cea ombres seuiblent courir du S.E. au N.O., approximative- 
ment selon I'axe de la chalue dea Pyr4n6es; mais je les ai observfes, le 
15 Mars 1872, allant vers le S.O. A cette 4poque, le mercure 4tait depuis 
le 29 f^vrier, dans une agitation continuelle, comme mon aide I'avoit constat^ 
en 1869, aussi dans le mois de Mars*." 

He observed also, from time to time, certain oscillations of the mercury 
too rapid to be counted, which he calls ' tremoussements.' There were also 
sudden jumpings of the image from one point to another, or 'fr^tillements,' 
indicating a sudden change of vertical through 0"'49 to 0"'65. 

He observed many microscopic earthquakes, and in some cases the im^« 
was carried quite out of the field of view. 

He also detected the difference of vertical according to the state of the 
tide in the neighbouring sea; but the change of level due to this cause was 
often masked by others occurring contemporaneously. 

* M. d'Abbadie vrites to me (bat this pheDomenon vm nltimatel; fonnd to roBOlt bom sit 
onrtentt (Nor. S, 1881). 
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From obeervationa during the years 186Y to 1872 (with the exception 
of 1870) he finds that in every year but one the plumb-line deviated 
northwards during the latter months of the year, but in 1872 it deviated 
to the south. 

He does not give any theoretical viewa as to the causes of these 
phenomena, but remarks that his observations tend to prove that the 
causes of change are sometimes neither astronomical nor thermometrical. 

The most sudden change which he noted was on October 27, 1872, 
when the vertical changed by 2"'4 in siz hours and a quarter. Between 
January 30 and March 26 of the same year the plumb-line deviated 4i"'5 
towards the south. 

We now come to the valuable observations of M, Plantamour, which 
we believe are still being prosecuted by him. His papers are "Sur le 
d^placement do la buUe des niveaux k bulle d'air," Comptes Rendus, 
June 24, 1878, Vol. 86, p. 1522, and " Des mouvements p^riodiques du sol 
accus^ par des niveaux k bulle d'air," Comptes Rendiia, December 1, 1879, 
Vol. 89, p. 937. 

The observations were made at S^heron, near Geneva, at first at the 
Observatory, and afterwards at M, Plantamour's house. After some pre- 
liminary observations, he obtained a very sensitive level and laid it on 
the concrete floor of a room in which the variations of temperature were 
very small The azimuth of the level was E, and W., and the observations 
were made every hour from 9 A,M. until midnight. Figures are given of 
the displacement of the bubble during April 24, 25, and 26, 1878. The 
results indicate a diumat oscillation of level, the E. end of the level being 
highest towards 5.30 p.m. ; the amplitudes of the oscillations were 8"'4, 
11"'2, 15"'75 during these three days. It also appeared that there was 
a gradual rising of the mean diurnal position of the E. end during the 
same time. 

The level was then transported to a cellar in M. Plantamour's house, 
when the temperature only varied by half a degree centigrade. The bubble 
of the level often ran quite up to one end, A new and larger level was 
obtained, together with the great 'chevalet de far,* which is used by the 
manufacturers in testing levels. Both levels were placed E, and W., at 
about two metres apart. During May 3 and 4, 1878, the bubble travelled 
eastward without much return, and it is interesting to learn that simul- 
taneous observations by M. Turretini, at the Ijevel Factory, three kilometres 
distant, at Plainpalais, showed a similar changa 

Between May 3 and 6 the level actually changed through 17". Up to 
the 19th the level still showed the eastward chuige. 

M. Plantamour remarks that the eastern pier of a transit instrument is 



Digitized by L.tOO'JIC 



1881] PLANTAMOUR'S observations WllH LEVBia. 421 

known to rise during a part of the year, but not by an amount comparable 
with that obaerred by him, and that the diurnal variations are unknown. 

After further observatiooa of a similar kind, one of the levels was 
arranged in the N. and S. azimuth. 

The same sort of diurnal oscillations, although more irregular, were 
observed, but the hours of maximum were not the same in the two 
levels. During the four days, May 24 to 28, the maximum rising of the 
north geuerally took place about noon. This is exactly the converse of 
what we have recently observed. 

In the second paper he remarks : 

"Dans le sens du m^ridien, les mouvements diumes sont tres rares 
irr^guliers et toujours trea &ibles, le niveau en accuse parfois, quand il n'y 
en a point de Test k I'ouest, et inversement, quand ces demiers sont tres 
proQonc^, on n'en aperQoit que tr^ nurement du sud au nord." 

In our experiment of March 15 to IS, 1880, we found that the pendulum 
stood furthest north about 6 P.M., so that at that time the S. was most 
elevated ; and in the short series of observations during the present summer 
the maximum elevation of the S, took place about noon. 

On October 1, 1878, M. Plantamour began a new series of observations, 
which lasted until September 30, 1879. The levels were arranged in the 
two azimuths as before, and the observations were taken five times a day, 
namely, at A.M., noon, 3, 6, and 9 P.M. The mean of these five readings 
he takes as the diurnal value. 

During October and November the eastern end of the level fell, which 
is exactly the converse of what happened during the spring of the 
same year; he concludes that the eastern end &lls when the external 
temperature fells. 

When a curve of the external temperature was placed parallel with 
that for the level, it appeared that there was a parallelism between the 
two, but the curve for the level lagged behind that for temperature by 
a period of firom one to four days. 

This parallelism was maintained until the end of June, 1879, when it 
became disturbed. From then until the beginning of September the E. 
rose, but in a much greater proportion than the rise of mean temperature. 
It must be noted that July was a cold and wet month. 

Although the external temperature began to fiill on August 5, the E. 
end continued to rise until September 8. This he attributes to an accumu- 
lation of heat in the soil. The total amplitude of the annual oscillation 
firom E. to W. amounted to 28"-08. 
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There was also a diurnal oscillation in this azimuth which amounted to 
3"-2 on September 5. The east end appeared to be highest between 6 and 
7.46 P.M., and lowest at the similar hour in the morning*. 

The meridional oscillations were much smaller, the total annual amplitude 
being only 4"-89. From December 23, 1878, until the end of April, 1879, 
there was a correspondence between the external temperatui-e curve and 
that for N. and S. level. Wc have already quoted the remark on the diurnal 
meridional oscillations. 

M. Plantamour tells us that in 1856 Admiral Mouchez detected no 
movement of the soil by means of the levels attached to astronomical 
instruments. On the other hand, M. Hirsch established, by several years 
of observation at Neuch&tel, that there was an annual oscillation of a transit 
instrument from E. to W., with an amplitude of 23", and an azimuthal 
oscillation of 75", Similar observations with the transit instrument were 
made at the observatory at Berne in the summer of 1879, 

It is to be regretted that M. Plantamour does not give us more informa- 
tion concerning the manner in which the iron support for the levels was 
protected from small changes of temperature, nor with regard to the effect 
of the observer's weight on the floor of the room. We have concluded that 
both these sources of disturbance should be carefully eliminated. 

Some interesting observations were made at Pulkova on a subject 
cognate to that on which we are writing. M. Magnus Nyren contributed, 
on February 28, 1878, an interesting note to the Imperial Academy of 
St Petersburg, entitled " Erderschtitterung beobachtet an einem fcinem 
Niveau 1877 Mai lOf-" On May 10 (April 28), 1877, at 4.16 A.M., a 
striking disturbance of the level on the axis of the transit was observed 
by M. Nyrfen in the observatory at Pulkova. The oscillations were watched 
by him for three minutes; their complete period was about 20 seconds, 
and their amplitude between 1"'5 and 2". At 4,36 A.H. there was no 
longer any disturbance. He draws attention to the tact that it afterwards 
appeared that one hour and fourteen minutes earlier there had been a 
great earthquake at Iquique. The distance from Iquique to Pulkova is 
10,600 kilometres in a straight line, and 12,540 kilometres along the arc 
of a great circle. He does not positively connect the two phenomena 
together; but he observes that if the wave came through the earth 
from Iquique to Pulkova it must have travelled at the rate of about 

* It Eeema that M. PlantBiiioDi aent a fignre to the Freneh Academy Kith the paper, bat no 
figDre IB given. This figara woald doubUeea have explained the meauiiig of Bone pMsages wMoli 
are somewhat obecure. Thne he ipeaka of the minimum oaoairing between B and 7.46, bat it is 
not clear whether minimum mesDB E. highest qt E. lowest. I interpret the paBsaga as above, 
because this was the state of things in the observatioDa lecorded in tbe first of the two papers. 
There is a similnr difflonlty about the meridional oscillations, 

t BttU. Acad. St PeUrtb., Vol, iitv,, p. 667, 
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24 kilometres per second. This is the speed of transmiasion through 
platinum or silver. 

M. Nyrfeu thinks the wave-motion could not have been so regular as 
it was, if the transmission had been through the solid, and suggests that 
the transmission was through the fluid interior of the earth. 

It appears to us that this argument is hardly souud, and that it would 
be more just to conclude that the interior of the earth was a sensibly 
perfectly elastic solid; because oscillations in molten rock would surely be 
more quickly killed out by internal friction than those in a solid. How- 
ever, M. Nyren does not lay much stress on this argument. He also 
draws attention to the fact that on September 20 (8), 1867, M. Wagner 
observed at Pulkova an oscillation of the Level, with an amplitude of 3", 
and that seven minutes before the disturbance there had been an earth- 
quake at Malta. On April 4 (March 23), 1868, M. Gromadzki observed an 
agitation of the level, and it was afterwards found that there had been 
an earthquake in Turkestan five minutes before. 

Similar observations of disturbances had been made tivice before, once 
by M. Wagner and once by M. Eoraberg ; but they had not been connected 
with any earthquakes — at least with certainty. 

Dr C. W. Siemens has invented an instrument of eitraordinaty delicacy, 
which he calls an "Attraction-meter." An account of the instrument is 
given in an addendum to his paper "On determining the depth of the sea 
without the use of the sounding-line " (PkU. Trans., 1876, p. 659). We 
shall not give any account of this instrument, because Dr Siemens is a 
member of our committee, and will doubtless briug any observations he may 
make with it before the British Association at some future time. 



III. Remarks on the present state of the suited. 

Although our experiments are not yet concluded, it may bo well to make 
a few remarks on the present aspects of the question, and to state shortly our 
intentions as to future operations. 

Our experiments, as far as they go, confirm the results of MM, d'Abbadie 
and Plantamour, and we think that there can remain little doubt that the 
surface of the earth is in incessant movement, with oscillations of periods 
extending from a fraction of a second to a year. 

Whether it be a purely superficial phenomenon or not, this consideration 
should be of importance to astronomical observers, for their instruments are 
necessarily placed at the sur&ce of the earth. M. Plantamour and others 
have shown that there is an intimate connection between the changes of 
level and those of the temperature of the air; whence it follows that the 
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principal part of the changes muat be superficial. On the other hand, 
M. d'Abbadie has shown that it is impossible to explain all the changes by 
means of changes of temperature. It would be interesting to determine 
whether changes of a similar kind penetrate to the bottom of mines, and 
Gniithuisen's suggestion of a catachthonic observatory seems worthy of 
attention, although he perhaps went rather far in the proposition that the 
observatory should be ten or fifteen miles below the earth's surfiwie. 

It may appear not improbable that the surface of the soil becomes 
wrinkled all over, when it is swollen by increase of temperature and by 
rain&ll. If this, however, were the case, then we should expect that inatni- 
raents erected at a short distance apart would show discordant results. 
M. Plantamour, however, found that, at least during three days, there was 
a nearly perfect accordance between the behaviour of two sets of levels at 
three kilometres apart ; and during eight years there appeared to be general 
agreement between the changes of level of the astronomical instruments at 
Greenwich and Cambridge. It would be a matter of much interest to 
determine how lar this concordance would be maintained if the instrument 
of observation had been as delicate as that used by M. d'Abbadie or as our 
pendulum. 

M. Plantamour speaks as though it were generally recognised that one 
pier of a transit circle rises during one part of the year and falls at 
another*. But if this be so throughout Europe, we must suppose that 
there is a kind of tide in the solid earth, produced by clitnatic changes; 
the rise and ^1 of the central parts of continents must then amount to 
something considerable in veriiical height, and the changes of level on the 
easterly and westerly coasts of a continent must be exactly opposite to one 
another. We are not aware that any comparison of this kind has been 
undertaken. The idea seems of course exceedingly improbable, but we 
understand it to be alleged that it is the eastern pier of transit instni- 
Qients in Europe which rises during the warmer pari; of the year. Now 
if this be generally true for Europe, which has no easterly coast, it is not 
easy to see how the change can be brought about except by a swelling of 
the whole continent. 

We suggest that in the future it will be thought necessary to erect at 
each station a delicate instrument for the continuous observation of changes 
of level. Perhaps M. d'Abbadie's pool of mercury might be best for the 
longer inequalities, and something like our pendulum for the shorter ones ; 

■ '> Dans I'op^nition mi moyea de laqnella on ririfle lliomonUliU de Tais d'nne Innatte 
miridiemie, il parait qa'oD Mnutniue bien nn Uger moaTsment d'eihauiwment de I'est pendant 
one partie de I'aiia^e, maia il n'est pas aussi oonaidfoable que oelai i^D'aoouae mon niveau, et I'OD 
n'a jamaiB remarquf, qae je Baohe, ane OBdUation diome eonune cella qn'a indiqiiAe le iiiTean 
dans le pavilion." CampUt Bendiu, Jane 94, 1678, Tol. lxiiti., p. 1635, 
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or possibly the peodulum, when used in a manner which we intend to try, 
might suffice for all the inequalities. 

At present the errors introduced by unknown inequaUties of level are 
probably nearly eliminated by the number of observations taken; but it 
could not fail to diminish the probable error of each observation if a correc- 
tion were applied for this cause of disturbance from hour to hour, or even 
from minute to minute. If the changes noted by M, Plantamour are not 
entirely abnormal in amount, such corrections are certainly sufficient to 
merit attention. 

In our firet set of experiments we found that stone piers are exceedingly 
sensitive to changes of temperature and to small stresses. Might it not be 
worth while to plate the piere of astronomical instruments with copper, and 
to swathe them with flannel ? We are not aware as to the extent to 
which care is taken as to the drainage of the soil round the piers, or as 
to the effect of the weight of the observer's body ; but we draw attention 
to the effect produced by the percolation of water round the basement, and 
to the impossibility we have found of taking our observations in the same 
room with the instrument. 

In connection with this subject we may notice an experiment which 
was begun SJ years ago by my brother Horace. The experiment was 
undertaken in connection with my father's investigation of the geological 
activity of earthworms, and the object was to determine the rate at which 
stones are being buried in the ground in consequence of the excavations 
of worms. 

The experiment is going on at Down, in Kent. The soil is stiff red 
clay, containing many flints lying over the chalk. There are two stout 
metal rods, one of iron and the other of copper. The ends were sharpened 
and they were hammered down vertically into the soil of an old grass field, 
and they are in contact with one another, or nearly so. When they had 
penetrated 8 feet 6 inches it was found very difficult to force them deeper, 
and it is probable that the ends are resting on a flint. The ends were 
then cut off about three inches above the ground. 

A stone was obtained like a small grindstone, with a drcular hole in 
the middle. This stone was laid on the ground with the two metal rods 
appearing through the hole. Three brass V grooves are leaded into the 
upper surface of the stone, and a moveable tripod-stand with three rounded 
legs can be placed on the stone, and is, of course, geometrically fixed by 
the nature of its contact with the Vs. An arrangement with a micrometer 
screw enables the observer to take contact measurements of the position 
of the upper sur&ce of the stone with regard to the rods. The stone 
has always continued to fall, but during the first few months the rate of 
fiill was probably influenced by the decaying of the grass underneath it. 
The general falling of the stone can only be gathered from observations 
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taken at many months apart, for it is found to be in a atate of continual 
vertical oscillation. 

The measurements are so delicate that the raising of the stone produced 
by one or two cans full of water poured on the ground can easily be per- 
ceived. Between September 7 and 19, 1880, there was heavy rain, and 
the stone stood 1*91 mm. higher at the latter date than at the former. 
The effect of &ost and the wet season combined is still more marlied, for 
on January 23, 1881, the stone was 412 mm. higher than it had been on 
September 7, 1880. 

The prolonged drought of the present summer has had a great effect, 
for between May .8 and June 29 the stone sank through 5'79 mm. The 
opposite effects of drought and frost are well shown by the fact that on 
January 23 the stone stood 862 mm. higher than on June 29, 1881. The 
observations are uncorrected for the effect of temperature on the metal 
rods, but the fact that the readings from the two rode of different metals 
always agree very closely inter se, shows that such a correction would amount 
to very little. 

The changes produced in the height of the stone are, of coarse, entirely 
due to superficial causes ; but the amounts of the oscillations are certainly 
surprising, and although the basements of astronomical instruments may be 
very deep, they cannot entirely escape from similar oscillations*. 

In his address to the mathematical section at the meeting of the British 
Association at Glasgow in 1876, Sir William Thomson tells usf that Peters, 
Maxwell, Nyrfen, and NewcombJ have examined the observations at Pulkova, 
Greenwich, and Washington, in order to discover whether there is not an 
inequality in the httitude of the observatories having a period of about 
306 days. Such an inequality must exist on account of the motion in that 
period of the instantaneous axis of rotation of the earth round the axis of 
maximum moment of inertia. The inequality was detected in the results, 
but the probable error was very large, and the epochs deduced by the 
several investigators do not agree inter se. It remains, therefore, quite 
uncertain whether the detection of the inequality is a reality or not. But 
now we ask whether it is not an essential first step in such an enquiry 
to make an elaborate investigation by a very delicate instrun^ent of the 
systematic changes of vertical at each station of observation 1 

We will next attempt te analyse the merits and demerits of the various 
methods which have been employed for detecting small changes in the 
vertical. 

* [As aooonnt of this eiperiment ia pna in Froe. Roy. Soe., Vol. Liviti., 1901, pp. 363—261.] 
+ fl. J. flqwrt for 1876, p. 10. For"NrBen"««d "Nyrtn." 

t Peten' pap«i u in BuU. St Pet. Aead., 1644, p. SOS, and A$t. Nach., Vol. xxii., 1846, pp. 71, 
103, 119. Sjtin'a paper is in JU^m. St Ptl. Aead., Vol. in., 1ST3, No. IS. With n^rd to 
Uttiwell, Bee ThomBon snd Tut's Nat. Phil., and edit., Part i., Vol. i. An inter«atiDg letter 
from Neirooinb is quoted in Sir W. ThmntOD'a addnsi. 
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The most sensitive instrument is probably the horizontal pendulum of 
Professor ZoUner, and its refinement might be almost indefinitely increased 
by the addition of the bifilar suspension of a mirror as a means .of exhibiting 
the displacements of the pendulum bob. If this were done it might be 
possible to construct the instrument on a very small scale and yet to 
retain a very high degree of sensitiveness. We are inclined to think, 
however, that the variation of the torsional elasticity of the suspending 
springs under varying temperature presents an objection to the instniment 
which it would be very difficult to remove. The state of stress under 
which the instrument is of necessity permanently retained seems likely 
to be prejudicial. 

Next in order of sensitiveness is probably our own pendulum, embedying 
the su^^tion of Sir William Thomson. We are scarcely in a position as 
yet to feel sure as to its merits, but it certainly seems to be capable of 
all the requisite refinement We shall give below the ideas which our 
experience, up to the present time, suggest as to improvements and future 
observations. 

Although we know none of the details of M. Bouquet de la Grye's pendu- 
lum actuating a lever, it may be presumed to be susceptible of considerable 
delicacy, and it would be likely to possess the enormous advantage of giving 
an automatic record of its behaviour. On the other hand the lever must 
introduce a very unfavourable element in the friction between solids. 

M. d'Abbadie's method of observation by means of the pool of mercury 
seems on the whole to be the best which has been employed hitherto. But 
it has &ults which leave ample fields for the use of other instruments. The 
construction of a well of the requisite depth must necessarily be very expen- 
sive, and when the structure is nmde of a sufficient size to give the required 
degree of accuracy, it is difficult to ensure the relative immobility of the 
cross-wires taiA the bottom of the well. 

Levels are exceedingly good fi-om the point of view of cheapness and 
transportability, but the observations must always be open to some doubt 
on account of the possibility of the sticking of the bubble &om the effects 
of capillarity. The justice of this criticism is confirmed by the fact that 
H. Plantamour found that two levels only two metres apart did not give 
perfectly accordant results. ■ Levels are moreover, perhaps, scarcely sensitive 
enough for an examination of the smaller oscillations of level. Dr Siemens' 
form of level possesses ample sensibility, but is probably open to the same 
objections on the score of capillarity. 

In the case of our own experiments we think that the immersion of 
the whole instrument in water from top to bottom has proved an excellent 
precaution against the effects of change of temperature, and our experience 
leads us to think that much of the agitation of the pendulum in the earlier 
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aet of experiments was due to small variations of temperature against wliich 
we are now guarded. 

The sensitiveness of the instrument leaves nothing to be desired, and 
were snch a thing as a firm foundation attainable, we could measure the 
horizontal component of the lunar attraction to a considerable degree of 
accuracy. We believe that this is the first instrument in which the 
viscosity of fluids has been used as a means of eliminating the effects of 
local tremors. In this respect we have been successful, for we find that 
jumping or stamping in the room itself produces no agitation of the pendu- 
lum, or at least none of which wo can feel quite sure. We are inclined 
to try the effect of fluids of greater viscosity, such as glycerine, syrup of 
sugar,.or paraffin oil. But along with such fluids we shall almost inevitably 
introduce air-bubbles, which it may be hard to get rid of. If a fluid of 
great viscosity were used, we should then only observe the oscillations of 
level of periods extending over perhaps a quarter to half e. minute- The 
oscillations of shorter periods are, however, so inextricably mixed up with 
those produced by carriages and railway trains, that nothing would be 
lost by this. 

In connection with this point Mr Christie writes to me, that "In the 
old times of Greenwich Fair, some twenty years ^o, when crowds of people 
used to run down the hill, I find the ol^ervers could not take reflection 
observations for two or three hours after the crowd had been turned 

out We do not have anything like such crowds now, even on Bank 

holidays, and I have not heard lately of any interference with the obser- 
vations." If the observers attributed the fetation of the mercury to the 
true cause, the elasticity of the soil must be far more perfect than is 
generally supposed. It would be surprising to find a mass of glass or steel 
continuing to vibrate for as long as two hours after the disturbance was 
removed. May it not be suspected that times of agitation, such as those 
noted by M. d'Abbadie, happened to coincide on two or three occasions 
with Greenwich Fair? 

As the sensitiveness of our present instrument is very great, although 
the sensitising process has never been pushed as far as possible, we think 
that it will be advantageous to construct an instrument on half, or even 
less than half, the present scale. The heavy weights which we now have 
to employ will thus be reduced to one-eighth of the present amount. The 
erection of the instrument may thus be made an easy matter, and an easily 
portable and inexpensive instrument may be obtained. 

Oiu* present form of instrument has several serious flaws. The image is 
continually travelling off the scale, the gearing both internal and external 
to the room for observing is necessarily complex and troublesome to erect, 
and lastly we have not yet succeeded in an accurate determination of the 
value of the scale. 
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We are in hopes of being able to overcome all these objections. We 
propose to have a fixed light, which may be cast into the room from the 
outside. Thi^ will &ee us from the obviously objectionable plan of having 
a gas-tlame in the room, and at the same time will abolish the gearing for 
traversing the lamp on the scale. We should then abolish the disturbing 
pendulum and thus greatly simplify the instrument. The readings would 
be taken by the elevation or depression of the back-leg, until the image of 
the fixed light was brought to the cross-wire of the observing telescope. 

The ease with which the image may be governed with our present 
arrangements leads us to be hopeful of the proposed plan. The use of the 
back-leg will, of course, give all the displacements in absolute measure. 

The only gearings which it will be necessary to bring outside the room 
will be those for sensitising and for working the back-leg. The sensitising 
gearing, when once in order, will not have to be touched again. 

The objections to this plan are, that it is necessary to bring one of the 
supports of the instrument under very slight stresses, and that it will not 
be possible to take readings at small intervals of time, especially if a more 
viscous fluid be used*. 

Our intention is to proceed with our observations with the present instru- 
ment for some time longer, and to note whether the general behaviour of the 
pendulum has any intimate connection with the meteorological conditions. 
We intend to observe whether there is a connection between the degree of 
a^tation of the pendulum and the occurrence of magnetic storms. M. ZoUner 
has thrown out a suggestion for this sort of observation, but we find no notice 
of his having acted on itf 

We shall also test how far the operation by means of the back-leg may be 
made to satisfy our expectations. 

We have no hope of being able to observe the lunar attraction in the 
present site of observation, but we think it possible that we may devise 
a portable instrument, which shall be amply sensitive enough for such a 
purpose, if the bottom of a deep mine should be found to give a sufficiently 
invariable support for the instrument. 

The reader will understand that it is not easy to do justice to an 
incomplete apparatus, or to give a very satisfactory account of experiments 
still in progress; but as it is now two years since the Committee was 
appointed, we have thought it best to give to the British Association such 
an account as we can of our progress. 

• [Mr HoMoe Darwlii has itMrigwaJ a new torn of biflUr pendalam, in^hidh tbe uuiidt 
itodf ia the bob ot the pendulum. Snoh an inatrament, with eontiaaona photographio record, 
hM beeD aaed at Birmingham imd at EdiDbni^b. See Contnittee on Earth TTemoTt,B.A. ReporU 
for ISQS and IBM.] 

t PA(I. Mag., Dec 1872, p. 497. 
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THE LUNAR DISTURBANCE OP GRAVITY; VARIATIONS IN 
THE VERTICAL DUE TO ELASTICITY OF THE EARTH'S 
SURFACE. 



[Second Report of the Committee, consistiDg of Mr G. H. 
Darwin, Professor Sir William Thomson, Professor Tait, 
Professor Geant, Dr Siemens, Professor PuRSEE, Professor 
G. Forbes, and Mr Horace Dakwin, appointed for the 
Measurement of the Lunar Disturbance of Gravity. Written 
by Mr G. H. Darwin. BritM Asaociation Report for 1882, 
pp. 95—119.] 



Shortly after the meeting of the British Association last year (1881), 
the instrument with which my brother and I were experimenting at the 
Cavendish Laboratory, at Cambridge, broke down, through the snapping 
of the wire which supported the pendulum. A succession of unforeseen 
circumstances have prevented us, up to the present time, &om resuming 
our experiments. 

The body of the present Report, therefore, will merely contain an account 
of such observations by other observera as have come to our knowledge 
within the past year, and it must be taken as supplementary to the second 
<psTt of the Report for 1881. The Appendix, however, contains certain 
theoretical investigations, which appear to me to throw doubt on the utility 
of very minute gravitational observations. 

The readers of the Report for 1881 will remember that, in the course 
of our experiments, we were led away from the primary object of the 
Committee, namely, the measurement of the Lunar Disturbance of Gravity, 
and found ourselves compelled to investigate the slower oscillations of the 
soil. 
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It would be beyond the scope of the present Report to enter on the 
literature of •seismology. But, the slower changes in the vertical having 
been found to be intimately connected with earthquakes, it would not have 
been possible, even if desirable, to eliminate all reference to seismology from 
the present Report. 

The papers which are quoted below present evidence of a very mis- 
cellaneous character, and therefore this Report must necessarily be rather 
disjointed. It has seemed best in our account of work done rather to 
classiiy together the observers than the subjects. This rule will, however, 
be occasionally departed trom, when it may seem desirable to do so. 

The interesting researches in this field made during the last ten years 
by the Italians, are, I believe, but little known in this country, and as the 
accounts of their investigations are not easily accessible (there being, for 
example, no copy of the BuUetino, referred to below, at Cambridge), it 
will be well to give a tolerably full account of the results attained. I have 
myself only seen the Transactions for four y«u^ 

The great extension which these investigations have attained in Italy 
has been no doubt due to the fact of the presence of active volcanos and 
of Irequent sensible earthquakes in that countiy. But it is probable that 
m^iy of the same phenomena occur in all countries. 

In 1874 the publication of the BuUetino del Vtdcamsmo Ilaliano was 
commenced at Rome under the editorship of Professor S, M. de Rossi, of 
Rome*. As the title of this publication shows, it is principally occupied 
with accounts of earthquakes, but the extracts made will refer almost entirely 
to the slower oscillations of level. 

I learn from the Bulletino that in 1873 Professor Timoteo Bertelli, 
of Florence, had published an historical account of small spontaneous 
movements of the pendulum, observed since the seventeenth century up 
to that timef. 

Id 1874 (Anno 1 of the BuUetino) Rossi draws attention to the fact 
that there are periods lasting from a few days to a week or more, in which 
the soil is in incessant movement, followed by a comparative cessation of such 
movement. This he calls a ' seismic period.' In the midst or at the end of 
a seismic period there is frequently a sensible earthquake. 

At page 51 he remarks, in a review of some observations of Professor 
Pietro Monte (Director of the Observatory of Leghorn), that he was led 
to suspect that the crust of the earth id in continuous and slow movement 

* I un oompelled to m&ka this abEtraot (lom maniuenpt uolefi, bat tay papen having beoome 
■omewhftt diBomitged, I am Dot absolutely certain in one or two plaoea of the year to wliidi the 
obBerrations refer, 

t £ttll«t<na BoBcatttpagni, t. ti., Oennaio, 1873. Beprinted Via Lata, No. 2111, Boma. 
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daring the seismic period, and that this movement is influenced by varia- 
tions of barometric preaaure. This suspicion was, he says, •confirmed by 
fmding, in his observations of a pendulum at Bocca di Papa (of which 
we shall speak again below), that during the seismic period the excursions 
of the pendulum were mostly in the S.W. and N.E. azimuth. This is 
perpendicular to the volcanic fracture, which runs towards the Alban lake 
and the sea. The lips of the fracture rise and fall, and there result two sets 
of waves along and perpendicular to the fracture. In an earthquake these 
waves are propagated with great velocity (the phenomenon being in &ct 
dynamical), but during the seismic period the same class of changes takes 
place slowly. This view accords with observations at Velletri made by 
Professor D. O. Galli. 

With regard to the influence of barometric pressure Rossi elsewhere 
quotes M. Poey (October 15, 1857 ?) as having attributed the deviations 
of the vertical to this cause, and remarks ; — 

" Although he (Poey) gave too much weight to the boro-seismic action 
of large variations of atmospheric pressure, yet after very numerous obser- 
vations made by me in these last three years (I suppose 1871-4), I can 
affirm that no marked barometric depression has occurred without having 
been immediately preceded, accompanied, or followed by marked micro- 
seismic movements; but besides these there are other irregular, often 
considerable and instantaneous movements, which occur under high pressure. 
To distinguish tbem, I have called the first baro-aeitmie, and the second 
vulcarw-aeismic, movements." The reader will find a theoretical investiga- 
tion on this subject in the Appendix to the present Report. 

Bossi states (page 118, Anno 1 ?) that whilst Etna was in a condition 
of activity his pendulums at Rocca di Papa were extraordinarily agitated 
at the beginning of each barometric storm. 

At page 90 of the second year are given graphical illustrations of the 
simultaneous deflections of pendulums at Borne, Rocca di Papa, Florence, 
Leghorn, and Bologna. There is some appearance of concordance between 
them, and this shows that the agitations sometimes affect considerable tracts 
of land, but that the minor deflections are purely local phenomena. 

H. d'Abbadie, in presenting a memoir on micro-seismic movements by 
Father Bertelli to the French Academy, relates (Comptee Rendiu, 1875, 
Vol. 81, p. 297) the following experiment made by Count Malvasia, as proving 
the independence of the disturbances of the pendulum from the tremors 
produced by traffic. Two batteries of artillery were marching through 
Bologna, and it was arranged that at 30 metres from the Palazzo Malvasia 
they should break into a trot. The pendulum, situated only 6 metres from 
the street, was observed to be unaffected by this, and continued its oscilla- 
tions in the KW, azimuth. A pool of mercury was violently agitated, and it 
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was concluded that the motion communicated to the ground by the artillery 
waa exclusively vertical. 

At page 5 of the BvUetino for 1876 (January to May), Rossi writes 
a "Quida pratica per le osservazioni siamiche." This article contains a, 
description of the instruments which have been used by the Italian 
observeis. 

Bertelli used a pendulum protected from the air, with a microscope 
and micrometer for evaluating the oscillations. The upper part of the 
support of the pendulum consisted of a spiral spring, bo that vertical 
movements of the ground could be recorded. This instrument he calls a 
tromo-seismometer. 

Professor Egidi, of Anagni, proposed to use the reflection from mercury. 
The object observed was to be a mark fixed on a wall, and the reflected 
im^e of the mark was to be observed with a telescope. The deviation of 
the vertical was to be evaluated by noting the amount of movement required 
to bring the cross-wires of the telescope on to the mark. This instrument 
has not, I think, the advantages of Bf. d'Abbadie'a, because the light was 
incident at about 45° on the mercury, and thus the mark and telescope were 
remote irom one another ; whereas in the arrangement of M. d'Abbadie the 
mark and microscope are close together, and only a micrometer wire in the 
microscope is movable. 

Cavalleri used ten pendulums of graduated length, and found that some- 
times one of the pendulums was agitated and sometimes another. Rossi 
observed the same with his pendulums at Rocca di Papa. It thus appears 
that the &ee period of oscillation of the pendulum is a disturbing element. 

In order to obviate the discrepancies which must arise in the use of 
various kinds of pendulums for simultaneous observations in different places, 
Bertelli and Rossi propose a normal 'tromometer,' of which a drawing is 
given. The length of the pendulum is 1^ metres, the weight 100 grammes, 
and it makes forty-nine free oscillations in a minute. To the bottom of the 
pendulum is attached a horizontal disk, on the underside of which are 
engraved two flne lines at right-angles to one another. These lines are 
observed, afl;er total internal reflection in a glass prism placed immediately 
below the disk, by a horizontal microscope. Furnished with a micrometer. 
The azimuth of the deflection of the vertical is observed by a position- 
circle. 

This paper also contains a description of the author's observatory at 
Rocca di Papa. It is established in a cave at 700 metres above the sea, on 
the external slope of the extinct Latian volcano. There is a large central 
pendulum banging from the roof, and there are four others with diSerent 
weights and lengths hanging in tubes cut in the native rock. Only the ends 
of these pendulums are visible, and they are protected by glass at the visible 
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parts. A great part of this paper is occupied with descripfciona of seismo- 
meters, and this is outside the scope of the present Report. 

In presenting a pamphlet by Father Bertelli, entitled " Riassunto delle 
osservazioni microsismiche, &c.," to the French Academy {Comptes Rendus, 
1877, Vol, 84, p. 465), M. d'Abbadie summariaes Bertelli's concIusioDS 
somewhat as foUowe: — 

The oscillation of the pendulum is generally parallel to valleys or chains 
of mountains in the neighbourhood. The oscillations are independent of 
local tremors, velocity and direction of wind, rain, change of temperature 
and atmospheric electricity. 

Pendulums of different lengths betray the movem^ts of the soil in 
different manners, according to the agreement or disagreement of their 
free-periods with the period of the terrestrial vibrations. 

The disturbances are not strictly simulteuieous in the different towns of 
Italy, but succeed one another at short intervals. 

After earthquakes the ' trumometric ' or microseismic movements are 
especially apt to be in a vertical direction. They are always so when the 
earthquake is local, but the vertical movemeDts are sometimes absent when 
the shock occurs elsewhere. Sometimes there is no movement at all, even 
when the shock occurs quite close at hand. 

The positions of the sun and moon appear to have some infiuenoe on .the 
-movements of the pendulum, but the disturbances are especially frequent 
when the barometer is low. 

The curves of ' the monthly means of the tromometric movement ' exhibit 
the same forms in the various towns of Italy, even those which are distant 
from one another. 

The maximum of disturbance occurs near the winter solstice and the 
minimum near the summer solstice ; this agrees with Mallet's results about 
earthquakes. 

At Florence a period of earthquakes is presE^d by the magnitude and 
frequency of pendulous movements in a vertical direction. These movements 
are observable at intervals and during several hours after each shock. 

At page 103 of the first part of the Balletino for 1878?, there is a 
review of a work by Qiulio Grablovitz, " Dell' attrazione luni-solare in rela- 
tione coi fenomeni mareo-sismici," Milano, Tipografia degli Ingegneri, 1877. 

In this work it appears that M. Grablovitz attributes a considerable part 
of the deviations of the vertical to bodily tides in the earth, but as he 
apparently enters into no computations to show the competency of this cause 
to produce the observed effects, it does not seem necessary to make any 
fiirther comment on his views. 



Digitized by L.tOO'JIC 



1882] SEISMOLOGICAL INVESTIGATIONS IN ITALY. 435 

At page 99 of the volume for September — December, 1878, Rossi writes 
on the use of the microphone for the purpose of observing earthquakes 
("H microfono nella meteorologia endogena"). He begins by giving an 
account of a correepondence, beginning in 1875, between himself and Count 
Giovanni Mocenigo*, of Vicenza, who seems to have been very near to the 
discovery of the microphone. When the invention of the microphone was 
announced, Mocenigo and Armellini adopted it for their experiments, and 
came to the conclusion that the mysterious noises which they heard arose 
from minute earthquakes or microsisms. 

Rossi then determined to undertake observations in his cavern at Kocca 
di Papa, with a microphone, made of silver instead of carbon, mounted on a 
stone beam. The sensitiveness of the instrument could be regulated, and he 
found that it was not much influenced by external noises. 

The instrument was placed 20 metres underground, and remote irom houses 
and carriage-roads. It was protected against insects, and was wrapped up in 
wool Carpet was spread on the floor of the cave to deaden the noise from 
particles of stone which might possibly fall. Having established his okicro- 
phone, he waited till night and then heard noises which he says revealed 
'natural telluric phenomena.' The sounds which he heard he describes as 
' roarings, explosions occurring isolated or in volleys, and metallic or bell-Uke 
sounds' [fremiti, scopii isolati o di moschetteria, e suoni metallici o di 
campana]. They all occurred mixed indiscriminately, and rose to maxima at 
irregular intervals. By artificial means he was able to cause noises which he 
calls ' rumbling (?) or crackling ' [rullo o crepito]. The roaring [fremito] was 
the only noise which he could reproduce artificially, and then only for a 
moment. It was done by rubbing together the conducting wires, in the 
same manner as the rocks must rub against one another when there is an 
earthquake. 

A mine having been exploded in a quarry at some distance, the tremors 
in the earth were audible in the microphone for some seconds subsequently. 

There was some degree of coincidence between the agitation of the 
pendulum-seismograph and the noises heard with the microphone. 

At a time when Vesuvius became active, Bocca di Papa was agitated by 
microsisms, and the shocks were found te be accompanied by the veiy same 
microphonic noises as before. The noises sometimes became ' intolerably 
loud'; on one occasion in the middle of the night, half an hour before a 
sensible earthquake. The agitation of the microphone corresponded exactly 
with the activity of Vesuvius. 

Rossi then transported hie microphone to Palmieri's Vesuvian observatory, 

* Oonnt Moaenigo ium reoetiUy pobliahed at TisMua ft book on bis obBsmtioiM. It is 
MTiewed in Sature lor July 6, IS83. 

38-2 
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and worked in conjunction with him. He there found that each class of 
shock had its corresponding noise. The sussultorial shocks, in which I con- 
ceive the movement of the ground is vertically up and down, gave the volleys 
of musketry [i colpi di moschetteria], and the undulatoiy shocks gave the 
roarings [i fremiti]. The two classes of noises were sometimes milled up 
together. 

Rossi makes the following remarks : " On Vesuvius I was put in the way 
of discovering that the simple lall and rise in the ticking which occurs with 
the microphone [battito del orologio unito al microfono] ^a phenomenon 
observed by all, and remaining inexplicable to all) is a consequence of the 
vibration of the ground." This passage alone might perhaps lead one to sup- 
pose that clockwork was included in the cireuit; but that this was not the 
case, and that ' ticking ' is merely a mode of representing a natural noise, is 
proved by the &ct that he subsequently says that he considers the ticking to 
be ' a telluric phenomenon.' 

Rossi then took the microphone to the Solfatara of Pozzuoli, and here, 
although no sensible tremors were felt, the noises were so loud as to be heard 
simultaneously by all the people in the room. The ticking was quite masked 
by other natural noises. The noises at the Solfatara were imitated by 
placing the microphone on a vessel of boiling water. Other seismic noises 
were then imitated by placing the microphone on a marble slab, and 
scratching and tapping the under surface of it. 

The observations on Vesuvius led him to the conclusion that the earth- 
quake oscillations have sometimes fixed nodes and loops, for there were places 
on the mountain where no effects were observed. Hence, as be remarks, 
although there may sometimes be considerable agitation in an earthquake, 
the true centre of disturbance may be veiy distant. 

In conclusion Rossi gives a description of a good method of making a 
microphone. A common nail has a short piece of copper wire wound round 
it, and the other end of the wire is wound round a fixed metallic support 
The nail thus stands at the end of a weak horizontal spring; but the nail is 
arranged so that it stands inclined to the horizon, instead of being vertical. 
The point of the nail is then put to rest on the middle of the back of a silver 
wat«h, which lies flat oQ a slab. The two electrodes are the handle of the 
watch and the metallic support. He says that this is as good as any instru- 
ment. The telephone is a seismological instrument, and therefore, strictly 
speaking, beyond the scope of this Rc[)ort; but as some details of its use 
have already been given, I will here quote portions of an interesting letter by 
Mr John Milne, of the Imperial Engineering College of Tokio, which appeared 
in Nature for June 8, 1882. Mr Milne writes : — 

" In order to determine the presence of these earth-tremors, at the end 
of 1879 I commenced a series of experiments with a variety of apparatus. 
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amongst which were microphones and sets of pendulum apparatus, very 
similar in general arrangement, but, unfortunately, not in refinement of 
construction, to the arrangements now being used in the Cavendish 
Laboratoiy. 

"The microphones were screwed on to the heads of stakes driven in the 
ground, at the bottom of boxed-in pits. In order to be certain that the 
records which these microphones gave were not duo to local actions, such as 
birds or insects, two distinct sets of apparatus were used, one being in the 
middle of the lawn in the front of my house, and the other in a pit at the 
' back of the house. The sensitivctness of these may be learnt from the feet 
that if a small pebble was dropped on the grass within six feet of the pit, a 
distinct sound was heard in the telephone, and a swing produced in the needle 
of the galvanometer placed in connection with these microphones. A person 
running or walking in the neighbourhood of the pits, had each of hia steps so 
definitely recorded, that a Japanese neighbour, Mr Masato, who assisted me 
in the experitnents, caused the swinging needle of his galvanometer to close 
an electric circuit and ring a bell, which, it is needless to say, would alarm a 
household. In the contrivance we have a hint as to how earth-tremors may 
be employed as thief-detectors. 

" The pendulum apparatus, one of which consisted of a 20-lb. bob of lead 
at the end of 20 feet of pianoforte wire provided with small galvanometer 
mirrors, and bifilar suspensions were also used in pairs. With this apparatus 
a motion of the boh relatively to the earth was magnified 1000 times, that is 
to say, if the spot of light which was reflected from the mirror moved a dis- 
tance equal to the thickness of a sixpence, this indicated there had been a 
relative motion of the bob to the extent of 1000th part that amount. 

"The great evil which everyone has to contend with in Japan when 
working with delicate apparatus is the actual earthquakes, which stop or 
alter the rate of ordinary clocks. 

" Another evil which had to be contended with was the wind, which shook 
the house in which my pendulums were supported, and I imagine the ground 
by the motion of some neighbouring trees. A shower of rain also was not 
without its effects upon the microphones. After many months of tiresome 
observation, and eliminating all motions which by any possibility have been 
produced by local influence, the general result obtained was that there 
were movements to be detected every day and sometimes many times 
per day. . , . 

" A great assistance to the interpretation of the various records which an 
earthquake gives us on our seismographs is what I may call a barricade of 
post-cards. At the present moment Yedo is barricaded, all the towns around 
for a distance of 100 miles being provided with poet-cards. Everyone of 
them is posted with a statement of the shocks which have been felt. 
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" For the montha of October and November it was found &om the records 
of the post-cards that nearly all the shocks came from the north and passed 
Tedo to the south-west. When coming in contact with a high range of 
mountains, they were suddenly stopped, as was inferred from the tact that 
the towns beyond this range did not perceive that an earthquake had occuired. 
This fact having been obtained, the barricade of post-cards has been exteodcd 
to towns lying atill farther north. The result of this has been that several 
earthquake origins have, so to speak, been surrounded or corralled, whilst 
others have been traced as far as the seashore. For the latter shocks, earth- 
quake hunting with post-cards has had to cease, and we have solely to rely 
upon our instruments. Having obtained our earthquake centres, at one or 
more of these our tremor instruments might be erected, and it would soon be 
known whether an observation of earth-tremors would tell us about the com- 
ing of an earthquake as the cracklings of a bending do about its approaching 
breaki^e. To render these experiments more complete, and to determine 
the existence of a terrain tide, a gravitimeter might be established. I men- 
tion this because if terrain tides exist, and they are sufficiently great from a 
geological point of view, it would seem that they might be more pronounced 
and therefore easier to measure in a country like Japan, resting in a heated 
and perhaps plastic bed, than in a country like England, where volaaiic 
activity has so long ceased, and the rocks are, comparatively speaking, cold 
and rigid, if an instrument, sufficiently delicate to detect differences in the 
force of gravity, in consequence of our being lifted farther from the centre of 
the earth every time by the terrain tide as it passed between (eic) our feet, 
could be established in conjunction with the experiments on earth-tremors," 

The only account which I have been able to find of M. Bouquet de la 
Qrye's observations (mentioned in the last report) is contained in the Comptes 
Rendua for March 22, 1875, page T25. M. Bouquet writes: — 

"... The observation of the levels of our meridian telescopes put us on 
the track of a curious ^t. Not only is Campbell Island subject to earth- 
quakes, but it also exhibits movements when the great swell &lls in breakers 
on the coast. I thought that it would be interesting to study this new 
phenomenon. The instmment, which was quickly put together, consisted of 
a steel wire supporting a weight, to which was soldered a needle ; the move- 
ments of the weight were amplified 24<0 times by means of a lever; by 
passing an electric current through this multiplying pendulum, which was 
terminated at the bottom by a small cup of amalgamated tin, regular oscilla- 
tions of -ni^th of a mm. could be registered. I propose to repeat these 
observations with a pendulum of much larger amplifying power, so as to try 
to register the variations of the plumb-line." 

In a letter to me, M, d'Abbadie mentions an attempt by Brunner to 
improve M. Bouquet de la Qrye's apparatus, but considers that the attempt 
was a failure. 
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He also tells me that DeUunay directed H. Wolf to devise an apparatus 
for detecting small deviations of the vertical, and that the latter, without 
M. d'Abbadie's knowledge, adopted bis rejected idea of a pendulum, about 
30 metres long, bearing a prism at the end by re6ection from which a scale 
was to be read by means of a distant small refractor. The pendulum was 
actually set up, but the wire went on twisting and untwisting until Delaunay's 
death, and no observations were made with it. Our own experience is enough 
to show that nothing could have been made of such an instrument. 

M. d'Abbadie gives further explanations of a passE^ in his own paper 
about the arrangement of the staircases for access to and observation with 
his Nadirane. In writing the Report of 1881 I had found the description of 
the arrangements difBcult to understand. 

The woodcut below is a copy of the rou^ diagram that he sent m& 

There were three staircases : — 

T cut in the rock ; CB to ascend from the cellar-fiags CD ; and, lastly, AS 
to mount from the boarded ground floor, AB, to the small floor SN, which 
was hung from the roof. The two upper staircases did not touch the trun- 
cated cone of concrete anywhere. 




Judging from this figure, I imagine that the concrete cone haa an 
external slope of ten in one i the French expression was ' une inclinaison 
d'une dixifeme.' 



M. d'Abbadie informs me that the apparently curious phenomenon of the 
'ombres fiiyaates,' which were observed in the reflection from the pool of 
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mercuiy, to which we drew attention last year, was of no significance. It 
arose from the currents of air caused by a candle left standing on the stair- 
case T cut in the rock. The light was required for pourii^ out the mercury, 
and it was left burning whilst the observation was being taken; but now that 
this operation is done entirely from above, the phenomenon has disappeared. 

In a paper entitled " Recherches aur la Verticale " (^inn. de la Soc, Scient. 
de Bruxelles, 1881), M. d'Abbadie continues the account of his observations 
with his instrument, called by him a Nadirane. It was described in the last 
year's Report, and some further details have been given above. A portion of 
this paper refera to his old observations, and gives further important details 
as to the exact method of making observations, and of various modifications 
which have been introduced. 

Each complete observation consists of the following processes: — measure- 
ment of the distance between the cross-wires and their image, (1) in the 
meridian, (2) in the prime vertical, (3) in the N.W. azimuth, (4) observation 
of barometer, (5) of thermometer, (6) of direction and force of the wind, 

(7) condition and movement of the image estimated with the micrometer, 

(8) condition of the heavens, (9) of the breakers called ' les Criquets,' which 
can be observed from the neighbouring room. 

This last is to determine whether it is possible to have a rough sea with a 
calm image ; a condition which has not hitherto been observed. This state- 
ment seems somewhat contradictory of the following : — 

" Aucunes des variations dans les circonstances concomitantes n'a paru se 
rattacher k I'^tat de I'image qui, pendant des joum^ entieres, paralt tantdt 
belle, tantdt taible, et parfois mSme dispandt entiferement, bien que ce dernier 
inconvenient ait 4t4 4vit4 en grande partie par I'usage d'un r^ipient en bois 
k fond rain^ pour contenir le mercure." I presume we are to understfoid that 
the roughness of the sea and the badness of the im^;e is the only congruence 
hitherto observed. 

M. d'Abbadie's observations on the effect of the tides will be referred to 
in the Appendix to this Report. He then discusses the various causes which 
may perhaps influence the vertical. 

The variations of air temperature are insuflScient, because the vertical has 
been seen to vary 2"'4 in six hours. If the effects are to be attributed to 
variations in the temperature of the rock, it would be necessary to suppose 
that that temperature varies discontinuously, which it is difficult to admit. 

If it be supposed that the changes take place in the instrument itself, the 
like must be true of astronomical instruments. And there is no reason to 
admit the reality of such strange variations. 

Another cause, more convenient because more vague, is variation of a 
chemical or mechanical nature in the crust of the earth. But if this be so. 
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why does the vertical ever return to its primitive position ? Another cause 
may be variation in the position of the earth's axis of rotation. 

The azimuthal variations in astronomical instruments, referred to hy 
M. d'Abbadie {see a paper by Mr Heniy, Vol. viii. p. 134, Month. Not. R.A.8.), 
are di£Bcu]t to explain without having recourse to such variation in the axis 
of rotation. 

He also tells us that Ellis (Vol. XXIX. 1861, p. 45, Mem. B.A£.) has dis- 
cussed the Greenwich observations from 1851 to 1858. A comparison of the 
results obtained &om two neighbouring meridian instruments seemed to 
show that the azimuthal variations are partly purely instrumental. 

M. d'Abbadie's paper contains diagrams illustrating the variations of the 
vertical observed with the Nadirane during nearly two years. He sums up 
the results as follows ; — 

" En r^Bum^ le maximum d'^cart du sad au nord entre te fil et son image 
a ^t^ ^gal h 49"'2 (this is 15"'94; it seems as though this should be twice the 
deviation of the vertical) le 30 Novembre i 8 h. 43 m. du raatin. Ce m€me 
jour, k 7h. 28m., on a lu 40"'l, chif^ port^ iei au tableau, et ST^'G seulement 
& 1 h. 32 m. du soir. Dans I'espace de six heures la verticale a done vari4 de 
2^''6 ou 0"'81 (as this is the deviation of the image, should not the deviation 
of the vertical be half as much ?). Le minimum de I'ann^e, ou 3'06, fiit 
atteint le 19 Janvier k 3 h. 3 m. du matin, ainsi que le 21 du meme mois k 
midi, bien qu'on ellt observe 3'44 et 3'30 dans les mating de ces deux jours, 
ainsi qu'on le voit au tableau ci-apr^ .... Pendant I'ann^e enti^re la verti- 
cale, consid6r6e selon le plan du m^ridien, a done vari6 d'un angle de 12"*46 
ou 4"'034 .... On aura .... 8"'3 ou 2"'7 pour ta plus grande variation dans 
le sens Est-Ouest oil Ton nivelle les tourillons des lunettes m^ridiennes." 

Towards the end M. d'Abbadie makes the excellent remark, that in dis- 
cussing latitudes and declinations of stais, account should be taken of the 
instantaneous position of the vertical at the moment of taking the observa- 
tion. 

In the Archives des Sciences, 1881, Vol. V. p. 97, M. P. Plantamour 
continues the account of his observations on oscillations of the soil at S^heron, 
near Geneva. The account of the earlier observations, which we quoted from 
the Comptes Rendus in our previous Report, is also cootained in Vol. ii. 
of the An^tives, p. 641. The paper to which we are now referring contains a 
graphical reproduction of the previous series of observations, aa far as concerns 
the daily means. 

The new series extends from October 1, 1879, to December 31, 1880, the 
disposition of the levels being the same as was described in our last Report. 
The observations were taken at 9 A.M, and 6 P.M., which hours are respectively 
a little before the diurnal minimum and maximum. The meanings of the 
terms maximum and minimum were somewhat obscure in the Comptes Rendus, 
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but I now find that the right interpretation was placed on M, Plantamour's 
words, for maximum means for the two levela E. end highest and S. end 
highest. 

The N.S. level seema to have behaved very similarly in the two years of 
observation ; the total annual amplitudes in the two yeais being 4"'8d and 
4"-56 respectively. In both years this level followed, with some retardation, 
the curve of external temperature, except between April and October, when 
the curves appear to be inverted. The E.W. level behaved very differently 
in the two years. In 1879 the E. end began to fall rapidly at the end of 
November, and continued to fall until December 26, when the reading was 
— 88"'71 ; it rose a little early in January and then fell ^ain, so that on 
January 28, 1880, the reading was - 89"-95. The amplitude of the totai fall 
(viz. fi»m October 4, 1879, to January 28, 1880) was 95"-80. In the preced- 
ing year the amplitude was only 28"'08. The E. end has never recovered its 
primitive position, and remains nearly 80" below its point of departure. 

It is diflScult bo believe that so enormous a variation of level is normal, 
and one is tempted to suspect that there is some systematic error in hia mode 
of observation. If auch oscillations as these were to take place in an astro- 
nomical observatory, accurate astronomical observations would be almost 
impossible. 

I have seen nothing which shows that M. Plantamour takes any special 
precaution with regard to the weight of the observer's body, nor is it ex- 
pressly stated that the observer alwa3rs stands in exactly the same position, 
although, of course, it is probable that this is the case. It would be interest- 
ing, also, to learn whether any precautions have been taken for equalising the 
temperature of the level itsel£ To hold the hand in the neighbourhood of a 
delicate level is sufficient to quite alter the reading. In one of his letters to 
me M. d'Abbadie also remarks on the slow molecular changes in glass, which 
render leveb untrustworthy for comparisons at considerable intervals of time. 
Although we must admire M. Plantamour's indomitable perseverance, it is to 
be regretted that his mode of observation is by means of levels ; and we are 
compelled to regard, at least provisionally, these enormous changes of level 
either as a local phenomenon, or as due to systematic error in his mode of 
observation. 

In the Report for 1881 we referred to some observations by Admiral 
Mouchez, made in 1866, on changes of level A short paper by Admiral 
Mouchez on these observations will be found in the Comptes Rendus for 1878, 
Vol 87, p. 665. I now find that the observations were, in iiict, discussed by 
M, Oaillot, in a paper entitled " Sur la direction de la verticale k I'observa- 
toire de Paris," at p. 684 of the same volume. The paper consists of the 
examination of 1077 determinations of latitude, made between 1856 and 1861, 
with the Gambey circle. 
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M. Gaillot concludes that the variation from year to year ia accidental, 
and that the variation of latitude in the course of the year ia representped by 



....o".o^[-e^] 



where t is the number of days since January 1. 

By a comparison of day and night observations he coacludes that there ia 
no trace of a diurnal variation. On this we may remark that, if the maximum 
and minimum occur at 6 P.M. and 6 A.H. (which is, roughly speaking, what we 
found to be the case), then the diurnal oscillation must necessarily disappear 
by this method of treatment. 

Individual observations ranged from 2"'48 above to 3"'l7 below the mean. 
On this he remarks : — 

" Ccux qui savent combien I'obBervation du nadir pr^nte parfois de diffi- 
cult^ dans un observatoire 8itu4 au milieu d'une grandc ville, .... ceux-l& ne 
trouveront pas ces hearts exag^r^, et nc croiront nuUement avoir besoin dc 
(aire intervenir une deviation de la verticale pour les expliquer." 

M. Gaillot concludes by remarks adverse to any sensible deviations of the 
vertical 

It aeems to me, however, that in the passage about the in6uence of the 
traffic of a great town, M. Gaillot begs the whole question by setting down to 
that disturbing influence all remarkable deviations of the vertical. Our obser- 
vations, and those of many othere, are entirely adverse to such a conclusion. 

U. d'Abbadie, in a tetter to me, also expresses himself as to the inconclu- 
sivenesa of M. Gaillot's discussion. 

He alao tells me that M. Tisserand, in his observations of latitude in 
Japan, found variations amounting to nearly 7" ; and when asked " How be 
could be so much in error," answered " That he was sure of his observations 
and calculations, but could not explain the cause of auch variations." 

The following further references may perhaps be useful: — Maxwell's paper 
on the 306-day inequality in the earth's rotation, which was mentioned in 
the Report of last year, is in the Trans. Roy, Soc. of Edinburgh, 1857, 
Vol. XXL pp. 659-70. See also Bessel's AbhamUungm, Vol ii. p. 42, Vol iii. 
p. 304. In Nature for January 12, 1882 (p. 250), there is an account of 
the work of the Svriss iSeiamological Commisaion. The original sources 
appear to be a text-book on Seismology by Professor Heim, of Bern, the 
Anntutire of the Physical Society of Bern, and the Arcliives dee Sciences of 
Geneva. I learn from M. d'Abbadie that Colonel Orff has been making 
systematic observations twice a day with levels at the Observatory at Munich, 
and that Colonel Qoulier has been doing the same at Paris, with levels filled 
with bisulphide of carbon. 
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On Variations in the Vertical due to Elasticity of the 
Earth's Subface. 

By G. H. Darwin. 

1. On the Mechanical Bffectg of Baromtiric Pressure on tite 
Earth's Surface. 

The remarks of Signore de Roasi, on the observed connection between 
barometric storms and the disturbaDCe of the vertica], have led me to make 
the following investigation of the mechanical effects which are caused by 
variations of pressure acting on an elastic surface. The results seem to show 
that the direct measurement of the lunar disturbance of gravity must for ever 
remain impossible*. 

The practical question is to estimate the amount of distortion to which 
the upper strata of the earth's mass are subjected, when a wave of barometric 
depression or elevation passes over the surfece. The solution of the following 
problem should give as such an estimate. 

Let an elastic solid be infinite in one direction, and be bounded in the 
other direction by an infinite plane. Let the surface of the plane be every- 
where acted on by normal pressures and tractions, which are expressible as a 
simple harmonic function of distances measured in some fixed direction along 
the plane. It is required to find the form assumed by the surface, and 
generally the condition of internal strain. 

This is clearly equivalent to the problem of finding the distortion of the 
earth's surface produced by parallel undulations of barometric elevation and 
depression. It is but a slight objection to the correctness of a rough estimate 
of the kind required, that barometric disturbances do not actually occur in 
puallel bands, but rather in circles. And when we consider the magnitude 
of actual terrestrial storms, it is obvious that the curvature of the earth's 
surface may be safely neglected. 

This problem is mathematically identical with that of finding the state of 
stress produced in the earth by the weight of a series of parallel mountains. 
The solution of this problem has recently been published in a paper by me in 
the Philosophical TransacHona (Fart ii. 1882, pp. 187 — 230t), and the solution 
there found may be adapted to the present case in a few lines. 

The problem only involves two dimensions. If the origin be taken in the 
mean horizontal surface, which equally divides the mountains and valleys, 
and if the axis of z be horizontal and perpendicular to the mountain chains, 
* [This prevision has □ow been talsiGed ; see p. i)16.] 
t [Tq be nsprodnced in Vol. tt. of tbe«e collected papers.] 
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and if the asis of £C be drawn vertically downwards, then the equation to the 
mountains and valleys is supposed to be 

(Cs= — Acost 

so that the wave-length from crest to crest of the mountain ranges is 2jr6. 

The solution may easily be found from the analysis of section 7 of the 
paper referred to. It is as follows : — 

Let a, y be the displacements at the point x, 2 vertically downwards and 
horizontally (a has here the opposite sign to the a of (44)). Let w be the 
density of the rocks of which the mountains are composed ; g gravity ; 
V modulus of rigidity, then 



-H'"--]] 



^1 \ a) 



..(2)« 



' dz 
where W = — gwke-^'' cos t 

From these we have at once 

The first of these gives the vertical displacement, the second the horizontal, 
and the third the inclination to the horizon of strata primitively plane. 

At the sur&ce a = ^r— 6 cos r , 7 = 

2v PI 

, I- (3) 

da gwh . z 

S— 2v""5 ) 

* It ia MB7 to verify tbat thcM Tslaes of a and 7, togethsr with the value ji=j»oi<-«* 00s 1/6 
for the hTdrOBtatic preBsnre, satiBfy all the canditiana of (be problem, b; giriDg norm&l pressure 
gicheonijb at the free sarlMe ol (be inBaite plane, and satisfying the eqtiatioas of internal 
•qniUbriam (broogboat the solid. I take this opportnnKy of remarking that the p«per from 
which thia isTeetigation ia taken oontaina an error, inosmaoh as the hydroatatio preaanre ia 
erroneoiiBl; determined in aection 1. The term - (T ahould be added to the preBsare aa deter- 
mined iu (3). This adds IT lo the normal stFesses P, Q, R tbronghout the paper, bnt laaves tbe 
difleianoe of stressee (wbicli wan the thing to be determined) ntiaflected. If the reader should 
oompare the atresaea, as determined from the values of a, y in the text above, and from the value 
of ji given is this note, with (38) of the paper referred to, he ia warned to remember the missing 
term W. 

[The mistake, referred to, will be eoneoted in the reprodnotioD of the paper.] 
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HeDce the maximnm vertical displacement of the surface is + gwhbl2v, and 
the maximum inclination of the surface to the horizon is 
+ cosee I" X gwh}2v seconds of arc 

Before proceeding further I shall prove a very remarkable relation be- 
tween the slope of the surface of an elastic horizontal plane and the deflection 
of the plumb-line caused by the direct attraction of the weight producing 
that slope. This relation was pointed out to me by Sir William Thomson, 
when I told him of the investigation on which I was engaged ; but I am 
alone responsible for the proof as here given. He writes that he finds that it 
is not confined simply to the case where the solid is incompressible, but in 
this paper it will only be proved for that case. 

Let there be positive and negative matter distributed over the horizontal 
plane according to the law whcoa(zjb); this forms, in fiict, harmonic moun- 
tains and valleys on the infinite plane. We require to find the potential and 
attraction of such a distribution of matter. 

Now the potential of an infinite straight line, of liue-density p, at a point 
distant d from it, is well-known to be — 2/*f> log d, where ft is the attraction 
between unit masses at unit distance apart. Hence the potential V of the 
supposed distribution of matter at the point a; z, is given by 

F = - 2/wAr" cos J log V(iE* + (?-«)"! d? 

It ia not hard to show that the first term vanishes when taken between the 
limits. 

b b b 



, so that sin T = sin -J- cos 7 -I- cos -J- sin j- , and we have 



IT a i.i.f*''/-*^ ' . Ue . z\ tdt 
V = 2iJ,whb I Isin T coSt +cos^8mvl^j — - 

But it is known* that 

r+^isinrfd* _ r+'tcoBrf ,, ^ 

Therefore V = 2wftwkbe-^'' cob x 

Ifg be gravity, a earth's radius, and S earth's mean density, 2irM = ^^ . 
And 

^-^^^i w 

* See Todhnnter'i Int. Cole.; Chapter on "DsQmte IntegnUa." 
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The deflection of the plumb-line at any point on the sur&ce denoted by 
a: = 0, and z, is clearly dVjgdz, when a: = 0. Therefore, 

the deflection™ — x ^~- ain j (5) 

g 2ao ' ' 

But from (2) the slope ( or -5- , when z 18 zero 1 , is - ^— ain t . 

Thraefore deflection bears to slope the aame ratio as vjg to ^aZ. This 
ratio is independent of the wave-length 2'7r6 of the undulating surface, of the 
poaition of the origin, and of the azimuth in the plane of the line normal to 
the ridges and valleya. Therefore the proposition is true of any combination 
whatever of harmonic undulations, and as any inequality may be built .up of 
harmonic undulations, it is generally true of inequalities of any shape wbat- 

Nowo-6'3?xlO»cm., S=5§; and |aS = 12-03 x lO* grammes per square 
centimetre. The rigidity of glass in gravitation units ranges Irom 1'5 x lO" 
to 2"4 X IC. Therefore the slope of a very thick slab of the rigidity of glass, 
due to a weight placed on its surface, ranges from 8 to 6 times as much as 
the deflection of the plumb-line due to the attraction of that weight. Even 
with rigidity as great aa steel (viz., about 8 x 10"), the slope is 1^ times as 
great as the deflection. 

A practical conclusion from this is that in observations with an artificial 
horizon the disturbance due to the weight of the observer's body is very far 
greater than that due to the attraction of his mass. This is in perfect 
accordance with the observations made by my brother and me with our 
pendulum in 1881, when we concluded that the warping of the soil by our 
weight when standing in the observing room was a very serious disturbance, 
whilst we were unable to assert positively that the attraction of weights 
placed near the pendulum was perceptible. It also gives emphasis to the 
criticisms we have made on M. Plantamour's observations — namely, that he 
does not appear to take special precautions against the disturbance due to 
the weight of the observer's body. 

We must now consider the probable numerical values of the quantities 
involved in the barometric problem, and the mode of transition from the 
problem of the mountains to that of barometric inequalities. 

The modulus of rigidity in gravitation units (say grammes weight per 
square centimetre) is vjg. In the problem of the mountains, wh is the mass 
of a column of rock of one square centimetre in section and of length equal 
to the height of the crests of the mountains above the mean horizontal plane. 
Id the barometric problem, wh must be taken as the mass of a column of 
mercuiy of a square centimetre in section and equal in height to a half of the 
maximum range of the barometer. 
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This maximum range is, I believe, nearly two inches, or, let us say, 5 cm. 

The specific gravity of mercury is 13'6, and therefore wA= 34 grammes. 

The rigidity of glass is from 150 to 240 million grammes per square 
centimetre ; that of copper 640, and of steel 843 millions. 

I will take vlg=iix 10", so that the superficial layers of the earth are 
assumed to be more rigid than the most rigid glass. It will be easy to adjust 
the results afterwards to any other assumed rigidity. 

nr-^i. ^i. ji L 9"'^ 567 , 648,000 567 „,,,,,,, 
With these data we have "^r— = ^775- ; also — '— x ^773- = 0^ 0117. 
2v 10* TT 10" 

It seems not unreasonable to suppose that 1500 miles (2-4 x 10^ cm.) is 
the distance from the place where the barometer is high (the centre of the 
anti-cyclone) to that where it is low (the centre of the cyclone). Accord- 
ingly the wave-length of the barometric undulation is 4'8 x 10» cm., and 
& = 4-8 X 10» + 6-28 cm., or, say, fr = -8 x 10" cm. 

We thus see that the ground is 9 cm. higher under the barometric 
depression than under the elevation. 

If the sea had time to attain its equilibrium slope, it would stand 
6 X 136, or 68 cm. lower under the high pressure than under the low. But 
as the land is itself depressed 9 cm., the sea would apparently only be 
depressed 59 cm. under the high barometer. 

It is probable that, in reality, the lai^r barometric inequalities do not 
linger quite long enough over particular areas to permit the sea to attain 
everywhere its due slope, and therefore the full difference of water-level can 
only be attained occasionally. 

On the other hand, the clastic compression of the ground must take place 
without any sensible delay. Thus it seems probable that the elastic com- 
pression of the ground must exercise a very sensible effect in modifying the 
apparent depression or elevation of the sea under high and low barometer. 

It does not appear absolutely chimerical that, at some future time when 
both tidal and barometric observations have attained to great accuracy, an 
estimate might thus be made of the average modulus of rigidity of the upper 
600 miles of the earth's maas. 

Even in the present condition of barometric and tidal infonnation, it 
might be interesting to make a comparison between the computed height of 
tide and the observed height, in connection with the distribution of baro- 
metric pressure. It is probable that India would be the best field for such an 
attempt, because the knowledge of Indian tides is more complete than that 
for any other part of the world. On the other hand we shall see in the 
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following sectioD that tidal observations on coast-lines of continents are liable 
to disturbance, so th&t an oceanic island would be a more favourable site. 

It has already been Bho^vn that the maximum appu^nt deflection of the 
plumb-line, consequent on the elastic compression of the earth, amounts to 
0"01l7, and this is augmented to 0"'O146, when we include the true deflec- 
tion due to the attraction of the air. It is worthy of remark that this result 
is independent of the wave-length of the barometric inequality, and thus we 
get rid of one of the conjectural data. 

Thus if we consider the two cases of high pressure to right and low to 
left, and of low pressure to right and high to left, we see that there will be a 
difl'erence in the position of the plumb-line relatively to the earth's sur&ce of 
0"0292. Even if the rigidity of the upper strata of the earth were as great 
as that of steel, there would still be a change of 0"'011. 

A deflection of magnitude such as 0""03 or 0"'Ol would have been easily 
observable with our instrument of last year, for we concluded that a change 
of T^th of a second could be detected, when the change occurred rapidly. 

It was stated in our previous Report that at Cambridge the calculated 
amplitude of oscillation of the plumb-line due directly to lunar disturbance 
of gravity amounts to 0"'0216. Now as this is less than the amplitude 
due jointly to elastic compression and attraction, with the assumed rigidity 
(300 millions) of the earth's strata, and only twice the result if the rigidity 
be as great as that of steel, it follows almost certainly that from this cause 
alone the measurement of the lunar disturbance of gravity must be im- 
possible with any instrument on the earth's surfece. 

Moreover the removal of the instrument to the bottom of the deepest 
known mine would scarcely sensibly affect the result, because the flesure of 
the strata at a depth so small, compared with the wave-length of barometric 
inequalities, is scarcely different from the flexure of the surface. 

The diurnal and periodic oscillations of the vertical observed by us were 
many times as great as those which have just been computed, and therefore 
it must not be supposed that more than a fraction, say perhaps a tenth, of 
those oscillations was due to elastic compression of the earth. 

The Italian observers could scarcely, with their instruments, detect de- 
flections amounting to -j^tb of a second, so that the observed connection 
between barometric oscillation and seismic disturbance must be of a different 
kind. 

It is not surprising that in a volcanic region the equalisation of pressure, 
between imprisoned fluids and the external atmosphere, should lead to earth- 
quakes. 

If there is any place on the earth's surface free from seismic forces, it 
might be possible (if the effect of tides as computed in the following section 
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could be eliminated) with some such instrument as ours, placed in a deep 
mine, to detect the existence of barometric disturbance many hundreds 
of miles away. It would of course for this purpose be necessary to note the 
positions of the sun and moon at the times of observation, and to allow for 
their attraction. 



2. On the Disturbance of the Vertical near the Coasts of Continents due 
to the Rise and Fall of the Tide. 

Consider the following problem : — 

On an infinite horizontal plane, which bounds in one direction an infinite 
incompressible elastic solid, let there be drawn a series of parallel straight 
lines, distant I apart. Let one of these be the axis of y, let the axis of 2 be 
drawn in the plane perpendicular to the parallel lines, and let the axis of w 
be drawn vertically downwards through the solid. 

At every point of the surfiice of the solid, from z = bo l,let & normal 
pressure gwh (1 — 2zjt) be applied ; and from z = to ~l let the sur&ce be 
free from forces. Let the same distribution of force be repeated over all the 
pairs of stripe into which the surface is divided by the system of parallel 
straight lines. It is required to determine the strains caused by these forces. 

Taking the average over the whole surface there is neither pressure nor 
traction, since the total traction on the half-strips subject to traction is equal 
to the total pressure on the half-strips subject to pressure. 

The following is the analogy of this system with that which we wish to 
discuss: the strips subject to no pressure are the continents, the alternate 
ones are the oceans, g is gravity, to the density of water, and h the height of 
tide above mean water on the coast-line. 

We require to find the slope of the sur&ce at every point, and the vertical 
displacement. 

It is now necessary to bring this problem within the range of the results 
used in the last section. In the first place, it is convenient to consider the 
pressures and tractions aa caused by mountains and valleys whose outline is 
given by a: = - A (1 - 22 jl) from z = to t, and x = from s! = to —I. To 
utilise the analysis of the last section, it is necessary that the mountains and 
valleys should present a simple-harmonic outline. Hence the discontinuous 
function must be expanded by Fourier's method. Known results of that 
method render it unnecessary to have recourse to the theorem itselC It is 
known that 

± ^TT - i^ = Bin ff + J sin 2^ + i sin 3ff + . . . 
-ld = -sintf-Hisin2e-isin3fl + ... 
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The upper sign bemg taken for values of 6 between the infinitely Boiall 
positive and + tr, and the lower for values between the infinitely small nega- 
tive and — V. 



Adding these three series together we have 
2 W sin 2ff + 1 sin 4l9 + ...} + -Im 



equal to ir — 20 from d=0 to +ir, and equal to zero from B = 
Hence the required expansion of the discontinuous function is 

--{i8in2(» + l8in4e + ...} 
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Now looking back to the analysis of the preceding section we see that if 
the equation to the mountains and valleys had been x= — k sin («/&), a would 
have had the same form as in (2) but of course with sine for cosine, and 7 
would have changed its sign and a cosine would have stood for the sine. 
Applying then the solution (2) to each term of our expansion separately, and 
only writing down the solution for the surface at which (e = 0, we have at 
once that 7^0, and 



(8) 



<f the surface is ^ 


g,co8 35+^cos55 + .. 
+ icos4^ + icoB6e + ... 


.] , 


1 



-^JLm0+lHm3e + ~,Bm5e+.,\ (9) 

The formuhe (8) and (9) are the required expressions for the vertical 
depression of the sur&ce and for the slope. 

It is interesting to determine the form of sur&ce denoted by these equa- 
tiona Let us suppose then that the units are so chosen that gwhljit'v may 
be equal to one. Then (8) becomes 



. + ^|ieos5 + icos3fl+...l ...(10) 



irll* 
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FORM OF THE DISTORTED SURFACE. [14 

^-,w=.*,i.-r,wo-.i.-r ...--|Y;8intf + g,siii35 + ...l ...(11) 

When is zero or ± w, dajdff becomes infinite, which denobea that the 
tangent to the warped horizontal sur&ce is vertical at these points. The 
verticality of these tangents will have no place in reality, because actual 
shores shelve, and there is not a vertical wall of water when the tide rises, as 
IB supposed to be the case in the ideal problem. We shall, however, see that 
in practical numerical application, the strip of sea-shore along which the 
solution shows a slope of more than 1" is only a small fraction of a millimetre. 
Thus this departure from reality is of no importance whatever. 

When (? = or ± IT, 

«-"iTi+5i + i + -[ = -x 1052 = -670 
TT 11' 3' 5* ] ir 

being + when ^ = 0, and — when 0=±ir. 

When 0= ± ^tr, a vanishes, and therefore midway in the ocean and on 

the land there are nodal lines, which always remain in the undisturbed 

sur&ce, when the tide rises and foils. At these nodal lines, defined by 

= - -3466 T -6168 = - -9634 and + -2702 
Thus the slope is greater at mid-ocean than at mid-land. By assuming 
successively as Jw, Jtt, ^tt, and summing arithmetically the strange series 
which arise, we can, on paying attention to the manner in which the signs of 
the series occur, obtain the values of a corresponding to 0, ± i-tr, ± Jt, ± |w, 
tfi". ± Jt, ± Jit, igTT. The resulting values, together with the slopes as 
obtained above, are amply sufficient for drawing a figure, as shown annexed. 




The straight line is a section of the undisturbed level, the shaded part 
being land, and the dotted sea. The curve shows the distortion, when warped 
by high and low-tide as indicated. 

The scale of the figure is a quarter of an inch to ^w for the abscissas, and 
a quarter of an inch to unity for the ordinates ; it is of course an enormous 
exoneration of the flexure actually possibly due to tides. 
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It is interesting to note that the land regions remain very nearly flat, 
rotating about the nodal line, but with slight curvature near the coasts. It 
is this curvature, scarcely perceptible in the figure, which is of most interest 
for practical applicatiotL 

The series (8) and (9) are not convenient for practical calculation in the 
neighbourhood of the coast, and they must be reduced to other forms. It is 
easy, by writing the cosines in their exponential form, to show that 

cose + icos2^+ Jco83^+... = -log,(±2 8ini^) (13) 

co85-ico82(9 + Jco83l?+...= log,(2co8i«) (14) 

Where the upper sign in (13) is to be taken for positive values of and the 

lower for negative. 

For the small values of $, for which alone we are at present concerned, 
the series (13) becomes — log,{± d) and the lower log;2. 

Taking half the ditference and half the sum of the two series we have 

ico8 25 + Jcos4#+...=--4log(±5)-JIog2 (15) 

coa5+ico83^ + ico855 + ...=-}log(±^) + ilog2 (16) 

Integrating (16) with regard to 0, and observing that the constant intro- 
duced on integration is zero, we have 

sin5 + |,8in3e + ^,3in5fl = -ifl[log(±l9)-l] + i^log2 ...(17) 

Then from (15) and (17) 

^cos2^+icos4« + .. --|Binl? + g;sin3^ + ...| 

— j(l-2^1„g(±9)-i(l+|^log2-^..(I8) 

Integrating (15), and observing that the constant is zero, we have 

^,sin25 + J^stn4^+... = -i^[Iog(±^)-l]-i^log2 (19) 

Integrating (17) and putting in the proper constant to make the left-hand 
side vanish when ^ = 0, we have 



-(i 



C08^+ ^C08 3^ + ...) 



= -i^Iog(±e) + iff{5 + log2) (20) 



For purposes of practical calculation 6 may be taken as so small that the 
right-htuid side of (18) reduces to — J log (+ 20), and the nght-haod sides of 
(19) and (20) to zero. 
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Hence by (8) and (9), we have in the neighbourhood of the coast 



gwk I 



&44--JI 



..(21) 



da qvik, ,_, 2irz 
= -^-— log, 10 log„ —j- 
dz 2iru * * I 

I shall now proceed to computpe from the fonnuUe (21) the depresaion of 
the surface and the slope, corresponding to such numerical data as seem most 
appropriate to the terrestrial oceans and continents. 

Considering that the bides are undoubtedly augmented by kinetic action, 
we shall be within the mark in taking h as the semi-range of equilibrium 
tide. At the equator the lunar tide has a range of about 53 cm., and the 
solar tide is very nearly half as much. Therefore at the spring-tides we may 
take A = 40 cm. It must be noticed that the highness of the tides, say 15 or 
20 feet, near the coast is due to the shallowing of the water, and it would not 
be just to take such values as representing the tides over large areas; w, the 
density of the water is, of course, unity. 

If we suppose it is the Atlantic Ocean and the shores of Europe with 
Africa, and of North and South America, which are under consideration, it is 
not unreasonable to take I as 3,900 miles or 6'28 x 10* cm. Then 
2ir5/f=«x 10-" 

Taking vjg as 3 x 10", that is to say, assuming a rigidity greater than 
that of glass, we have for the slope in seconds of arc, at a distance t from the 
sea-shore 

"^^ ^" ^ 2V^f X 10" ^ *°«' ^^ ^ ^^ - '•'^^^ (22) 

= 0"-01008(8-log,o^) J 

From this the following table may be computed by simple multiplica- 



= 10 m -0604 

= l«Om -0403 

= I kilom. -0303 

= 10 kilom. -OSOa 

= 30 kilom -OITO 

= 50 kilom -0131 

=100 kilom. -0101 
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On considering the formula (22) it appears that t must be a very small 
fraction of a millimetre before the slope becomes even as great as 1'. This 
proves that the rounded nick in the surfoce, which arises from the discon- 
tinuity of pressure at our ideal mean water-mark, is excessively small, and 
the vertical displacement of the sur^e is sensibly the same, when measured 
in centimetres, on each side of the nick, in accordance with the first of (21). 

The result (5) of section 1 shows that, with rigidity 3 x IC, the true 
deflection of plumb-line due to attraction uf the water is a quarter of the 
slope. Hence an observer in a gravitational observatory at distance z from 
mean water-mark, would note defections from the mean position of the 
vertical IJ times as great as those computed above. And as high water 
changes to low, there would be oscillations of the vertical 2^ times as great. 
We thus get the practical results in the following table : — 

Distance oF obser- AmpUtade of 

vatory Trom apparent ogdllation 

meaD (ratat'inark of the fsi-tioal 

lOmettoH 0"-126 

100 m -lOl 

1 kilum. -076 

lOkilom -060 

20kilom -048 

SOkilom -036 

lOOWlotn -025 

It follows, fiwm the calculations made for tracing the curve, that halfway 
across the continent (that is to say, 3,142 kilometres from either coast) the 

slope is ^^^ X ^ X -2703 seconds of arc. = 0"-00237 ; and the range of 
apparent oscillation is 0"'006. 

In these calculations the width of the sea is taken as 6,283 kilometres. If 
the sea be narrower, then to obtain the same deflections of the plumb-line, 
the observatory must be moved nearer the sea in the same proportion as the 
sea is narrowed. If, for example, the sea were 3,142 kilometres wide, then at 
10 kilometres from the coast the apparent amplitude of deflection is 0"'O42. 
If the range of tide is greater than that here assumed (viz., 80 cm.), the 
Insults must be augmented in the same proportion. And, lastly, if the 
rigidity of the rock be greater or less than the assumed value (viz., 3 x 10") 
the part of the apparent deflection depending on slope must be diminisbed 
or increased in the inverse proportion to the change in rigidity. 

I think there can be little doubt that in narrow seas the tides an gene- 
rally much greater than those here assumed ; and it is probable that at a 
gravitational observatoiy actually on the sea-shore on the south-coast of 
England, apart from seismic changes, perceptible oscillations of the vertical 
would be noted. 
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Sir Wiltiara Thomson has made an entirely independent estimate of the 
probable defiection of the plumb-line at a sea-side gravitational observatoiy*. 
Ho estimates the attraction of a atab of water, 10 feet thick (the range of tide). 
50 miles broad perpendicular to the coast, and 100 miles long parallel with 
the coast, on a plummet 100 yards from the low water mark, and opposite 
the middle of the 100 miles of length. He thinks this estimate would very 
roughly represent the state of things say at St Alban'a Head. He finds then 
that the deflection of the plumb-line as high-tide changes to low would be 
jaoitiafl th of the unit angle or 0"'050. The general theorem proved above, as 
to the proportionality of slope to attraction, shows that, with rigidity 3 x 10" 
for the rocks of which the earth is formed, the apparent deflection of the 
plumb-line would amount to 0"'25. 

It is just possible that a way may in this manner be opened for determin- 
ing the modulus of rigidity of the upper 100 or 200 miles of the earth's 
surface, although the process would be excessively laborious. The tides of 
the English Channel are pretty wel) known, and therefore it would be possible 
by very laborious quadratures to determine the deflection of the plumb-line 
due to the attraction of the tide at any time at a chosen station. If then the 
deflection of the plumb-line could be observed at that station (with corrections 
applied for the positions of the sun and moon), the ratio of the calculated 
to the observed and corrected deflection, together with the known value of 
the earth's radius and mean density, form the materials for computing the 
rigidity. But such a scheme would be probably rendered abortive by just 
such comparatively large and capricious oscillations of the vertical, as we, 
M. d'Abbadie and others, have observed. 

It is interesting to draw attention to some observations of M, d'Abbadie 
on the deflections of the vertical due to tides. His observatory (of which an 
account was given in the Report for 1881) is near Hendaye in the Pyrenees, 
and stands 72 metres above, and 400 metres distant from, the sea. He 
writes f : — 

" J'ai r^uni 359 comparaisons d'observations sp^ciales feites lors du maxi- 
mum du flot ct du jusant; 243 seulement sont favorables k la th^orie de 
I'attraction exerc4e par la masse des eaux, et I'ensemble des r^ultats pour 
une difference moyenne de marges 4gale k 2'9 metres donne un rSsultat 
moyen de 0"'56 ou 0""18 pour le double de I'attraction angulaire vera le 
Nord-Oueat. Ceci est confonne k la thdorie, car les differences observ^es 
doivent etre partag^es par moiti^, selon la loi de la reflexion ; maia comme il 
y a toujours de I'inattendu dans lea experiences nouvelles, on doit ajouter que 
sur les 116 comparaisons restantes il y en a eu 57 oil le flot scmble repousser 
le mercure au lieu de I'attirer. Mes r^sultats ont et4 confirmes pendant 
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I'hiver dernier par M. I'abb^ Artiis, qui a eu la patience de comparer ainsi 71 
flota et 73 jusanta cona^cutife, de Janvier & man 1880. Lui aussi a trouv4 un 
biers environ de caa d^favorablea h noa th^oriea admises. On est done en 
droit d'afiimier que ai la mer haute attire le plus souvent le pied du 61 k 
plomb, il y a une, et peut-^tre plusieure, autres forces en jeu pour (aire varier 
aa position." 

We must now conaider the vertical displacement of the land near the 
coaat. In (21) it ia shown to be at, = ^— x — x 2'1037, where «« indicates 
the diaplacement corresponding to z = 0. 

With the assumed values, A = 40, v = 3 x 10*, 1 = 6-28 x 10«, I find 
at= 5*684 cm. Hence the amplitude of vertical displacement is 11*37 cm. 
As long as hi remains constant this vertical displacement remains the same ; 
hence the high tides of 10 or 15 feet which are actually observed on the 
coasts must probably produce vertical oscillationa of quite the same order aa 
that computed. 

If the land fiills the tide of course rises higher on the coast-line than it 
would do otherwise ; hence the apparent height of tide would be A + a,. But 
this shows there is more water resting on the earth than according to the 
estimated value h ; hence the depression of the soil is greater in the propor- 
tion 1 -f- Oo/A to unity ; this again causes more tide, which reacts and cauaes 
more depression, and so on. Thus on the whole the augmentation of tide due 
to elastic yielding ia in the ratio of 

This investigation ia conducted on the equilibrium theory, and it neglects 
the curvature of the sea bed, assuming that there is a uniform slope from 
mid-ocean to the sea-coast. The figure shows that thia ia not rigorously the 
case, but it is quite near enough for a rough approximation. The phenomena 
of the short period tides are so essentially kinetic that the value of thia 
augmentation must remain quite uncertain, but for the long-period tides (the 
fortnightly and monthly elliptic) the augmentation must correspond approxi- 
mately with the ratio 



l:(l-gx 2-1037) 



The augmentation in narrow aeas will be small, but in the Atlantic Ocean the 
augmenting fiictor must agree pretty well with that which I now compute. 

With the previous numerical values wo have oJA (which is independent 
of A) equal to "1421, and 1 — a^A = '8579 = f very nearly. 

Thus the long-period tides may probably undergo an augmentation at the 
coasts of the Atlantic in some such ratio as 6 to 7. 
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The influeDce of this kind of elastic yielding is antt^onistic to that 
reduction of apparent tide, which must result from an elastic yielding of 
the earth's mass as a whole. 

The reader will probably find it difEcult to estimate what degree of 
probability of correctness there is in the conjectural value of the rigidity, 
which has been used in making the numerical calculations in this paper. 
The rigidity baa not been experimentally determined for many substances, 
but a great number of experiments have been made to find Young's modulus. 
Now, in the stretching of a bar or wire the compressibility plays a much less 
important part than the rigidity, and the formula for Young's modulus shows 
that for an incompressible elastic solid the modulus is equal to three times 
the rigidity*. Hence a third of Young's modulus will form a good standard 
of comparison with the assumed rigidity, namely, 3 x 10* grammes weigh, 
per square centimetre. The following are a few values of a third of Young's 
modulus and of rigidity, taken from the tables in Sir William Thomson's 
article on Elasticity f in the Encydopcedia Britannica. 

A. third of Tonag's mod. and rigidity in 
Material tei-mt of 10" graminea veigbt per eq. cm. 

Stone About 12 

State About 3 to 4 

Olasn Rigidity 1-& to 2-4 

!ce 4-7 

Copper 4 Hud rigidity 4*6 to 9'4 

Steel 7 to 10 and rigidity 8-4 

It will be observed that the assumed rigidity 3 is probably a pretty high 
estimate in comparison with that of the materials of which we know the 
superficial strata to be formed. 

It is shown, in another paper read before the Association at this meeting, 
that the rigidity of the earth as a whole is probably as great as that of stoel. 
That result is not at all inconsistent with the probability of the assumption 
that the upper strata have only a rigidity a little greater than that of glass J. 



3. On Oravitaiiomtl Obaervatoriee. 

In the preceding sections estimates have been made of the amount of 
distortion which the upper strata of the earth probably undergo, from tho 
shifting weights corresponding to barometric and tiilal oscillations. These 
results appear to me to have an important bearing on the probable utility of 
gravitational observatories. 

* Thomson and Tiut'a Nat. Phil. S 583. 

t Also pnbliilied Bepsratel; by Blaok, Edinburgh. 

; [See Fap«i 9, p. 340 above.] 
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It is not probable, at least for many years to come, that the state of tidal 
and barometric pressure, for a radius of 500 miles round any spot on the 
earth's sur&ce, will be known with sufficient accuracy to make even a rough 
approximation to the slope of the surface a possibility. And were these data 
known, the heterogeneity of geological strata would form a serious obstacle to 
the possibility of carrying out such a computation. It would do little in 
relieving us from these difficulties to place the observatory at the bottom of 
a mine. 

Accordingly the prospect of determining experimentally the lunar disturb- 
ance of gravity appears exceedingly remote, and I am compelled reluctantly 
to conclude that continuous observations with gravitational instruments of 
very great delicacy are not likely to lead to results of any great interest. It 
appears likely that such an instrument, even in the most fevourable site, would 
record incessant variations of which no satisfactory account could be given. 
Although I do not regard it as probable that such a delicate instrument 
should be adopted for regular continuous observations, yet, by choosing a site 
where the flexure of the earth's surface is likely to be great, it is conceivable 
that a rough estimate might be made of the avenge modulus of elasticity of 
the upper strata of the earth for one or two hundred miles from the surface. 

These conclusions, which I express with much diffidence, are by no means 
adverse to the utility of a coarser gravitational instrument, capable, let us 
say, of recording variations of level amounting to 1" or 2". If barometric 
pressure, tidal pressure, and the direct action of the sun and moon, combined 
together to make apparent slope in one direction, then at an observatory 
remote from the sea-shore, that slope might perhaps amount to a quarter of 
a second of arc. Such a disturbance of level would not be important com- 
pared with the minimum deviations which could be recorded by the supposed 
instrument. 

It would then be of much value to obtain continuous systematic observa- 
tions, after the manner of the Italians, of the seismic and slower quasi-seismic 
variations of level. 

I venture to predictthat at some future time practical astronomers will 
no longer be content to eliminate variations of level merely by taking means 
of results, but will regtird corrections derived from a special instrument as 
necessary to each astronomical observation. 
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